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Preface

How we reason with mathematical ideas continues to be a fascinating and
challenging topic of research. It has become even more so in recent years
with the rapid and diverse developments in the field of cognitive science.
Because cognitive science draws upon several disciplines, including psychology, philosophy, computer science, linguistics, and anthropology, it
provides rich scope for addressing issues that are at the core of mathematicallearning. One of these fundamental issues is how individuals mentally structure their mathematical experiences and how they reason with
these structures in learning and problem solving. There has naturally been
considerable debate on this point, and indeed, some researchers would
argue that we cannot unlock the individual mind and should focus our
attention on how humans construct public bodies of knowledge. However,
if we analyze the powerful reasoning mechanisms we use in our everyday
communications and interactions with others, we begin to realize that
these same mechanisms playa significant role in our reasoning with mathematical ideas. This assumes, of course, that we have broadened our views
on reasoning itself.
Drawing upon the interdisciplinary nature of cognitive science, this
volume presents a broadened perspective on mathematics and mathematical reasoning. In line with the thinking of George Lakoff and Mark
Johnson, the book represents a move away from the traditional notion of
reasoning as "abstract and disembodied" to the contemporary view of reasoning as "embodied" and "imaginative." From this perspective, mathematical reasoning entails reasoning with structures that emerge from our
bodily experiences as we interact with the environment; these structures
extend beyond finitary propositional representations. Mathematical reasoning is imaginative in the sense that it utilizes a number of powerful,
vii

viii
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illuminating devices that structure these concrete experiences and transform them into models for abstract thought. These "thinking tools" include
analogy, metaphor, metonymy, and imagery. They play an important role
in mathematical reasoning, as the chapters in this volume demonstrate,
yet their potential for enhancing learning in the domain has not been
acknowledged adequately. Given that "Mathematics as Reasoning" is one
of the curriculum and evaluation standards of the National Council of
Teachers of Mathematics (USA), it behooves us to give greater attention
to how these vehicles for thinking can foster students' mathematical power.
The contributing authors provide much food for thought here. Drawing
from backgrounds in mathematics education, educational psychology, linguistics, and cognitive science, the authors present a comprehensive and
diverse analysis of mathematical reasoning from the preschool years
through adulthood. The authors have all made significant contributions
to our understanding of human reasoning and continue to do so here
with their latest research on how reasoning with analogies, metaphors,
metonymies, and images can facilitate mathematical understanding.
One of the most rewarding aspects of editing a book is acknowledging
the colleagues who have made its production possible. First, of course, are
the contributing authors themselves. All have been most supportive and
understanding throughout the book's development, cheerfully responding
to my frequent, occasionally frantic, e-mails and faxes. The authors have
done a wonderful job of completing their chapters while trying to juggle
the increasing demands of academic life. I am indebted to them for their
contributions. In particular, Patricia Alexander, Norma Presmeg, and Mary
Jo Rattermann deserve special mention for their invaluable advice and
assistance with the book's production.
There are numerous other personnel who have contributed to the
book's development. In the early stages when I was desperately trying to
refine the book proposal, I turned for advice to Professor John Bain of
Griffith University, Queensland. As usual, John willingly gave of his time
and helped me rethink some of my original ideas. His efforts here are
greatly appreciated. Likewise, the editorial staff of Lawrence Erlbaum Associates, in particular, Naomi Silverman and Linda Henigin, have been
most supportive in my efforts to get the book into press. The research
assistants of the Centre for Mathematics and Science Education, Queensland University of Technology, also deserve special thanks for providing
support when needed, in particular, Leone Harris, Lorraine English, Martin Lambert, and Lynn Burnett. Last, but by no means least, is my mother,
Denise English, who not only supported and encouraged me, as always,
but also relieved me of some of the more tedious editorial tasks.

Lyn D. English

Part
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Analogies, Metaphors, and Images:
Vehicles for Mathematical Reasoning
Lyn D. English
Queensland University of Technology

Mathematics . . . is the study of the structures that we use to understand
and reason about our experience--structures that are inherent in our preconceptual bodily experience and that we make abstract via metaphor.
--Lakof~

1987, p. 355

One of the challenges facing research and development in mathematics
education is how students mentally structure their mathematical experiences and how they reason with these structures in learning and problem
solving (Davis, 1992). Our ideas on what students can learn, on what they
should be learning, and on what they should be doing with their learning,
depend on our concept of learning itself (Lakoff, 1987).
It is commonly accepted that effective mathematical learning requires
active student participation in meaningful experiences which deal "in an
accurate and relevant way with important parts of real mathematics" (Davis
& Maher, this volume, p. 97). These experiences need to foster the construction of mental models or representations that comprise the important
relations and principles of a domain (e.g., English & Halford, 1995; Fuson,
1992; Goldin, 1992; Greeno, 1991; Hiebert & Carpenter, 1992; Sfard, 1994).
There has been considerable debate however, on how students construct
these mental models, on what forms these models take and how they
change with development, and on how students apply these models in
different mathematical situations.
Recent developments in cognitive science provide exciting prospects for
clarifying these issues. Because cognitive science draws on several disci-
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plines, including psychology, philosophy, computer science, linguistics, and
anthropology (Lakoff, 1987), it provides rich scope for addressing issues
that are at the core of mathematical learning. The ideas presented in this
volume reflect this interdisciplinary cognitive science approach. As such,
they represent a move away from the traditional notion of reasoning as
primarily propositional, "abstract and disembodied," to the contemporary
view of reasoning as "embodied" and "imaginative" (Lakoff, 1987, p. 368).
From this latter perspective, mathematical reasoning entails reasoning with
structures that emerge from our bodily experiences as we interact with
our environment. These structures extend beyond finitary propositional
representations (Johnson, 1987). Mathematical reasoning is imaginative
in the sense that it draws upon a number of powerful, illuminating devices
that structure these concrete or base level experiences and transform them
into models for abstract thought. These "tools to think with" (Davis &
Maher, this volume, p. 114) include analogy, metaphor, metonymy, and
imagery. To date, insufficient attention has been given to the important
role these play in mathematical reasoning.
My purpose in writing this chapter is to introduce the reader to these
vehicles of thought, including the important role they play in the conceptual structure of mathematics, and how they can enhance mathematical
learning, understanding, and problem solving. I also review briefly the
contributions of each author and conclude the chapter with a number of
issues for further study.
REASONING WITH ANALOGY
And I cherish more than anything the Analogies, my most trustworthy masters. They
know all the secrets of Nature, and they ought to be the least neglected in Geometry.

(Johannes Kepler, cited in Polya, 1954, p. 12)

The human ability to find analogical correspondences is a powerful reasoning mechanism. Indeed, it is considered to be linked intimately to the
evolutionary development of our capacity for explicit, systematic thinking
(Holyoak & Thagard, 1995). As Holyoak and Thagard so insightfully
illustrate, reasoning by analogy impacts on almost all avenues of our lives.
For example, we use analogy in everyday problem solving, in decision making
in law and politics, in addressing the deep issues of religion and philosophy,
and in scientific and mathematical theory building.
Studies have shown that very young children use analogical reasoning
under appropriate conditions (e.g., Alexander, White, & Daugherty, this
volume; Goswami, 1992; Pierce & Gholson, 1994). There are many ways in
which children use such reasoning, including as a source of hypotheses
about an unfamiliar situation, as a source of problem-solving operators and
techniques, and as an aid to learning and transfer (Halford, 1993). Despite
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the ubiquity of analogical reasoning, its role in students' mathematical
reasoning and learning has received litde attention; this is in contrast to the
substantial work that has been conducted in science education (e.g., Clement, 1993; Stavy & Tirosh, 1993) and in psychological studies of problem
solving and transfer (e.g., Gentner, 1989; Holyoak, Novick, & Melz, 1994;
Novick, 1992).
Reasoning by analogy is generally defined as the transfer of structural
information from one system, the base, to another system, the target (Gentner,
1983, 1989; Vosniadou, 1989; see also Gholson et aI., and English, this
volume, for further elaboration). This transfer of knowledge is achieved
through matching or mapping processes, which entail finding the relational correspondences between the two systems. It is this emphasis on
corresponding relational structures (in contrast to superficial attributional
correspondences) that has significant implications for mathematics learning, as can be seen in the chapters of this volume. An obvious example
of reasoning by analogy in mathematics learning lies in children's interpretation of concrete and pictorial! diagrammatic representations. These
external representations act as the source for the learning of the target
concept, as indicated in the base-ten block representation of the numeral
3231 shown in Fig. 1.1. Children's manipulative experiences with these
concrete materials provide the foundation for their construction of cognitive models of whole number concepts, as I explain in chapter 6.
For children to reason meaningfully with mathematical analogs, they
need to understand the structure of the source and must be able to recognize the correspondence between source and target, that is, the mappings to be made should be unambiguous (see English & Halford, 1995,
for further discussion). The importance of using analogs that clearly display
the intended relational structure supports our earlier argument that mathematical reasoning is embodied, that is, abstract ideas inherit the structure
of our physical, bodily, and perceptual experiences. Once children gain
confidence in articulating the concept or generality conveyed by the concrete analog, they can begin to make the required "abstraction shift," where
the generality itself becomes the object of thought (Mason, 1989, p. 6);
children can now manipulate their mental model of symbolic number.
At this point, it is worth reviewing the notion of mental models as these
are fundamental to the mathematical reasoning we are addressing here. The
importance of mental models in learning and problem solving has been well
documented (e.g., English & Halford, 1995; Gentner & Stevens, 1983;
Gholson et aI., this volume; Greeno, 1991; Halford, 1993; Johnson-Laird,
1983; Johnson-Laird & Byrne, 1991; Rouse & Morris, 1986). Mental models
are considered to provide the workspace for inference and cognitive
operations (Halford, 1993), and are generally defined as internal structures
that represent external reality, at least in an approximate way. That is, mental
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FIG.1.1. Analogical representation ofa 4-digit whole number. From English
and Halford (1995). Reproduced with permission of Lawrence Erlbaum
Associates.

models have a similar relational structure to the reality they represent
(Glasgow, 1994; Greeno, 1991; Holyoak & Thagard, 1995). Mental models
compare withJohnson's (1987) image-schematic structures that give "order
and connectedness to our perceptions and conceptions" (p. 75). These
image schemata are revisited later. Because of their relational structure,
mental models are particularly important to mathematical reasoning. Indeed, as Johnson (1987) noted, "... there can be no meaning without some
form of structure or pattern that establishes relationships" (p. 75). The
experiences we provide our students thus need to encourage the development of mental models which comprise the essential relations and principles
ofa mathematical domain (English, chap. 6, this volume; Sfard, 1994).
Both analogy and metaphor are important not only in the initial construction of these mental models but also in their subsequent development
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and refinement. For example, children's explorations with tens- and onesblocks assist them in constructing a basic model of the relationships within
two-digit numbers. This mental model then becomes the source for children's exploration of the relations in multidigit whole numbers (via manipulation of the concrete representation), and subsequently, for their
introduction to decimal fraction ideas. Of course, a complete understanding of numeration entails many other relations, effectively developed
through analogical reasoning (see e.g., English & Halford, 1995).
In the next section I give brief consideration to metaphorical reasoning,
which shares many of the cognitive processes of analogical thinking but also
has its own special features (as Anna Sfard demonstrates in her chapter).
REASONING WITH METAPHOR AND METONYMY
Reasoning with metaphors is considered a fundamental way of human
thinking and communication, as can be seen in our everyday use of abstract
concepts such as time and change (e.g., "Time is money"; "The time for a
decision is drawing to a close"; "It suddenly dawned on her that the problem
could be solved in a faster way"; Holyoak & Thagard, 1995;Johnson, 1987;
Lakoff, 1987, 1994). Contemporary research on metaphorical reasoning interprets the notion of metaphor in a broader sense than the traditional,
literary interpretation. That is, the power of a metaphor lies "in the way we
conceptualize one mental domain in terms of another"; reasoning metaphorically is thus characterized by cross-domain mappings (Lakoff, 1994, p.
206).
We understand metaphor by finding a mapping between the target
domain, that is, the topic of the metaphor, and the source domain (Holyoak & Thagard, 1995). The connection between the two domains however,
is usually implicit. Like analogical reasoning, metaphorical reasoning can
generate new inferences and lead to the construction of mental models
based on the relational structure shared by the source and target. This
can change our understanding of both the source and target.
As Lakoff and Nunez (chap. 2) and Sfard (chap. 13) demonstrate,
metaphor is central to the structure of mathematics and to our reasoning
with mathematical ideas. These authors provide examples of the many
instances in which we employ metaphorical reasoning in our own understanding of mathematical ideas and in conveying these ideas to others. As
Presmeg (this volume) notes, some metaphors are so much a part of the
mathematics curriculum that we may no longer see them as metaphors (e.g.,
in our reference to an equation as a balance). Metaphorical reasoning can
assist students in their interpretation of formal mathematical language
which has different meanings from the familiar, everyday connotations.
Terms such as, degree, field, junction, group, power, root, set, divide, express, and
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reflect fit this category (van Dormolen, 1991). The use of metaphor is
particularly helpful in developing an understanding of abstract mathematical concepts and procedures that are difficult to represent with concrete
analogs. For example, we might implicitly compare a function with a vending
machine, a vector with an arrow, an equation with a pair of scales, and our
number system with points on a line (Matos, 1991; van Dormolen, 1991; see
Lakoff & Nunez, this volume, for further examples). These examples involve
cross-domain mappings in which the abstract mathematical idea (target), is
understood in terms of a concrete, familiar domain (source), which as Lakoff
(1994) pointed out, is usually spatial.
These cross-domain mappings are highly structured (Lakoff, 1994), and
for the metaphor to be effective, the learner must make the appropriate
relational mappings (as with analogies). Consider for example, the use of
a line metaphor to represent our number system, that is, numbers are
considered as points on a line. The "number line" (see Fig. 1.2) is often
used to convey the notion of positive and negative number, to display
number sequences and relations (including relations between whole and
fractional amounts), and to illustrate simple integer operations.
While this metaphorical representation attempts to link a familiar domain (i.e., a simple line drawing) with abstract mathematical ideas (e.g.,
between any two rational numbers there are countless other rational numbers), students frequently have difficulty in abstracting these ideas (DufourJanvier, Bednarz, & Belanger, 1987). There is the tendency for students
to see the number line as a series of "stepping stones," with each step
conceived of as a rock with a hole between each two successive rocks. This
may explain why so many students say that there are no numbers, or at
the most, one, between two whole numbers. These students are mapping
only the clearly visible relations between the source and target domains,
that is, they are linking the explicit marks on the line with the integers
and ignoring any implicit relations (e.g., relations between whole numbers
and fractions, implicit in the space between the marks). Although it can
serve as an effective metaphor for our number system, the number line is
a complex representation requiring students to integrate two forms of
information, namely, visual and symbolic. The symbols can distract the
student from any visual embodiment of abstract concepts (Bright, Behr,
Post, & Wachsmuth, 1988; Hiebert, Wearne, & Taber, 1991; Larson, 1980).
This last example highlights the need to analyze the complexity of the
metaphors and analogs we use with our students. If the intended mathematical relationships are difficult to discern, then the analog or metaphor
•
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FIG. 1.2. Line metaphor representing the number system.
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can become the target of a student's learning, rather than the source or
the vehicle. That is, the student is faced with the problem of interpreting
the metaphor itself, before she can even begin to use it in understanding
the abstract mathematical concept. It is not surprising then, that students
treat the source and target domains as separate entities, failing to see any
corresponding relations between the two. This means students' mathematical reasoning is disembodied from any meaningful experiences, which can
account for some of the mixed findings on the effectiveness of various
learning aids (Labinowicz, 1985; Resnick & Omanson, 1987; Thompson,
1992, 1994). Davis and Maher (this volume) express similar concerns,
commenting that lessons in which we create a metaphor for students to
use as an "assimilation paradigm," can have disastrous effects if the paradigm does not clearly correspond with the related mathematical concept.
One way of approaching this problem is to encourage students to create
their own metaphors and analogies and to share these with others; Presmeg
(1992; this volume) presents some nice examples of this.
Before concluding this section, I review briefly the use of a related
reasoning form, that of metonymy, which involves a "looser connection"
than metaphor and can provide a way of extending meanings within a
domain (Holyoak & Thagard, 1995). Metonymic understanding, according
to Lakoff (1987), entails "understanding the whole in terms of some part
or parts"; that is, some subcategory or member of a category is used to
comprehend the category as a whole (p. 203). Examples of metonymic
reasoning abound in mathematics. The category of natural numbers comprises some central numbers and some rules for generating other numbers.
This may be regarded as a metonymic model, where the single-digit numbers stand for the whole category. In turn, the category of natural numbers
is a central category in more general categories of numbers (e.g., rational
numbers as quotients of natural numbers; Lakoff, 1987; Matos, 1991).
Metonymy is also the basis of all mathematical symbolism, as Presmeg (this
volume) notes. For example, we let "ABC be any triangle," "x be any
integer," and so on. In fact, any mathematical statement in which a symbol
represents a class, a principle, or some particular mathematical concept,
is a statement that uses metonymy. Students also use metonymic reasoning
whenever they work with a diagram in mathematics; the diagram, by its
very nature, represents one concrete case (Presmeg, 1992).
REASONING WITH IMAGES
Mathematics, one of the most imaginative activities in the history of humankind, has been supplied with foundations that seek not to explicate mathematical imagination precisely, but rather to ban from the characterization
of mathematics all forms of imagination, images, metaphorical thought,
signs, pictures, narrative forms. (Lakoff & Nunez, this volume, p. 29)

10
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The importance of image-based reasoning in mathematical understanding
and problem solving has been well recognized (e.g., Battista, Wheatley, &
Talsma, 1989; Goldin, 1992; Krutetskii, 1976; Sfard, 1994; Tweney, 1989;
Wheatley, this volume). Tweney reports on Faraday's extensive use of visual
imagery in his diaries to represent his conceptualizations, choosing drawings over algebraic representations. Other reports on the thinking of
mathematicians highlight the importance of both analogy and visual images, with mathematicians commenting that they 'Just could not think
without making pictures" (Sfard, 1994, p. 48). Despite the importance of
image-based reasoning in mathematics, it has not received the attention
it deserves, largely because mathematics has traditionally been viewed as
a purely "abstract" ("mind-free") discipline, in which one learns how to
apply formal rules and definitions (Goldin, 1992; Lakoff & Nunez;
Wheatley, this volume).
Although imagery has been tacitly embodied in earlier theories of mathematical learning (e.g., Bruner & Kenny, 1965; Davis, 1984, as noted by
Goldin, 1992), the more recent work of Johnson (1987) and Lakoff (1987,
1993, 1994, this volume) provides a substantial basis for addressing imagebased reasoning in mathematical domains. Their definition of image schemata resembles closely the mental model construct we addressed previously. Johnson (1987) considers image schemata to be the fundamental
means by which we build or constitute order in our experiences:
... in addition to propositional comprehension, understanding is an evolving
process or activity in which image schemata (as organizing structures) partially order and form our experience and are modified by their embodiment
in concrete experiences. (p. 30)

These image schemata can facilitate mathematical reasoning because
their internal structure can be extended figuratively to develop understanding of formal relations among concepts and propositions. This is
achieved through metaphorical projections, that is, metaphors (cf. analogies) serve to map image schemata (which structure space) into abstract
models (which structure concepts). Because image schemata are directly
understood in terms of physical experience, the metaphors used in the
mapping process are motivated by the structures of these experiences.
Reasoning with image schemata is thus constrained in the sense that we
must identify which structures of the source domain are to be mapped,
via metaphor, onto the target domain (as is the case with analogies). In
sum, image schemas, as posited by Johnson (1987) and Lakoff (1987), play
two powerful roles: They are constructs that have their own, directly understood structures, and they are used in a metaphorical manner to structure complex concepts.
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CONTRIBUTIONS OF THE AUTHORS
The authors of this volume provide a rich and diverse collection of studies
on the structure of mathematics itself, on the nature of mathematical
reasoning, on how mathematical reasoning can be investigated, and on
how we might foster its development. The book opens with a new field of
study, namely the cognitive science of mathematics. Here, Lakoff and
Nunez (chap. 2) undertake a highly ambitious enterprise in which they
analyze the conceptual system that constitutes mathematical thought; in
so doing, they present a new philosophy of mathematics. Their range of
mathematical examples provides a powerful demonstration of how "mathematics is permanently created and sustained by imaginative resources such
as conceptual metaphors, metonymies and blends, shared by those who
practice, teach, and learn mathematics." Their thought-provoking essay
complements the remaining chapters whose primary focus is on mathematical reasoning from an educational perspective.
Davis and Maher (chap. 3) open the section on analogy and mathematical reasoning with an excellent practical demonstration of how we
might promote embodied and imaginative reasoning within students' classroom experiences. They argue that we need to attend to the mental representations that students are building from their mathematical experiences and try to construct our own mental models of these as accurately
as possible; we then need to provide experiences that will be most useful
for further developing or revising students' mental structures. Using the
fundamental hypothesis that "new ideas come from old ideas," Davis and
Maher indicate how we might help students develop mental representations
that can be applied in original and creative ways.
Important links between young children's analogical and mathematical
reasoning are identified in Alexander, White, and Daugherty's study of
3-5-year-old children (chap. 4). Using an attribute block game based on
classical analogies (A:B::C:?) and a test of basic mathematical reasoning,
Alexander et al. found a meaningful and significant relation between the
fundamental components of analogical reasoning and those of mathematical reasoning, which they detail in their chapter. By examining children's
private and social speech as they worked the activities, the authors were
able to delineate the reasoning processes of proficient and less proficient
reasoners. The former, for example, were observed to reference the nature
of the attributes being considered, to attend to multiple attributes during
problem solving, to verbalize conceptual relationships, including important
higher order relations, and to engage in effective metacognitive activity.
Their study raises significant avenues for further research, including the
development of young children's mathematical and analogical reasoning,
both prior to, and after, their introduction to formal schooling.

12

ENGLISH

New insights into elementary school children's analogical reasoning in
solving novel mathematical problems are provided by Gholson, Smither,
Buhrman, Duncan, and Pierce (chap. 5). They draw upon case-based reasoning and script theory to extend structure mapping ideas, and apply this
to an analysis of elementary school children's reasoning in solving isomorphic and nonisomorphic scheduling problems (i.e., problems involving a
sequence of move operators that must be executed if the solver is to get
from a given state to the goal state). Their detailed analyses show how, in
learning to solve a novel scheduling problem, children form a mental
representation that includes salient surface features, a scripted solution
path, and the higher order structure of the problem. Which of these
particular components are mapped onto the solution of a target problem
depends on pragmatic considerations, such as the relationship between
specific features of the base and target problems. Their studies indicate
the need to address learning conditions that facilitate transfer of the appropriate components.
My chapter (6) shares some features of Gholson et al.'s work, but presents
an alternate framework for analyzing children's mental representations of
mathematical problems. My study focuses on children's analogical reasoning
in classifying and solving the more complex multiplication and division word
problems. Of interest was children's ability to recognize common structural
relations, in the face of distracting surface features, and to reason with these
relations in an analogical manner to solve related (target) problems. I found
that children's mental models ofthe problem situations generally comprised
surface elements, and thus did not feature the important relational structures required for analogical reasoning. Furthermore, the children did not
spontaneously use analogical reasoning to help them solve the target
problems, and when they did, experienced difficulty in adapting a source
solution procedure to accommodate the new constraints of the target
problem. Nevertheless, the children did demonstrate construction of relational understanding as a result of their activities. The study raises a number
of important educational implications.
Miriam Bassok (chap. 7) also examines students' analogical reasoning
with mathematical word problems but addresses this within the university
context. She provides a new perspective on how students utilize the relation
between content and structure in solving word problems, and in so doing,
opens up exciting avenues for exploring issues in this domain. Bassok
shows how students can and do use problem content as an important
source of information for interpreting problem structures. Her innovative
set of experiments highlights the need to explore further the ways in which
content-interpreted structures govern transfer of known solutions.
The foregoing chapters on analogy and mathematical reasoning are
comprehensively reviewed by Mary Jo Rattermann (chap. 8). As part of her
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commentary, Rattermann examines the theory of structural alignment
(Gentner, Rattermann, & Forbus, 1993) as a means of clarifying some points
of confusion surrounding the processes underlying analogical reasoning
and transfer. She also highlights the common theme running through the
chapters, namely, the importance of encoding and representation of problem domains; this process is integral to successful analogical reasoning.
Rattermann does a fine job of reviewing the different theoretical perspectives from which the authors explore representation in analogy, ranging
from classic information-processing approaches, to a Vygotskian sociocultural view of development.
The remaining section of the book, mathematical reasoning with metaphors, metonymies, and images, opens with Norma Presmeg's chapter (9).
Presmeg illustrates how metaphor and metonymy influence, and are implicated in, the teaching and learning of mathematics. Drawing upon specific case studies, Presmeg indicates how students use metaphoric images
in idiosyncratic ways to represent important mathematical principles. Her
analysis of the use of metonymy alerts us to its ubiquity in mathematics
learning and the need to raise our awareness of its impact on students'
reasoning. A particularly interesting feature of Presmeg's chapter is her
use of semiotics as a framework within a theory of mental models; she uses
this to show how metaphors and metonymies may assist in mathematical
reasoning where ambiguity is involved. Her analysis here is made all the
more rich because of her integration of several different learning theories.
The nature and role of images in mathematical reasoning is the focus
of Wheatley's chapter (10) and that of Presmeg (chapter 11). Their essays
provide interesting practical examples that reflect some of the ideas of
Lakoff and Nunez. Wheatley gives a detailed account of the nature of
image schemata, together with "rich" images, and presents several examples
showing how reasoning with images contributes significantly to mathematical learning. In particular, he provides substantial evidence for the strong
relationship between the use of imagery and success in novel mathematical
problem solving. The complex processes of image construction, re-presentation, and transformation are also examined in Wheatley's chapter, along
with the characteristics of students who are skilled in these processes.
Presmeg further substantiates the importance of imagery in mathematical learning in chapter 11. She commences with an interesting historical
sketch of her research, drawing upon contrasting case studies of secondary
school students whose mathematical development was significantly shaped
by their teacher's preferred reasoning mode. Presmeg's historical account
also includes a comprehensive review of early research on imagery and
spatial abilities. She subsequently reports on her recent work in which she
examines different kinds of mathematical imagery and shows how they are
of vital importance in the teaching and learning of mathematics. At the
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same time, she indicates the difficulties posed by "uncontrollable" images,
including prototypical images, and how these can inhibit mathematical
abstraction and generalization.
Children's reasoning with the Turtle programming metaphor forms the
focus of Clements and Sarama's chapter. The chapter provides important
practical applications of some of the ideas addressed by the other authors.
In illustrating the contributions of the Turtle metaphor to children's
mathematical learning, Clements and Sarama extend Bob Davis' notion
of an assimilation paradigm (Davis, 1984; chap. 3, this volume) and suggest
four submetaphors that positively affect students' learning. The authors
indicate how the Turtle is a consistent and flexible metaphor, enabling
students to conceptualize several mathematical fields within the same concrete object. A number of studies, including a large-scale curriculum development project, are reviewed to highlight the role of these submetaphors in children's mathematical learning.
Anna Sfard concludes this last section with a differently styled commentary. Given the diversity of foci and approaches of the contributing authors,
Sfard chose to provide a chapter that clarifies and complements the work
of the authors rather than reviews it. She presents a detailed and stimulating
analysis of issues that are crucially important for understanding the centrality of metaphor in our thinking in general and in our mathematical
reasoning in particular. By illustrating how metaphorical conceptualization,
metaphorical projection, and reification are central to mathematical understanding and reasoning, Sfard opens up new avenues for analyzing and
researching some of our most fundamental issues in mathematical learning.

ISSUES FOR FURTHER CONSIDERATION
In the initial proposal for this volume, I suggested a number of broad
themes and issues that appeared in need of attention. The contributing
authors have addressed selected aspects of these and, in turn, have raised
further issues for consideration. It would seem a fitting conclusion to this
introductory chapter to pose these issues as springboards for further study.
They are representative of the many unanswered questions that remain to
be explored in the domain of mathematical reasoning.
Cognitive Science of Mathematics

• In addition to the examples presented by Lakoff and Nunez, in what
other ways does a mind-based mathematics change the discipline of
mathematics as it is traditionally known? For example, what are the
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outcomes of analyzing "mind-free proof theory" in terms of mindbased mathematics?
• What are the implications of a mind-based mathematics for the learning and teaching of mathematics, and how might we best facilitate
the implementation of a mind-based mathematics in our classrooms?
Reasoning and Mathematics Learning
• What is the nature of the relationship between analogical reasoning
and early mathematics learning?
• How does reasoning with analogies, metaphors, and images facilitate
problem solving, learning, and transfer in different mathematical domains?
• What is the nature of the relationship between students' existing mathematical knowledge and their reasoning with analogies, metaphors, and
images? How can such reasoning facilitate knowledge access and use?
• What cognitive, affective, and environmental factors inhibit students'
effective use of this reasoning? How can we best attend to these factors?
Spontaneous Versus Induced Reasoning
• In which mathematical situations do students reason spontaneously with
analogies, metaphors, and images? What does this reasoning "look" like?
• How do students respond to instruction in the use of this reasoning?
Reasoning in Novel Versus Routine Mathematical Domains
• How does students' reasoning with analogies, metaphors, and images
in novel mathematical domains differ from such reasoning in routine
domains?
• Are students more likely to use these reasoning tools when the domain
is novel?
Developmental Issues
• What are the developmental trends in children's mathematical reasoning with analogies, metaphors, and images? How might we best
explore these?
• What changes occur in children's spontaneous reasoning with these
cognitive tools?
• How does children's mathematical reasoning with these tools change
with the onset of formal schooling?
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Promoting Students' Mathematical Reasoning
How might we best foster students' mathematical reasoning
formal and nonformal mathematical situations?

III

both

• How can we structure the curriculum to promote effective mathematical reasoning with analogies, metaphors, and images?
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Cognitive Foundations for a
Mind-Based Mathematics
George Lakoff
Rafael E. Nunez
University oj California, Berkeley

WARNING!

This is an essay within a new field of study-the cognitive science of mathematics. The contribution we seek ultimately to make is a new one: to
characterize precisely what mathematical ideas are. You might think that this
enterprise would leave mathematics as it exists alone and simply add to it
an account of the conceptual nature of mathematical understanding. You
could not be more wrong.
Studying the nature of mathematical ideas changes what we understand
mathematics to be and it even changes the understanding of particular
mathematical results. The reason is that a significant amount of 20th-century mathematics rests on the assumption that mathematics is not about
minds and ideas, but rather about symbols and their model-theoretical
interpretations. We call this 20th-century view mind-free mathematics, where
the substance of mathematics is assumed to be independent of any human
minds. Our enterprise is to bring embodied human minds, as they have
come to be understood recently in cognitive science, back into mathematics, and to construct a precise mind-based mathematics. Mind-based mathematics is not just mind-free mathematics with some cognitive analysis
added. Rather, the introduction of mind changes mathematics itself, not
just mathematics education or the study of mathematical cognition.
Mind-free mathematics obscures the full beauty of mathematics. This
essay is a first attempt to reveal that beauty through the characterization
21
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of a mind-based mathematics, and the changes made are in the service of
revealing that beauty-and if possible, adding to it.

REASON AND MATHEMATICS:
WHY COGNITIVE SCIENCE LEADS
TO NEW FOUNDATIONS
Our understanding of mathematics is intimately bound up with our view
of reason. The dominant tradition in Western philosophy has been to see
reason as purely abstract, transcendental, culture-free, unemotional, universal, decontextualized, disembodied, and hence formal-a matter of pure
form. Mathematics was seen in this tradition as the best example of reason,
and hence it too was seen as having these properties. The attempt to give
purely formal foundations for mathematics was a natural product of this
philosophical tradition.
The tradition of the disembodied mind culminated in the enterprise
of developing a disembodied, abstract, asocial, and decontextualized "Artificial Intelligence" as the purest manifestation of this belief: Reason as
abstract and disembodied, and mathematics as the highest and purest form
of reason. The result was the attempt, beginning in the 1950s, to ground
cognitive science-the empirical study of the mind-in the field of artificial
intelligence.
That movement died for two reasons. First, it failed to achieve the
enthusiastic predictions of the 1950s. Nothing close to an empirically adequate view of mind was ever developed. Indeed, the more it was tried, the
more the prevailing conceptions of the mind shifted towards views that
consider the mind as situated in context, grounded in experience, shaped
by culture, and dependent upon the peculiarities of human embodiment.
But the second and principal reason for the change came from new
discoveries about the mind made in the 1970s, in the fields of neuroscience,
psychology, anthropology, and linguistics. Such discoveries about the way
the mind arises from the body as it functions in its everyday world have
changed our understanding of the nature of reason, and have brought
with them both a need for a reconceptualization of mathematics and the
possibility of a breakthrough in the understanding of what mathematical
ideas are.
Reason has turned out to be a product of our bodies and brains and not
part of the objective nature of the universe. Human concepts are not passive
reflections of some external objective system of categories of the world.
Instead they arise through interactions with the world and are crucially
shaped by our bodies, brains, and modes of social interaction. What is
humanly universal about reason is a product of the commonalities of human
bodies, human brains, physical environments and social interactions.
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With those discoveries has come the discovery of new mechanisms of
human reason previously undreamed of, which turn out to be very unlike
the kind of symbol manipulation that formal logicians, creators of computer languages, inventors of formal mathematical proofs, as well as many
philosophers of mind and orthodox cognitive scientists, had envisioned.
The fundamental mechanisms of human reason include image-schemas,
basic-level concepts, idealized cognitive models, prototypes of various kinds,
radial categories, conceptual metaphors and metonymies, mental spaces,
and conceptual blends. For an introduction to this literature, see the References, Sections A and B.

ESSENCES: THE RATIONALE
FOR THE OLD FOUNDATIONS
None of these fundamental mechanisms of human reason had yet been
discovered when the great 19th and 20th century inventors of formalist
mathematical "foundations" did their work. When Frege, Russell, Hilbert,
Weierstrass, Cantor, Godel, Tarski and others were actively constructing
20th century mathematical philosophy and asserting that it constituted the
basis for mathematics, it seemed reasonable to think of proofs as just strings
of symbols to be satisfied in a formal model, rather than as mathematical
narratives expressing ideas.
It seemed natural in those days to think of reason-and its best example,
mathematics-as an objective and abstract feature of the universe, structuring not just this physical universe, but all possible physical universes.
The utility of mathematics for describing the physical universe led to the
idea that somehow the mathematics was just out there in the world-as a
timeless and immutable objective fact-structuring the physical universe.
There are many variants of objectivist views of mathematics. One well
known view is Platonism, that view that a unique "correct" mathematics
exists independent of any minds in some "Platonic realm." As Lakoff (1987,
chap. 20) has shown, such a view is incompatible with the independence
results in mathematics. These results do not merely show that no formal
axiom system is sufficient for mathematics. Additionally, they show that
there are substantively different but equally valid forms of number theory,
algebra, and topology-depending on which mathematically valid concept
of "set" one uses. Since each such concept of set is equally valid mathematically, and since they give rise to substantially different but equally valid
forms of mathematics, there is no unique "correct" mathematics. Thus the
Platonic view of a unique, correct mathematics is mathematically incorrect.
Nonetheless, the idea that a unique mathematics is out there in the
world, independently of any mind, is a powerful idea. It makes mathematicians into the ultimate scientists, discovering truths not only of this uni-
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verse, but of any universe. It puts mathematicians at the top of the scientific
totem pole. Results in the physical and biological sciences may be superseded. But mathematical proofs, once proved, stay proved. They are the
ultimate in "truth."
The view of mathematics as being out there in the world is a natural
consequence of an everyday folk theory and a collection of conceptual
metaphors that has played a major role throughout Western philosophy:
The Folk Theory of Kinds and The Metaphors of Essence. The Folk Theory
of Kinds may be stated as follows:
•
•
•
•

Every specific thing is a kind of thing.
Kinds are categories, which exist as entities in the world.
Everything has an essence, which makes it the kind of thing it is.
Essences are causal; essences-and only essences-determine the natural behavior of things.

• The essence of a thing is part of that thing.
There are three basic metaphors for characterizing what an essence is.
They are:
• Essences are substances.
• Essences are forms.
• Essences are patterns of change.
The folk theory of essences is part of what constitutes our everyday
"common sense"-that is, it is part of the unconscious conceptual system
that governs our everyday reasoning. Take a particular tree, for example.
We understand that tree to be an instance of the general kind, Tree. The
general kind is seen as having an existence of its own. When we say that
there are trees in the world, we don't just mean the particular trees that
happen to exist now. What is it that makes a tree a tree?
Substance: It is made of wood. If it were made of plastic, it wouldn't be a real
tree. Thus substance counts as part of its essence.

Form:

It has a form: trunk, bark on the trunk, roots, branches, leaves (or
needles) on the branches, the roots underground, the trunk oriented
relatively perpendicular to the ground, the branches extending out
from the trunk. Without such a form, it wouldn't be a tree.

Change:

It has a pattern of change: it grows out of a seed, matures, dies.

We apply this everyday folk theory of kinds, which works very well for
things like trees, to abstract cases as well. We conceptualize people as
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having essences-their personality and character-that make them the
kinds of people they are. A person may be friendly or mean, have a heart
of gold or be rotten to the core. Depending on such judgments about
their essence, we generate expectations about how people will behave.
The folk theory of kinds is also at the heart of science. Science seeks
the essential properties of things, the properties that make a thing the
kind of thing it is and allow us to predict its behavior. Mathematics is
central to this endeavor. Mathematics is used in science to characterize
the forms of things and the patterns of change a thing undergoes.

MATHEMATICS AS ESSENCE
Consider, for example, the mathematical characterization of laws of motion, which govern how things in motion behave. We understand a set of
equations as constituting the essence of motion in the physical world. Since
essences are metaphorically "part of" or "in" the things they are essences
of, just as forms or shapes are "part of" or "in" physical objects, so the
mathematical laws of motion are seen as being "in" the physical world,
structuring how our world behaves. Thus, The Folk Theory of Kinds and
Metaphors of Essence lead to the view that mathematics is "in the world"an objectively real aspect of the universe, independent of any minds. According to such an objectivist view of mathematics, mathematics cannot
consist in ideas, since ideas are products of minds, and the world can exist
without minds.
The Folk Theory of Kinds and the Metaphors of Essence are hardly an
accident. They arise because we are neural beings. Neural systems must form
categories. Given our perceptual systems, we categorize neurally what we
perceive. Our brains have disparate and separated systems for characterizing
color, shape, motion, etc. and have other neural mechanisms for putting
these together to form mental "kinds"-that is, neural categories. Colors, as
we now know, do not exist in the objective world; though they are a product
partly of wave-length reflectances or real world objects, color categories are
just as much a product of the color cones in our retinas and the neural
circuitry of our brains. What we call "colors" might better be called "chromatic experiences."Yet we perceive colors as being "in the world"-as being
external to us, not just as being chromatic experiences. What our brains
characterize neurally we attribute to the objective world, as if there were
essences existing independently in the world. In many cases, as with trees,
no practical problems arise. Mter all, we have the folk theories we have
because they have worked well in everyday cases for generations. It is only
when scientific discoveries intervene, as in the case of color, that we realize
that they are only folk theories, not aspects of reality.
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We claim that mathematics is no more part of the external, mind-free
world than color is. Both are aspects-very different aspects-of the embodied mind. Because of the commonalities in our bodies and brains, we
uniformly believe that grass is green, blood is red, and the sky is blue for
every human being with a normally functioning color system (not counting
those who are color-blind). Similarly, the reason that mathematics is common throughout the world and is stable is that the relevant parts of our
bodies and brains and everyday experience is also common and stable.
When scientists model the world using humanly created mathematics,
they are making a lens through which they see the world and a mechanism
with which they can make predictions. But the lens is not part of, not in, what
they see.
Mathematics, of course, differs from color in an important way. As we
shall see, it arises from a wide range of common bodily experiences, makes
use of the full range of the imaginative apparatus of the mind, has been
actively constructed to serve important human purposes, and has come
into being socially, over time, in the crucible of active debate.
What we attribute to the world by way of essences is a product of our
brains-one of the most important and most functional products of our
imagination. That includes mathematics. As with other abstract essences,
we construct mathematical essences-essences of form and patterns of
change-and we attribute them to the world,just as naturally as we attribute
color to things in the world.
In short, mathematics is about essence. That is what makes mathematics
"abstract." It abstracts away from all that is contingent; it doesn't care about
what happens to be true about something, but only about what is necessarily
true.
The ontology of mathematics has all the problems of the ontology of
essences. Just as our common sense perception leads us to see color as being
in the external, mind-free world, so our common sense leads us to understand mathematics as being a part of the external mind-free world. The usual
reasoning is right out of the Folk Theory of Kinds and the Metaphors of
Essence: If mathematics "works"-if it correctly characterizes the behavior
of some aspect of the real world, and if only an essence can allow us to
correctly predict behavior, then the mathematics must be real, and it must
be constitutive of that essence. QED (in the folk theory of essence).
The usual reasoning is, of course false. Essences no more exist objectively
in the world than colors do. Our perceptual systems naturally lead us to
conceptualize color as being part of the objective world, when it isn't.
Similarly, our conceptual systems naturally lead us to conceptualize the world
as if essences too were in the world. Again, they aren't.
In the case of color, we have no choice but to perceive and to think in
a way that, upon reflection, we know is scientifically incorrect. The same
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is true of essences. We may be made aware by cognitive science that essences
are created by our conceptual systems. But as we go about our lives every
day, we have no choice but to think in terms of essences and conceptualize
them as part of the world-even though we know, upon reflection, that
it is not true.
As with color, the idea that essences are a part of the world in itself is
a human fabrication, reproduced naturally and spontaneously in all of us.
Since we understand mathematics as characterizing essences, it seems 'Just
common sense" to see mathematics as part of the objective world-even
though contemporary cognitive science reveals that essences are no more
objectively in the world than colors.

IS TWO AND TWO REAlLY FOUR?
What does it mean to say that mathematics is not a part of the objective
external world? Are we denying that two and two is four? Of course not.
But now suppose that there are two chairs in this room and we bring in
two more. Would we deny that there are now four chairs in the room? Of
course not. But doesn't that mean that 2 + 2 = 4 is in the world?
Of course not. The reason should be clear. The category chair is a
human category. Suppose the four chairs in the room are different kinds
of chairs-a desk chair, an armchair, a patio chair, and a recliner. Those
are four very different objects. It is our human conceptual system that
categorizes them all as chairs. Counting presupposes the grouping of things
to be counted. But it is beings with minds that group and count things.
Everything in nature is different in some way from everything else in
nature. Things in nature are not grouped in and of themselves. Hence,
there are no groups with numbers assigned to them in and of themselves
in nature. Living beings create groupings and numberings. But we don't
notice ourselves as doing so; we attribute groupings and numberings to
the external world.

ESSENCE AND FOUNDATIONS
Everything that we understand as being an essence is a product of our
minds, and that includes mathematics. We have learned this from recent
cognitive science. But it was not always known.
At the beginning of this century the mathematical community dedicated
an impressive amount of work to study the ultimate foundations of mathematics: A serious and systematic effort to find the most fundamental cornerstones on which the whole edifice of mathematics could stand. Of
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course, this cornerstone was conceived of as "purely mathematical," independent of ideas, minds, and people. The foundations rested on two things.
First, "logic"-seen not in terms of the reasoning of human beings, but
in terms of the mechanical manipulation of abstract, uninterpreted symbols. Second, the theory of sets.
There were philosophical reasons for these choices. Mathematical proof
was seen as the best example of human reason. Proofs were taken technically not as psychological entities-ide as-within some theory of mind, but
simply as sequences of strings of symbols. If this were so, then reason too
should be characterizable in terms of sequences of strings of uninterpreted
symbols.
Furthermore, there was long tradition in metaphysics in which the world
was seen as being made up of discrete objects, with discrete properties
and relations holding between them at any time. In this metaphysical
tradition, the world also included kinds and essences (see Lakoff, 1987).
Set theory was seen as a way to model such a world. The discrete entities
were taken to be the entities sets were made up of. The properties were
to be modeled by sets of objects, and relations by n-tuples of objects. The
essences were to be modeled by sets of properties. And kinds were to be
modeled by sets.
Gottlob Frege was the father of this tradition. He knew perfectly well
that the symbols used in proofs were not meaningless-they were given
interpretations. But if mathematics was to be free of the vagaries of human
minds and bodies, he had to make the meanings of mathematical proofs
free of human minds and bodies. So he claimed that meaning could be
reduced to truth and reference, and that truth and reference could be
modeled using abstract symbols and sets.
The foundations failed. First, there was Russell's paradox: Since any
well-formed description should define a set of objects meeting that description, there should have been a set of the form {x: x is not a member
of x}, the set of all sets not containing themselves. But that led to a contradiction: x is in the set if and only if it isn't. In addition, it should have
been possible on this approach to axiomatize all of mathematics. The most
famous and devastating indication of the failure of this idea was the G6del
incompleteness proof. G6del showed that for any finite collection of axioms
for arithmetic that could either be listed or specified by rule, there will
be an infinity of truths of arithmetic that cannot be proved.
By the 1940s some accomplished mathematicians started to manifest
doubts about the ultimate objective foundations of mathematics stressing
the fact that mathematics may well be a creative, social and original activity
of man, like language or music (Wilder, 1952, 1986). But unfortunately
these ideas remained at a speculative level and did not really become
interesting subject matters for the community of mathematicians. The
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question of how just the right kind of mathematics could get into just the
right places to structure just the right aspects of the physical universe was
not seriously asked until the mathematician Saunders MacLane asked itand concluded that the mythology of a mathematics out there in the world
was an impossibility. MacLane (1981) asked why we have the branches of
mathematics we have, noting there is nothing in the foundations philosophy that could possibly explain why we have branches of mathematics at
all, much less specific branches like number theory, geometry, topology,
probability theory, and so on. MacLane concluded, reasonably, that the
branches of mathematics arose from human activities like counting, building, gambling, and so on, and that the application of mathematics to the
physical universe came out of a close acquaintance with mathematics together with close observation of the physical environment.
From a contemporary perspective on cognitive science and neuroscience, it now seems bizarre that 20th century mathematical foundations
ever evolved at all. They are, after all, mathematical "foundations" without
an account of mathematical ideas. They have no account of ideas at all.
"Proofs" are just set-theoretical structures-sequences of meaningless symbol strings-and "interpretations" are just mappings of those strings onto
other set-theoretical structures, and the mappings are also set-theoretical
structures. According to these foundations, mathematics is nothing but
set-theoretical structures. It is as though mathematics had nothing to do
with the mind. In an age when so little was known about the mind, that
might have seemed reasonable. But given what we are learning about the
mind nowadays, this view does not make sense any longer. In order to
understand mathematics, minds, and reason, we simply need new views.
New accounts of the mind and of reason are being developed within
cognitive science. We want to extend that development to mathematics.

GROUNDING IN EMBODIMENT
Let us stop for a moment, step back and think: Mathematics, one of the most
imaginative activities in the history of humankind, has been supplied with
foundations that seek not to explicate mathematical imagination precisely,
but rather to ban from the characterization of mathematics all forms of
imagination-images, metaphorical thought, signs, pictures, narrative
forms. Of course, practicing mathematicians go on using their minds with
all of their unconscious imaginative mechanisms working silently, unobserved, and undescribed in the highest of high gears. The shame has been
that mathematics has not been properly understood as a product of inspired
human imagination, and has been taught-generation after generation-as
if it were something else, a mere grasping of transcendental truths, something lesser and less interesting.
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Of course, there is a historical reason why this is so. Imagination used
to be thought of as a matter of personal inspiration, differing wildly from
person to person, and showing up primarily in art and poetry. That view
has been shown to be inadequate. Imaginative mechanisms, such as metaphorical thought, schematic mental imagery, and forms of narrative are
part of the general mental endowment of all normal human beings, and
they arise in a regular way from commonalities of our bodies, brains, and
experiences interacting in the physical and social world. A great deal of
metaphorical thought is universal, and the image-schemas that characterize
spatial reasoning (like container-schemas, source-path-goal schemas, and
part-whole schemas) are conceptual universals realized in common neural
structures (Regier, 1996). Much of what is "abstract" in mathematics, as
we shall begin to see in what follows, concerns coordination of meanings
and sensemaking based on common image-schemas and forms of metaphorical thought. Abstract reasoning and cognition are thus genuine embodied processes (see references, Section C).
One of the properties of commonplace conceptual metaphors is that they
preserve forms of inference by preserving image-schema structure. As we
shall see, conceptual metaphors are central to mathematical ideas, and one
of the reasons why the inference structures of mathematical proofs is stable
is that the inference structures of commonplace metaphors is stable. That
feature of metaphors is one of the reasons why theorems, once proved, stay
proved.
The stability of basic mathematical ideas over hundreds, sometimes
thousands of years, requires that the neural structures used must be commonplace and readily configurable. It requires that mathematical ideas
make use of the most commonplace of everyday experiences and ideasconcepts like motion, spatial relations, object manipulation, space, time,
and so on. The study of the conceptual structure of mathematics must
show how mathematics is built up imaginatively out of such commonplace
experiences and ideas. Mathematics thus, is not the purely "abstract" discipline that it has been made out to be by formal foundationalists, orthodox
philosophers of mind, and proponents of classical artificial intelligence.
Our mathematical conceptual system, like the rest of our conceptual systems, is grounded instead in our sensorimotor functioning in the world,
in our very bodily experiences.

OUR GOALS
The enterprise of studying the mathematical conceptual system can be
understood in at least three ways.
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• As the empirical study of the unconscious conceptual system that

constitutes mathematical thought.
• As the task of identifying and clearly describing the collection of ideas

that constitutes what mathematics is.
• As a helpful task for mathematics education. If we are going to teach

mathematical ideas, it is useful to know what ideas are to be taught
and what the human conceptual system for those ideas is.
Much of the interest in mathematical conceptual systems has come from
the third concern on the list-education-by means of studies of didactic
processes, curricula, and pedagogical devices, but also by painstaking explorations of classroom realities, everyday mathematical thinking, informal
and noninstitutional teaching, and so on. We loudly applaud those educators who have been working to figure out the nature of mathematical
understanding for the sake of teaching mathematics. Most of the contributions of this volume, are concerned with the third issue, and are good
examples of this endeavor.
But the educational process as such is only a peripheral concern of ours
here. We are mainly concerned with the first and second enterprises. We
want to study the details of the conceptual system from which mathematics
arises, and by which it is conceived and understood. Through that, we
hope to describe what that mathematics is as a conceptual system. This
entails a new philosophy of mathematics, in which mathematics is a product of the
embodied human mind-especially its imaginative capacities such as imageschemas and conceptual metaphors. Because we begin with results in cognitive science, and understand mathematics as product of embodied minds
functioning in the world, we are neither platonists nor constructivists,
neither objectivists nor subjectivists (see Lakoff, 1987; Nunez, 1995). Those
a priori philosophical perspectives do not describe what mathematical ideas
are and they simply cannot explain why mathematics has the structure it
has nor how it can be learned anew by human bodies/brains generation
after generation with an amazingly stable content.
We are aware that analyzing the conceptual structure of mathematics
is a major enterprise, and we are at the very beginning of that enterprise.
In the following pages we give a general idea about the richness, complexity, and beauty of the imaginative and embodied processes that make
mathematics possible. In doing this, we sketch some elements we consider
crucial in the study of the cognitive foundations of mathematics. We analyze
a few interesting and important examples that show how mathematics is
permanently created and sustained by imaginative resources such as conceptual metaphors, metonymies and blends, shared by those who practice,
teach, and learn mathematics.
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FUNDAMENTAL TYPES OF CONCEPTUAL
METAPHORS IN MATHEMATICS
There is a branch of cognitive linguistics concerned with metaphor theory
and we use the results of that discipline throughout. The major results are
these:
• There is an extensive conventional system of conceptual metaphors
in every human conceptual system.
• Metaphors are cross-domain conceptual mappings. That is, they project
the structure of a source domain onto a target domain. Such projections or mappings can be stated precisely. (These terms are not the
same as the terms mapping and projection in the formal mathematics.
They have a different precise meaning in cognitive semantics.)
• Metaphorical mappings are not arbitrary, but are motivated by our
everyday experience-especially bodily experience.
• Metaphorical mappings are not isolated, but occur in complex systems
and combine in complex ways.
• As with the rest of our conceptual systems, our system of conventional
conceptual metaphors is effortless and below the level of conscious
awareness.
• Metaphor does not reside in words; it is a matter of thought. Metaphorical linguistic expressions are surface manifestations of metaphorical thought.
• Unlike mathematical mappings, metaphorical mappings may add
structure to a target domain.
• The inferential structure of the source domain is preserved in each
mapping onto a target domain, except for those cases where target domain structure overrides the mappings (see Lakoff, 1993, for details).
• The image-schema structure of the source domain is preserved in the
mappings.
• The evidence on which these general claims are based comes from
eight sources: generalizations over polysemy, generalizations over inference patterns, extensions to novel cases, historical semantic change,
psycholinguistic experiments, language acquisition, spontaneous gestures, and American sign language.
• Novel metaphors that we consciously concoct use the mechanisms of
our everyday unconscious conventional metaphor system.
Other than conceptual metaphors we will also have need to refer to conceptual metonymies, or "metonymyc mappings." Such mappings link two
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elements in a single conceptual schema, in such a way that the first stands
for the second. An everyday example would be a sentence such as "Table
six left without paying" said by a waitress to another. Here "table six" stands
for "the customer at table six." Metonymy occurs in mathematical discourse
in cases like "the function approaches zero," where "the function" stands
for "the value of the function."
For basic references, see Lakoff and Johnson, 1980; and Lakoff, 1993.

MATHEMATICAL AGENTS
We use metaphor to conceptualize mathematics, and in the process we
create what we call "mathematical agents." A mathematical agent is a metaphorical idealized actor, that is, an idealized actor in the source domain
of a metaphor characterizing some aspect of mathematics. For example,
when addition is conceptualized as putting objects in a collection, the
mathematical agent is the one who does the collecting. In this case, the
agent does nothing but collect objects; we call such an agent a Collector.
Similarly, when addition is conceptualized as taking steps of a certain
length in a certain direction, the one who does the moving is a metaphorical mathematical agent, and correspondingly, we call him a Traveler.
As we saw earlier, mathematics is about essence. The universe of mathematics is thus a universe of abstract objects and actions. Mathematical
agents, when they appear, have only the minimal essential features needed
to perform the kind of action performed. Indeed, the properties of the
agent are often so minimal that it is difficult or impossible to distinguish
the agent from the action. For example, take a source domain when there
is an agent that moves. All that can be mapped by a mathematical metaphor
onto the target domain is that the agent moves. No particular qualities of
an agent, like hair color or gender, can be mapped, because hair color
and gender play no roles in the metaphors that ground our mathematical
understanding.

THE liTERAL BASIS OF COGNITIVE ARITHMETIC
It is well known that human beings, as well as many other higher animals,

have the capacity to instantaneously perceive quantities of objects. Human
beings can accurately perceive and distinguish up to six objects at a glance.
Some monkeys can do better-eight or more.
This capacity is technically called "subitizing" (from the Latin subitare,
meaning to "arrive suddenly"). It is, of course, combined with other basic
cognitive capacities such as the ability to form mental images, remember,
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form groupings, superimpose images, and so on. Such capacities have
allowed human beings to create a literal, but primitive cognitive arithmetic.
But it is metaphor that has allowed us to move beyond such a relatively
primitive mathematical capacity to form an abstract mathematics of dizzying complexity.

GROUNDING METAPHORS
AND LINKING METAPHORS
There are two fundamental types of metaphors used in forming mathematical ideas: grounding metaphors and linking metaphors. Grounding metaphors ground mathematical ideas in everyday experience. For example,
they allow us to conceptualize arithmetic operations in terms of forming
collections, constructing objects, or moving through space. Since metaphors preserve inference structure, such metaphors allow us to project
inferences about collecting, constructing, and moving onto the abstract
domain of arithmetic. Metaphorical projections preserve the structure of
image-schemas-cognitive schemas for such things as containers (bounded
regions in space), paths, entities, links, and so on. Consequently, grounding
metaphors allow us to project precise yet abstract image-schema structure
from everyday domains that we know and understand intimately to the
domain of mathematics. And correspondingly, grounding metaphors project inferences about our everyday world that we implicitly understand as
well as we understand anything onto the domain of mathematics. In short,
our understanding of arithmetic rests on our intimate and precise understandings of domains like collecting, constructing objects, and moving.
While grounding metaphors allow us to ground our understanding of
mathematics in familiar domains of experience, linking metaphors allow
us to link one branch of mathematics to another. For example, when we
metaphorically understand numbers as points on a line, we are linking
arithmetic and geometry. Such metaphors allow us to project one field of
mathematical knowledge onto another. In this case, we project our knowledge of geometry onto arithmetic in a precise way via metaphor. It is the
conceptual metaphor that tells us exactly how our knowledge of geometry
is to be projected onto arithmetic.
As we shall see shortly, both grounding and linking metaphors can be
presupposed within definitions. We will call such cases metaphorical definitions. When metaphors are given as definitions, we shall call such cases
definitional metaphors.
Let us now turn to the details. Here are some of our most basic grounding metaphors. The name of the metaphor is given at the top of the list,
and each bullet demarcates a submapping. An expression of the form "B
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Is A" is to be understood as the asymmetric source-to-target metaphorical
mapping: "A ~ B."
Arithmetic Is Object Collection
•
•
•
•
•
•
•
•
•

Numbers Are Collections of Physical Objects of uniform size.
The Mathematical Agent Is a Collector of Objects.
Arithmetic Operations Are Acts of Forming a collection of objects.
The Result of an Arithmetic Operation Is A Collection of Objects.
The Unit (One) Is The Smallest collection.
The Size of the Number Is The Physical Size (volume) of the collection.
The Quantity Measured by a number Is the Weight of the Collection.
Equations Are Scales Weighing collections that balance.
Addition Is Putting Collections Together with other collections to
form larger collections.
• Subtraction Is Taking smaller collections from larger collections to
form other collections.
• The Number of Times an action is performed Is The Collection
Formed by adding a unit for each performance of the action.
• Multiplication Is The Repeated Addition of collections of the same
size a given number of times.

• Division Is The Repeated Dividing up of a given collection into as
many smaller collections of a given size as possible.
• Zero Is An Empty Collection.
Arithmetic Is Object Construction
• Numbers Are Physical Objects.
• The Mathematical Agent Is a Constructor of Objects.
• Arithmetic Operations Are Acts of object construction.
•
•
•
•

The Result of an Arithmetic Operation Is A Constructed Object.
The Unit (One) Is the Smallest whole object.
The Size of the Number Is the Size of the Object.
The Measure of the size of a number Is The Collection of smallest
whole objects needed to construct the object.
• The Quantity Measured by a number Is the Weight of the Object.
• Equations Are Scales Weighing objects that balance.
• Addition Is Putting Objects Together with other objects to form larger
objects.
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• Subtraction Is Taking smaller objects from larger objects to form other
objects.
• The Number of Times an action is performed Is The Object Formed
by adding a unit for each performance of the action.
• Multiplication Is The Repeated Addition of objects of the same size
a given number of times.
• Division Is The Repeated Segmentation of a given object into as many
objects of a given smaller size as possible.
• Zero Is The Absence of Any Object.
These conceptual metaphors are not only used for conceptualizing arithmetic, but they also form the basis of the language we use for talking about
arithmetic. Here are some linguistic examples of these conceptual metaphors. First, there is a group of cases which instantiate both the Collection
and Object Construction metaphors. The reason that the examples fit both
is that both metaphors are instances of a more general metaphor: Arithmetic Is Object Manipulation, in which Numbers Are Physical Objects and
Adding Is Putting Objects Together.
A trillion is a big number.
How many 5's are there in 20?
There are 45's in 23, and 3 left over.
Five from 12 leaves 7.
12 less 5 leaves 7.
How many times does 2 go into 1O?
7 is too big to go into 10 more than once?
If 10 is on one side of the equation and 7 is on the other, what do you
have to add to 7 to balance the equation?
There are of course linguistic examples that distinguish the Object
Construction metaphor from the Object Collection metaphor.
Object Construction:
If you put 2 and 2 together, it makes 4.
What is the product of 5 and 7?
2 is a small fraction of 248.

Object Collection:
How many more than 5 is 8?
8 is 3 more than 5.

2. METAPHORICAL STRUCTURE OF MATHEMATICS

37

Now let us turn to the Motion metaphor.

Arithmetic Is Motion
•
•
•
•
•
•
•

Numbers Are Locations on a Path.
The Mathematical Agent Is A Traveler along that path.
Arithmetic Operations Are Acts of Moving along the path.
The Result of an arithmetic operation Is A Location on the path.
Zero Is the Origin (starting point).
The Smallest Whole Number (One) Is A Step Forward from the origin.
The Size of the Number Is The Length of the trajectory from the
origin to the location.
• The Quantity Measured by a Number Is the Distance From the Origin
to the location.

• Equations Are Routes to the same location.
• Addition of a Given Quantity Is Taking Steps a given distance to the
right (or forward).
• Subtraction of a Given Quantity Is Taking Steps a given distance to
the left (or backward).
• The Number of Times an Action is performed Is The Location reached
by starting at the origin and taking one step for each performance of
the action.
• Multiplication Is The Repeated Addition of quantities of the same size
a given number of times.
• Division Is The Repeated Segmentation of a path of a given length
into as many smaller paths of a given length as possible.
As in the ealier cases, this conceptual metaphor also provided language
for talking about arithmetic.

How close are these two numbers?
37 is far away from 189,712.
4.9 is almost 5.
The result is around 40.
Count up to 20, without skipping any numbers.
Count backwards from 20.
Count to 100, starting at 20.
Name all the numbers from 2 to 10.
The linguistic examples are important here in a number of respects.
First, they illustrate how the language of object manipulation and motion
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can be recruited in a systematic way to talk about arithmetic. The conceptual mappings characterize what is systematic about this use of language.
Second, these usages of language provide evidence for the existence of
the conceptual mappings-evidence that comes not only from the words,
but also from what the words mean. The metaphors can be seen as stating
generalizations not only over the use of the words, but also over the inference patterns that these words supply from the source domains of object
collection, object construction and motion, which are then used in reasoning about arithmetic.

EDUCATIONAL EXTENSIONS OF NATURAL
GROUNDING METAPHORS
In the Object Collection and Object Construction metaphors, zero is not
the same kind of thing as a number. It represents the absence of attributes-the absence of a collection or constructed object. It is only in the
Motion metaphor that zero is the same kind of thing as a number-it is
a location in space. Because the Collection and Construction metaphors
we use are so basic to the conception of number, we can see why it took
so long for zero to be included and why there was so much resistance to
calling zero a number.
It should be clear that the Collection and Construction metaphors also
work just for the natural numbers. Multiplication by zero, for example, is
not defined. Nor are negative numbers, rational numbers, and the reals.
Many Mathematics teachers attempt to use these metaphors to teach arithmetic-as they must, if students are to grasp the subject at all. But, unfortunately, such teachers often fail to grasp the limited role played by grounding metaphors, which arise quite naturally. Grounding metaphors are
partial, limited only to the natural numbers and basic operations. They
are the metaphors from which the most basic ideas of arithmetic arise.
However, the arithmetic characterized by these metaphors has been greatly
extended over the centuries through linking metaphors and metonymies,
and there is no way to extend these metaphors in a consistent natural
manner to cover all those extensions. But many teachers nonetheless concoct nonnatural novel and ad hoc extensions in attempt to take those
metaphors beyond their natural domain.
Consider the example of negative numbers. The Object Construction
and Object Collection metaphors do not give rise to simple natural extensions of the negative numbers. So some teachers extend the natural grounding metaphors in unnatural ways. For example, suppose we want to teach
the equation using the object collection metaphor (-1) + (-2) = (-3). A
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teacher might introduce the ad hoc extension Negative Numbers Are Helium Balloons, and use it together with Quantity Is Weight and Equations
Are Scales. Here helium balloons are seen as having negative weight, offsetting positive weight for the purpose of measuring weight on a scale.
This ad hoc extension will work for this case, but not for multiplying by
negative numbers. In addition, it must be used with care, because it has
a very different cognitive status than the largely unconscious natural
grounding metaphor. It cannot be added and held constant as one moves
to multiplication by negative numbers.
Or take another ad hoc extension to the Object Collection metaphor:
Negative Numbers are Objects Made of Anti-Matter. This is sometimes
used to teach why 3 + (-3) = 0: 3 and -3 annihilate one another! Again,
this can't be extended to teach multiplication by negative numbers. Moreover, the concept of anti-matter may be harder to teach than the concept
of negative number by other means.
The easiest natural extension of one of the grounding metaphors to
negative numbers is the Motion Metaphor. If numbers are locations
reached by moving in uniform steps in a given (positive) direction from
a source, and if zero is the origin, then negative numbers are also locations,
but locations reached by moving in the opposite direction. Thus, if positive
numbers are to the right of the origin, negative numbers are locations to
the left of the origin. Addition and subtraction of negative numbers can
then be given by a relatively easy extension of the metaphor: when you
encounter a negative number, turn around in place. Multiplication by a
negative number is turning around and multiplying by a positive number.
But however straightforward these extensions are, they are still concocted novel extensions of the natural grounding metaphor, and so will
seem a bit artificial because it is a bit artificial. Such metaphors are neither
natural grounding metaphors, nor are they linking metaphors. They belong
neither to the realm of the natural grounding of arithmetic, not to the
linking of one branch to another, but rather to the domain of teaching
by making up extensions of the natural grounding metaphors. As such
they are neither part of the natural grounding of mathematical ideas nor
the linking of one branch of mathematics to another. Hence, they stand
outside of mathematics proper and are part of imaginative, and sometimes
forced, methods of mathematical education. Since such purely educational
metaphors, however useful for certain aspects of teaching, are not the
subject matter of this paper, we will not discuss them further. (For an
explicit statement of such educational metaphors, see Chiu, 1996.) Instead
we will proceed with our discussion of the natural grounding metaphors
for basic mathematical ideas and the linking metaphors used to map one
branch of mathematics onto another.
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METAPHORS FOR SET THEORY

Set theory is grounded in two kinds of related experiences:

1. Grouping objects into conceptual containers
2. Comparing the number of objects in two groupings
The source domain of the metaphor uses a container-schema, which specifies a bounded region of space, with an interior, a boundary, and an
exterior. Container schemas may have a physical realization (a jar, a plot
of ground marked off by a line, etc.), but, as used here, the boundary of
the container is purely imaginative and need not be physically realized.
An image-schematic container consists of tl\e boundary of the container
schema plus the interior of that container schema. Objects within the
boundary are In the container. When we conceptually group objects together we are superimposing a single container-schema on the objects so
that the objects are conceptualized as being inside the boundary and
overlapping with the interior of the schema.
Sets in mathematics have traditionally been conceptualized as containerschemas, and the members of the sets as objects inside the containerschema.
The Sets-As-Container-Schemas Metaphor

• A Set Is A Container-Schema.
• A Member of a Set Is An Object in a Container-Schema.
• A Subset of a Set Is A Container-Schema Within a Container-Schema.
One of the properties of conceptual groupings is that the grouping is
determined by the choice of the objects. A choice of different objects is
a different grouping. Two choices of the same objects do not constitute
different conceptual groupings. This property of objects conceptually
grouped together by superimposition of a container-schema is an important property. This property is mapped by the Sets-As-Container-Schemas
Metaphor into The Axiom of Extensionality in set theory, the axiom that
states that a set is uniquely characterized by its members. In this case, an
entailment of a grounding metaphor is an axiom-a self-evident truth that
follows from the grounding metaphor. Not all axioms arise in this way.
Some require additional metaphors.
Incidentally, this metaphor can be extended in a fairly obvious way to
metaphorically define unions, intersections, and complements. But there
are many aspects of naive set theory in mathematics that are not consequences of this metaphor and cannot be defined using it. Container-sche-
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mas are just cognitive mechanisms that impose conceptual groups. Though
you can have sets of objects further grouped into subsets by additional
container schemas inside an outer one, those internal container schemas
are not themselves made objects by the Sets-As-Container-Schemas Metaphor, and since they are not objects, they cannot be members of the set.
However there is a metaphor that can turn such container schemas into
objects, which would make it possible for them to be set members. This
is not an ordinary grounding metaphor that naturally characterizes our
nonmathematical understanding of a set. Instead it is a special metaphor
for grounding the technical discipline of set theory.

The Sets Are Objects Metaphor
• Sets Are Objects.
This extremely powerful metaphor, when combined with the Sets Are
Container-Schemas Metaphor allows not just for subsets, but for sets to be
members of other sets, since members are conceptualized as objects. But
even though this metaphor allows sets to be members of other sets,
combining this metaphor with the Sets Are Container-Schemas Metaphor
will guarantee that it will still make no sense to conceptualize a set as being
a member of itself. The reason is that container-schemas cannot be inside
themselves by their very nature. Boundaries of containers cannot be parts
of their own interiors. It therefore follows that, when The Sets Are
Container-Schemas Metaphor is being used to conceptualize sets, expressions like "sets that are members of themselves" and "sets that are not
members of themselves" are nonsense and therefore cannot designate
anything at all. Relative to this metaphor, Russell's classical set-theoretical
paradox concerning the set of all sets which are not members of themselves
cannot arise. It arises only in a mind-free mathematics where set theory is
developed axiomatically without an explicit characterization of ideas. To
get around the constraint that sets cannot be members of themselves, a
theory of hypersets has been developed and we will discuss it shortly.

Consequences of Sets Are Objects
Once sets are conceptualized metaphorically as objects and not just cognitive container-schemas that accomplish grouping, then the submetaphor
that Members of a Set Are Objects In a Container-Schema can apply and
allow subsets of a set to be members of that set. And once a set is conceptualized as a container-object, it possible to conceptualize the empty setthe container-object containing no objects. Putting together the Sets Are
Container-Schemas Metaphor and the Sets Are Objects Metaphor, we get
new entailments. For example, it is entailed that every set now has a power
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set-the set of all its subsets. This is another fundamental axiom of set
theory.
The Ordered Pair Metaphor
Once we conceptualize sets as objects and subsets as members, we can
construct a metaphorical definition for ordered pairs. Intuitively, an
ordered pair can be conceptualized nonmetaphorically as a subitized pair
of elements (call it a Pair-Schema) structured by a Path-Schema, where
the source of the path is seen as the first member of the pair and the goal
of the path is seen as the second member.
With the addition of the Sets Are Objects Metaphor, we can conceptualize subsets of sets as members of sets. We can now use the idea of a
subset that is also a member of set to conceptualize the concept of the
ordered pair metaphorically in terms of sets.
An Ordered Pair (a,b) Is The Set {a, a,b)}
Using this metaphorical concept of an ordered pair, one can go on to
metaphorically define relations, functions, and so on in terms of sets. One
of the most interesting things that one can do with this metaphorical ordered
pair definition is to metaphorically conceptualize the natural numbers in
terms of sets that have other sets as members, as von Neumann did.
The Natural Nmnbers Are Sets Metaphor
• Zero Is The Empty Set, 0
• A Natural Number Is The Set of its predecessors.

Entailments:
• One Is The Set containing the empty set, {0)
• Two Is { 0, {0) } (that is, {O,I} )
• Three is { 0 , {0) , { 0 , {0) } } (that is, {O,I,2} )
Here, zero has no members, one has one member, two has two members,
and so on. By virtue of this metaphor, every set containing three members is in
1-1 correspondence with the number three. Using these metaphors, one can
metaphorically construct the natural numbers out of nothing but sets.
This is the basic metaphor linking set theory to arithmetic. It allows
one to conceptualize one branch of mathematics, arithmetic, in terms of
another branch, set theory. This metaphor projects truths of set theory
onto arithmetic.
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SAME SIZE AND MORE THAN:
THE EVERYDAY COMMON SENSE CRITERIA
Our ordinary everyday conceptual system includes the concepts Same Number and More Than. They are based, of course, on our experience with
finite, not infinite, collections. Among the criteria characterizing our ordinary everyday versions of these concepts are:
Same Number: Group A has the same number of elements as group B if,
for every member of A, you can take away a member of B and at the end
of the process there are no objects left in B.
More Than: Group B has more objects than group A if, for every member
of A, you can take away a member of B and at the end of the process there
will still be objects left in B.

It is important to contrast our everyday concept of Same Number with

Georg Cantor's concept of Equipollence, that is, being able to be put in
a 1-1 correspondence. For finite collections of objects, having the Same
Number entails Equipollence. Two finite sets with the same number of
objects can be put in a 1-1 correspondence. This does not mean that
Same Number and Equipollence are the same idea. The ideas are different
in a significant way, but they happen to have the same truth conditions
for finite sets.
Compare the set of natural numbers and the set of even integers. As
Cantor observed, they are equipollent. That is, they can be put into a 1-1
correspondence. Just multiply the natural numbers by two, and you will set
up the 1-1 correspondence. Of course, these two sets do not have the same
number of elements according to our everyday criterion. If you take the even
numbers away from the natural numbers, there are still all the odd numbers
left over. Therefore, according to our everyday concept of "more than" there
are, of course, more natural numbers than even numbers. The concepts
"same number" and "equipollence" are different concepts.
Our everyday concepts of "same number" and "more than" are, of course,
linked to other everyday quantitative concepts, like "how many" or "as many
as," "size" as well as to the concept "number" itself-the basic concept in
arithmetic. In his investigations into the properties of infinite sets, Cantor
and other mathematicians have used the concept of equipollence in place
of our everyday concept of same number. In doing so, Cantor established a
metaphor, which we can state as:
Cantor's Metaphor

• Equinumerosity Is Equipollence.

44

lAKOFF AND

NUNEZ

That is, our ordinary concept of having the same number of elements
(equinumerosity) is metaphorically conceptualized, especially for infinite
sets, in terms of the very different concept of being able to be put in a
1-1 correspondence.
But this has never been stated explicitly as a metaphor. As a result, it
has produced confusion for generations of students. Consider a statement
of the sort made by many mathematics teachers: Cantor proved that there
are just as many even numbers as natural numbers. Given our ordinary
concept of 'Just as many as," Cantor proved no such thing. He only proved
that the sets were equipollent. But if you use Cantor's metaphor, then he
did prove that, metaphorically, there are just as many even numbers as
natural numbers.
The same comment holds for other proofs of Cantor's. Literally, there
are more rational numbers than natural numbers, since if you take the
natural numbers away from the rational numbers, there will be lots left
over. But Cantor did prove that two sets are equipollent, and hence they
metaphorically can be said (via Cantor's metaphor) to have the same
number of elements.
The point of all this is that the conceptualization of arithmetic in terms
of set theory is not literal truth. Numbers are not literally sets. They don't
have to be understood in terms of sets. But you can use the set-theoretical
metaphor system for arithmetic if you want to study the consequences of
those metaphors. It is literally false that there are the same number of
natural numbers and rational numbers. But it is metaphorically true if you
choose to use Cantor's metaphor and follow out its consequences.
The fact that the set-theoretical conceptualization of arithmetic is metaphorical does not mean that there is anything wrong with it. It just means
that it does not provide literal, objective foundations for arithmetic.

HYPERSETS
The normal intuitive concept of a set, as we have just seen, is grounded in
metaphor that Sets Are Container-Schemas, with set members insider the
container-schemas. Since container-schemas cannot be inside themselves,
sets understood in this way cannot be members of themselves. This has led
to Russell's paradox and to the frustration of model-theorists with this
constraint.
Model-theorists do not depend upon our ordinary everyday concept of a
set. They use sets, as formally characterized, as models for axiom systems and
for other symbolic expressions within formal languages. Certain model-theorists have found that our ordinary grounding metaphor that Sets Are
Container-Schemas gets in the way of certain kinds of phenomena they want
to model, especially recursive phenomena. For example, take expressions
like

2. METAPHORICAL STRUCTURE OF MATHEMATICS

45

1
x=1+---1
1+-1 + ...
which is equivalent to

1
x= 1 +x
Such recursive expressions are common in mathematics and computer
science, and the requirement that sets, which cannot contain themselves,
be used in modeling limits the possibilities for modeling. Set-theorists have
realized that a new metaphor is needed, and have explicitly constructed
one (see Barwise & Moss, 1991). The idea is to use graph theory, first to
model set theory, and then to go beyond what sets can do.
The implicit metaphor is:

The Set Theory Is Graph Theory Metaphor
• The Membership Relation Is An Arrow (called an "Edge") Relating
Two Nodes In A Directed Graph.
• Sets Are Nodes That Are Tails of Arrows.
• Members Are Nodes that are Heads of Arrows.
• The Mapping From Tail Nodes To Sets Is A Labeling (A "Decoration")
Of the Nodes By The Sets.
The effect of this metaphor is to eliminate the notion of containment
from the elements used in model-theory. The graphs have no notion of
containment built into them at all. And containment is not modeled by
the graphs.
The set-theoretical Axiom of Foundation, which imposes some of the
properties of containment can now be replaced by an Anti-Foundation
Axiom modeled by graphs. Set-theory becomes "The Theory of Hypersets,"
where hypersets are not sets at all, since they have no notion of containment, but only graph-theoretical structure. For this reason, the term "hyperset" is a bit misleading, since hypersets are not kinds of traditional sets,
but rather a generalization from them. Nevertheless, they play the same
role as sets technically. The old axioms of "set theory" can be satisfied
model-theoretically by such graphs. The metaphor that Numbers Are Sets
can now be replaced by a new metaphor, Numbers Are Graphs. Adjusting
the von Neumann definition of numbers in terms of sets to the new graphtheoretical models, zero (the empty set) becomes a node with no arrows
leading from it. One becomes the graph with two nodes and one arrow
leading from one node to the other. Two and three are represented by
the graphs in Figs. 2.1a and 2.1b.
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FIG. 2.1. Hypersets: Graphs for modeling sets.

Set-theoretical models can now be replaced by graph-theoretical models.
Such models allow for recursion, that is, they allow a node to be both
head and tail of an arrow. That is, an arrow can bend back on itself. If
the old terminology of sets if misleadingly retained, then such "sets" of
"hypersets" (really nodes in graphs) can "contain themselves" (that is, they
can be both heads and tails of arrows in graphs). Actually, there is no
containment at all.
When such a case arises, where an arrow bends back on itself as in Fig.
2.1c, we get recursion-the equivalent of an infinitely long chain of nodes
with arrows not bending back on themselves, as in Fig. 2.1d.
Here we see the power of metaphor in the foundations of mathematics.
Sets do not have the right properties to model everything needed. So we can
now metaphorically model sets themselves (minus containment) using
certain kinds of graphs, generalize sets to those graphs, and replace set

2. METAPHORICAL STRUCTURE OF MATHEMATICS

47

theory by a special case of graph theory. The only confusing thing is that this
special case of graph theory is still called "set theory" for historical reasons.
Because of this misleading terminology, it is sometimes said that the
theory of hypersets is "a set theory in which sets can contain themselves."
This is not strictly true because it is not a theory of sets as we ordinarily
understand them in terms of containment.

GROUNDING METAPHORS FOR FUNCTIONS
Let us look next at the metaphors that ground our understanding of
functions.

A Function Is A Machine
• The Domain of the function Is A Collection of acceptable input objects.
• The Range of the function Is A Collection of output objects.
• The Operation of the function Is The Making of a unique output
object from each collection of input objects.
The notion of an algorithm is, of course, based on the machine metaphor.
An algorithm, as a metaphorical machine performs operations sequentially
on input objects to yield output objects. Since the machine is metaphorical
and not real, the operations and objects are conceptual in nature, and
they always apply perfectly in exactly the same way, since imperfections of
physical objects are not mapped onto conceptual objects by the metaphor.
For arithmetic functions, this metaphor extends the grounding metaphor of Arithmetic As Object Construction. Here, the construction of
output objects from input objects is done by a machine.
Here are some examples of expressions that make use of this metaphor.
Linguistic Examples:

Nonprime numbers are made up of primes.
Multiplication makes nonprime numbers out of collections of prime
numbers.
The function fix) = x 2 + 5 takes a number, first squares it and then adds
5, to yield a new number.
The function fix) = eX starts producing huger and huger numbers as you
put in moderately larger values of x.
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A Function Is a Collection of Objects With Directional Links
• The Domain of the function Is A Collection of objects.
• The Range of the function Is A Collection of objects.
• The Function Is A Collection of Unique Paths from objects in the
domain to objects in the range.
• The operation of the function Is the transportation of the domain
object to the range object by an agent.
Metonymy: The function stands for the agent performing the function.
There are also common expressions in the English of mathematicians
that use this metaphor. All of these cases use th~ metonymy in which the
function stands for the agent performing the function. The function itself
is seen as doing the carrying, sending, and projecting.
Linguistic Examples:

j(x) = x 2 takes/carries 3 into 9
This function projects the integers onto the even numbers.
This function sends numbers into their inverses.
Given the metaphor that Ordered Pairs Are Sets, this grounding metaphor can be reformulated as a linking metaphor, characterizing functions
metaphorically in terms of sets:
• A Function Is a Set of Ordered Pairs, in which the first member of
the pair uniquely determines the second.
At this point, we are able to discuss one of the central ideas in classical
mathematics-the Cartesian Plane.

THE METAPHORICAL STRUCTURE
OF THE CARTESIAN PLANE

Linking metaphors are commonly versions of grounding metaphors. For
example, the fundamental metaphor linking set theory to arithmetic, Numbers Are Sets, is a technical version of the natural grounding metaphor
Arithmetic is Object Collection. We can now turn to a second case in
which there is a linking metaphor that is a technical version of a grounding
metaphor. Corresponding to Arithmetic is Motion, with Numbers As Lo-
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cations, there is a metaphor linking Arithmetic to Geometry, in which
Numbers Are Points on a line.

The Arithmetic Is Geometry Metaphor
(Assume a Euclidean plane, with the truths of Euclidean Geometry.)
• Numbers Are Points on a line.
•
•
•
•

Zero Is the Origin.
Quantities Are Distances (from the origin to a point).
Greater than Is Above (for vertically oriented lines).
Greater than Is To the right of (for horizontally oriented lines).

This metaphor maps truths of Euclidean Geometry onto Arithmetic! That
is what makes this a metaphor that links the domains of Geometry and
Arithmetic.
What is particularly interesting about this metaphor is that it is used to
form a metaphoric blend, a composite of the source and target domains
of the metaphor (Turner, 1996; Turner & Fauconnier, 1995), that is, a
composite of numbers and points on a line known as the number line.

The Number Line Blend
A number line is a conceptual blend formed from the superimposition of
the source domain (Geometry) of the Arithmetic As Geometry metaphor
onto the target domain (Arithmetic). The entities in this blend are number-points-numbers that are metaphorically points.
The blend combines truths of geometry with truths of arithmetic, to
yield new inferences about the target domain, arithmetic. Using the metaphorical concept of the number line, we can construct a much more
complex metaphorical concept, the Cartesian Plane.

The Cartesian Plane
A metaphorical definition is a definition that presupposes one or more
metaphors. All the definitions given below assume the Arithmetic Is Geometry metaphor. We use the double-bullet to mark metaphorical definitions.
•
•
•
•

•
•
•
•

The oX'-axis Is a Number line.
The y-axis Is a Number Line perpendicular to the oX'-axis.
The Intersection of the oX'- and y-axes Is An Origin for both axes.
A Coordinate Point Is a Point on an axis.
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• • The »coordinate line Is the Line parallel to the y-axis that crosses
the »axis at coordinate point x.
• • The y-coordinate line Is the Line parallel to the »axis that crosses
the y-axis at coordinate point y.
• • A Cartesian Coordinate system Is the Collection of » and y-coordinate lines.

The Cartesian Point Metaphor
Like any other plane in Euclidean geometry, the Cartesian Plane is a
collection of points. But in the Cartesian Plane, a point in the plane is
conceptualized in one of two ways, either (a) as an intersection of an »
and a y- coordinate, or (b) as an ordered pair of numbers on the» and
y-axes, respectively. Each of these conceptions is metaphorical. Points don't
have to be conceptualized as intersections of line, nor as ordered pairs of
other points. But these alternate conceptualizations are inherent to an
understanding of what the Cartesian Plane is.
The Points Are Intersections Metaphor
• A Point in the Cartesian Plane Is The Intersection of an »coordinate
line and a y-coordinate line.
The Pointjor-Coordinate-Line Metonymy
• A Coordinate Point P can Stand For the Coordinate Line L that
intercepts an axis at point P.
By forming the composition of the Points Are Intersections Metaphor and
the Point-For-Coordinate-Line Metonymy, we arrive at:
The Cartesian Point Metaphor
• Each Point in the Cartesian Plane Is an Ordered Pair of points (x,y)
on the » and y-axes.
The Cartesian Point Metaphor allows us to define a Cartesian Graph.
• • A Cartesian Graph Is A Collection of points in the Cartesian plane.
This metaphorical definition allows us to conceptualize equations with two
variables. (It presupposes the use of a very important metaphor that we
are not going to discuss here: Variables Are Numbers. This metaphor lies
at the base of the conceptualization of elementary algebra. The combina-
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tion of this metaphor with the Arithmetic Is Geometry metaphor lies at
the base of Analytic Geometry.)
• • An Equation with two variables Is A Cartesian Graph.
Thus, we have the familiar examples:

y = ax + b Is a Line.
x2

+ y2 =

r2 Is a Circle of radius r with a center at the origin.

It is important to realize that these are metaphorical conceptualizations
of equations, not the equations themselves.

Cartesian Functions
The Cartesian Plane is, as we have seen, a blend of arithmetic and geometry
in which arithmetic is conceptualized in terms of geometry through the
concept of the number line. The Cartesian Point metaphor conceptualized
points in the plane as ordered pairs of number-points on the ~ and ~
number lines. This allows us to define a Cartesian Function using the
metaphor discussed above, that a function is a set of ordered pairs. In this
case, because we have a blend of numbers and points, a Cartesian Function
maps two things at once. It maps points onto points and numbers onto
numbers. The point-to-point mappings are constrained by geometry, while
the number-to-number mappings are constrained by arithmetic.

A Cartesian Function
•• A Cartesian Function Is A Collection of points in the Cartesian
Plane, where each two points in the collection have different ~coor
dinates.
Since each point in the Cartesian Plane is metaphorically an ordered pair
of points on the ~ and ~axes respectively, Cartesian Functions can be
conceptualized in terms of set theory as sets of ordered pairs, which are
in turn metaphorically conceptualized as sets with a certain structure (as
described earlier).
The Arithmetic of Functions Metaphor
Literally, functions are not numbers. Addition and multiplication tables
do not include functions. But when we conceptualize functions as ordered
pairs of points in the Cartesian Plane, we can create an extremely useful
metaphor. The operations of arithmetic can be metaphorically extended

52

lAKOFF AND NUNEZ

from numbers to functions, so that functions can be metaphorically added,
subtracted, multiplied and divided in a way that is consistent with arithmetic. Here is the metaphor:
The Arithmetic ofFunctions Metaphor

• An Arithmetic Operation on functions Is That Operation on the yvalues at each point x of the functions.
This is what we have called a definitional metaphor, in that it extends the
definition of arithmetic operations to functions via metaphor. To see how
this works, consider addition.
Let f= {(x,y)}, that is, a set of pairs of values taken from the » and yaxes respectively.
Let g = {(x,y'»), where x and y' are also values taken from the» and
y-axes respectively.
Consider only »values in the intersection of the domains of the functions.
By the expression, ''f + g" we mean" {(x,y)} + {(x,y')}". To understand
what that means, we need a metaphor-a special case of the Arithmetic
of Functions metaphor, restricted to addition. The special case of that
metaphor is:
• {(x,y)}

+ {(x,y')} Is

{(x, y

+ y')}

Or, if you prefer English:
• The Sum of two functions Is The Sum of the y-values at each point x
of the functions.
This is usually written as: (f + g) (x) = fix) + g(x). But notice that the "+"
on the left is a metaphorical + and that the "=" specifies a metaphorical
definition.
The same applies for the rest of the arithmetic functions:
• {(x,y)} - {(x,y')} Is {(x, y - y')}
• {(x,y)} . {(x,y')} Is {(x, y . y')}
• {(x,y)} -;- {(x,y')} Is {(x, y -;- y'») (where y' "# 0)

The following are therefore all metaphoric:
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•
•
•
•

(J + g) (x) Is j(x) + g(x)
(J - g) (x) Is j(x) - g(x)
(J. g) (x) Is j(x) . g(x)
(J + g) (x) Is j(x) + g(x) , where g(x)

::f.
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In the Cartesian Plane, simple arithmetic functions of one variable can be
conceptualized metaphorically as CUIVes. The Arithmetization of Functions
metaphor allows us to conceptualize what it means to add, subtract, multiply, and divide such CUIVes. This is a central idea in classical mathematics.

EULER'S CONCEPTION
OF CONTINUOUS FUNCTIONS
Euler assumed the Cartesian Plane and characterized a continuous function as "a CUIVe described by freely leading the hand" across the Cartesian
Plane. This intuitive characterization of a function has a number of important properties.
First, the continuous function is formed by motion, which takes place
over time.
Second, there is a directionality in the function.
Third, the continuity arises from the motion.
Fourth, since there is motion, there is some entity moving, in this case,
the hand.
Fifth, the motion results in a static line with no 'Jumps."
Sixth, the line has no directionality.

THE FICTIVE MOTION METAPHOR
Within the Cartesian plane, we commonly conceptualize variables as if they
were point-sized travelers in motion, moving either along one of the axes
or across the plane. An independent variable is conceptualized as a traveler
moving along the x-axis, and the dependent variable as a traveler moving
along the )"axis. Time, is of course, implicit here. At each time, each of
the traveler-variables is at some unique point on one of the axes. That
point is the value of the variable at that time. Here are the metaphorical
mappings characterizing these notions of what a variable is:
• An Independent Variable Is A Traveler, Traveler X, who moves independently over the x-axis.
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• A Dependent Variable Is A Traveler, Traveler Y, whose movements
are determined by the movements of Traveler X plus the function in
the following way: when Traveler X is at location x on the »axis,
Traveler Y is at Location y = fi x), on the y-axis.
Correspondingly, the function relating the variables can itself be conceptualized as a traveler moving across the plane. Its motion is determined
by the other two variable-travelers. The mapping characterizing this conceptualization of a dynamic function is as follows:
• A Dynamic Function Is the Path traced by a Traveler F, whose motion
is determined by the motion of Travelers X and Y in the following
way: when Traveler X is at point x on the »axis and Traveler y is a
point y on the y-axis, then Traveler F is at the point (x,y) in the
Cartesian plane.
• An Instance of a Function Is A Time at which Traveler X is at location
x, Traveler Y is at location fix), and Traveler F is at (x,y).
These are, of course, grounding metaphors. Their role is to ground our
mathematical understanding of variables in terms of nonmathematical understanding-here what is used as the source domain of the metaphor is
our common understanding of motion. For example, we are conceptualizing the varying of the variable in terms of the motion of a traveler. Since
the metaphor maps our common everyday inferences about motion onto
mathematics, our mathematical understanding depends on everyday commonplace understanding of motion.
In the Cartesian Plane, the» and y-axes are lines and, following Euler,
the continuous functions are lines as well. Moreover, it is commonplace
to conceptualize continuity of a function as Euler did, in terms of nonskipping motion along the line characterizing the function. We normally
conceptualize this in terms of a commonplace metaphor, the Fictive Motion
metaphor (see Talmy, 1988).
The Fictive Motion Metaphor

• A Line Is The Motion of a Traveler tracing that line.
Examples:
Highway 80 goes to San Francisco.
Just before Highway 24 reaches Walnut Creek, it goes through the Caldecott
Tunnel.
So far, the new freeway has gotten only half way to Los Angeles.
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Here a highway, which is a static linear object, is conceptualized in terms of
a traveler moving along the route of the highway. Accordingly, via this
metaphor, we can speak of a function as moving, growing, oscillating, and
reaching limits.
What we have just done is provide a characterization in cognitive terms
of the intuitive dynamic and static conceptualizations of a continuous function. As in the case of Euler's characterization, the continuity is characterized by motion in the Fictive Motion version. This is a cognitive account
of Euler's intuitive notion of continuity for a function in terms of elements
of ordinary human cognition. It shows how mathematical ideas are constituted out of ordinary ideas.

SCANNING AND THE CONCEPT
OF CONTINUITY FOR A LINE
Scanning is a form of motion, the motion of our gaze. The concept of a
gaze uses the common metaphor
• Seeing Is Touching
in which seeing is conceptualized in terms of a limblike "gaze" that reaches
out from our eyes and "touches" what we are seeing. It is this metaphor
that characterizes what we mean by "scanning along" a line.
Our capacity to scan mentally is central to our everyday concept of
continuity. We understand a line to be continuous if and only if we can
scan along it with no jumps, that is, without any place at which our gaze
fails to be in contact with the line. For this reason, the concept of contact
also enters crucially into our everyday concept of continuity.
From the perspective of cognitive science all this is natural. Scanning is a
fundamental cognitive capacity and contact is a fundamental image-schematic concept. These, of course, need to be further characterized at the level
of the brain. For a discussion of how this might work for the concept of
contact, see Regier (1996). We mention this because, when it comes to
characterizing a concept, there is a considerable difference between what is
sufficient for a cognitive scientist and what is sufficient for a mathematician.
When we define an interval in cognitive terms, we will be using the everyday
concept of a line, which in turn uses the everyday notion of continuity.

THE INFINITY AS A POINT METAPHOR
As we scan along the indefinitely long line in our imagination, fixed distances
between two points on a line appear closer the further away they are. As we
scan toward the horizon our gaze reaches a single point at which the further
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infinite extension of the line is contained visually within that point. This is
the basis of a metaphor by which we conceptualize infinity-the infinite
extension of that line-as a point. We will refer to that metaphor as The
Infinity As A Point Metaphor.
• The Infinite Extension of a Line Is a Location (a Point) at the End
of that Line. This point is referred to as "00".
This metaphor, together with the metaphors just discussed,jointly entail
the following metaphorical conclusion, which is obviously literally false:
• The further a traveler moves along a line of infinite extent, the closer
he comes to the point 00.
Though this is literally false, it is metaphorically true; that is, it is entailed
by metaphors that we use for the purpose of conceptualizing infinity. It is
by means of the Infinity-as-a-Point metaphor that we understand expressions like "as x approaches infinity" or "the value of the function at infinity".

THE METAPHOR FOR APPROAClllNG A LIMIT
Using these metaphors, we get the following metaphorical definition of
"approaching a limit" for a dynamic function in the Cartesian Plane. Suppose that, as the variable x gets closer and closer to the point a from either
side, fix) gets correspondingly closer and closer to a unique value L. We
define L to be "the Limit of fix) as x approaches a."
The metaphorical character of this definition should be clear. It assumes
that we know from the source domain what "approach" and "closer and
closer" mean. These are concepts from our everyday understanding of
motion through space. Given all the metaphors for dynamic functions that
we have just characterized, the metaphor for approaching a limit is straightforward:
• The Existence of A Limit L (for a function j) At Point a Is The
Existence Of A Unique Location L Such That Traveler Y Approaches
L Whenever Traveler X Approaches a.
The notion of a limit becomes interesting when x approaches a but
does not reach a, and when fix) approaches L but does not reach L.
Indeed, a may not even be in the domain of f In such a case, we may
want to extend the function in a consistent way to give it a value at a.
Since the function does not literally take a as a value, conceptual metaphor
is used to accomplish this.
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Intuitively, this is done in terms of the notions of open and closed
intervals. From a cognitive perspective, such intervals are conceptualized
in terms of container-schemas. This is the image-schema used in mindbased set theory, which we discussed earlier. Each container-schema has
an interior, a boundary, and an exterior. We form an interval by imposing
a container-schema on a line, so that the container-boundary on each side
of the interval coincides with a single point on the line. The interior and
exterior on the interval have extent. The boundary on each side is a point,
minimally differentiating the interior from the exterior.
Given the metaphor that numbers are points on a line, and the characterization of real numbers as being the totality of those points, open and
closed intervals are conceptualized metaphorically as sets of real numbers,
which are simultaneously, via the Number Line Blend, points on a line.

OPEN AND CLOSED INTERVALS
Here are metaphorical definitions of open and closed intervals.
• • An Open Interval Is The Intersection of the real number line with
the interior of a container schema.
• • A Closed Interval Is The Intersection of the real number line with
the Interior and Boundary of a container schema.
Suppose we take the metaphorical conceptualization of an independent
variable of a function as a traveler moving along the X-axis in a Cartesian
Plane. Suppose the function is defined only over an open interval. In that
case, the variable can keep moving closer and closer to the boundary of that
interval and never reach it, even if it keeps moving for an infinitely long
stretch of time. For any given observer, the position of the traveler and the
boundary can get so close as to be indistinguishable for that observer, though
still not be literally identical.
At this point two commonplace everyday metaphors in our conceptual
system become relevant:
• Existence Is Visibility
• Nonexistence Is Invisibility
• Similarity Is Closeness
• Difference Is Distance
• Identity Is Identity of location.
Thus, when we say the difference between the location of the traveler and
boundary becomes "vanishingly small" and "disappears," we conceptualize
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that distance and, hence, the metaphorical difference to be metaphorically
nonexistent. This occurs when the function fix) approaches a limit L as
x approaches a. At some point, the difference between fix) and L will
become "vanishingly small" and will "disappear" as x approaches a.
The interesting cases are those where the function fis not defined at
a, and yet the difference between fix) and L becomes vanishingly small as
x approaches a. In many cases over the centuries, mathematicians have
metaphorically extended the function to the value a, saying metaphorically
that fi a) = L. In other words, they were using what we shall call The
General Limit Metaphor. Suppose L is the limit of fix) as x approaches a,
when f is not defined at a.
The General Limit Metaphor
• fia) Is L.

Instances of The General Limit Metaphor are derivatives and integrals,
convergent sequences, power series, Taylor series, Fourier series, and the
Hilbert Space-Filling Curve (to be discussed later). Even Euclid's conception of idealized points, lines, and planes can be seen as instances of this
metaphor. For example, a point can be conceptualized in terms of a sequence of circles whose radii get progressively smaller, with zero as the
limit. The circle at the limit is a point.
The General Limit Metaphor is especially interesting when it is combined with the metaphor that Infinity Is A Point, that is, when a = 00 or
L = 00. Consider the case where fix) = 1/ x. As x gets larger and larger,
1/ x gets closer and closer to zero, but does not literally reach it. That is,
there is no literal number in the number line for which 1/ x is zero.
However, mathematics texts commonly write:
limx->~(I/x)

= 0

Literally, this makes no sense, since infinity is not a number and 1/ x does
not equal zero for any number. But this makes perfect sense given the
metaphors that Infinity Is A Point, that Numbers Are Points, and The
Limit Metaphor that fi a) Is L. In this case, metaphorically a = 00, fi 00) =
1/ 00 , and L = O.
Notice that this extends the function f to what is technically a new
function, partly defined by metaphor. Since functions are metaphorically
conceptualized as numbers that can be added, subtracted, multiplied and
divided, this new function with its metaphorical value is subject to such
operations. In other words, limits of functions are subject to the same
arithmetic operations as functions themselves.
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Now consider fix) = 1/ x once more. As x gets very small, 1/ x grows
without bound. The function 1/ x is not literally defined for x = 0. And as
x approaches zero, there is no number L that 1/ x approaches as a limit.
Yet mathematics texts often write:
limx-->o (1/ x) =

00

Again, this makes perfect sense given the metaphors that Infinity Is A
Point, Numbers Are Points, and The Limit Metaphor. In this case, metaphorically a = 0, flO) = 1/0, and L = 00. But because classical arithmetic
operations are not defined for the metaphorical number 00, this limit
cannot be seen as extending the function 1/ x for the purpose of performing arithmetical operations on the function.

RIGOR AND FORMALISM
In contemporary textbooks, the intuitive concept of continuity, as used by
Euler and as described precisely in cognitive terms, is seen as something
to be apologized for, overcome and replaced by more rigorous tools. Here
is a typical quotation from a well-known text:
In everyday speech, a "continuous" process is one that proceeds without
gaps or interruptions or sudden changes. Roughly speaking, a function y =
j(x) is continuous if it displays similar behavior, that is, if a small change in
x produces a small change in the corresponding value f(x) ... Up to this
stage, our remarks about continuity have been rather loose and intuitive,
and intended more to explain than to define. (Simmons, 1985)

As we shall see, however, the "more rigorous" version is just as metaphorical
if not moreso.

CONCEPTUALIZING A LINE:
THE LINE AS SET OF POINTS METAPHOR
We have two importantly different ways of conceptualizing a line (either
a curved or straight line). The first is nondiscrete, not made up of discrete
elements: a line is absolutely continuous and points are locations (infinitely
precise locations) on a line. Similarly, a plane is absolutely continuous and
points are infinitely precise locations on that plane. In this sense, a line
is an entity distinct from the points, that is, locations on that line, just as
a road is a distinct entity from the locations on that road. We will refer
to such a nondiscrete notion of a line as a natural continuum. From the
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perspective of our everyday geometric intuition, lines are natural continua
in this sense.
The second way to conceptualize a line is metaphorical: A Line Is A Set
Of Points. According to this metaphor, the points are not locations on the
line; they are entities constituting the line. Similarly, a plane, or any other
n-dimensional space, can also be conceptualized metaphorically as being
a set of points. The distinction between these two ways of conceptualizing
lines, planes, and n-dimensional spaces has been crucial throughout the
history of mathematics, and the failure to distinguish between them has
led to considerable confusion. Both conceptualizations are used. Neither
is "right" or "wrong." But they have very different properties.
Both conceptions are natural, in that both arise from our everyday
conceptual system. A basic division in out conceptual system is the masscount division. We normally conceptualize the substance water as a mass; it
is undifferentiated, continuous and uncountable. The expression "five
water" is ill-formed. A chair, on the other hand, is discrete, differentiated
from other chairs, and countable. The expression "five chairs" is wellformed.
We can conceptualize a multiplicity of countable entities metaphorically
as a mass, via the metaphor Mass Is Multiplicity. The metaphor is grounded
in a common perceptual experience. Suppose that you are close to a flock
of sheep and can pick out the individual sheep, which are clustered together. As you step further and further back, you reach a point at which
the individual sheep are no longer distinguishable as individuals, but rather
blend into an indistinguishable mass. Yet you know that what you see as a
mass is a collection (or multiplexity) of individuals. The same is true of
salt, which comes in individual crystals, but which looks from a distance
like a fluid mass. Similarly, we see a line on a tv screen from a distance as
continuous and unbroken, even though we know it to be made up of dots
that we can see up close. In all these cases, we are able to conceptualize
the mass that we see as the multiplicity we know it to be. This experience
of conceptualizing what we see in terms of what we know is the basis of
the Mass As Multiplicity metaphor, in which a continuous mass is conceptualized as a multiplicity of individuals. This metaphor is grammaticized
in English via the derivation suffix -(e)ry, as in the words shrubbery and
weaponry. These words each designate a mass which is conceptualized in
terms of a multiplicity of discrete individuals, shrubs, and weapons. The
word artillery also designates a mass conceptualized in terms of multiplicity
of discrete individuals, even though there is no corresponding word for
the individuals, no *artil. The Line As Set Of Points metaphor is a mathematical version of this Mass As Multiplicity metaphor.
Interestingly, we also have in our everyday conceptual system the converse
metaphor, in which a multiplicity is conceptualized as a mass. This Multiplic-

2. METAPHORICAL STRUCTURE OF MATHEMATICS

61

ity As Mass metaphor can be seen in an ordinary sentence like "The cook
spread the salt thickly over the surface of the chicken so as to keep the juices
in." Here the salt, which comes in individual crystals, is conceptualized as a
mass that can be "spread thickly." Another example is "The flies covered the
wall" in which the multiplicity of separate flies is conceptualized as a mass
capable of "covering." In conceptualizing mathematics, we often use a version of this metaphor: An Ordered Set of Points (with additional properties)
Is A Line. For example, when we conceptualize the real numbers as such a
set of points, we often further conceptualize the set of points metaphorically
as being a continuous line with no jumps or gaps or discrete parts.
To complicate the picture a bit further, we also have a metaphor in our
everyday conceptual systems in which A Line Is A Trajectory Traced By

Motion, which we referred to earlier as The Fictive Motion Metaphor. We
see this metaphor at work in everyday sentences like "The lines of steeple
come together at the pinnacle" in which the shape of the steeple is conceptualized by points tracing out the lines and "coming together" or "meeting"
at the pinnacle. Altogether, this gives us three ways of conceptualizing a
continuous line: (a) A static, continuous, undifferentiated, masslike literal
notion of a line, which is not conceptualized in terms of points or in terms
of motion; (b) a metaphorical notion in which the line is conceptualized
in terms of points; (c) and another metaphorical view in which the line
is traced by motion, creating a undifferentiated continuous trajectory.
The fictive-motion concept of a line as traced by a moving, pointlike
object has a long history within mathematics. For example, as we saw, Euler
characterized a continuous function as a curve in the Cartesian plane
"described by freely leading the hand." As late as 1899, James Pierpont,
Professor of Mathematics at Yale, felt compelled to address the American
Mathematics Society arguing against the fictive-motion concept of a curve,
which was widely taken for granted at that time. Pierpont's address (Pierpont, 1899) is revealing in that it occurs at a point in history where our
ordinary everyday intuitive literal notion of the continuous, undifferentiated, masslike line was being challenged by the Line As Set Of Points
metaphor, which Pierpont was defending.
PIERPONT'S ADDRESS
Pierpont's address concerned perhaps the three most important intellectual movements within mathematics at the end of the 19th century: (a)
the arithmetization of calculus, following Weierstrass; (b) the set-theoretical
foundations movement, following Cantor; and (c) the philosophy of formalism, following Frege. These movements were separate in their goals,
but linked in detail-and all of them required conceptualizing lines, planes,
and n-dimensional spaces as sets of points. From the perspective of our
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everyday, intuitive conceptual system for geometry, this meant using what
we have been calling the Line As Set Of Points metaphor.
It is important to distinguish these three movements and the ways in
which each of them depended on the Line As Set Of Points Metaphor.
Cantor's set theory required that lines, planes, and spaces all be conceptualized as sets of points; otherwise, there could be no set-theoretical foundation for geometry. The philosophy of formalism claimed that mathematical axioms, theorems, and proofs consisted only of meaningless
symbols, which were to be interpreted in terms of set theoretical structures.
If this formalist view of axioms as no more than strings of meaningless
symbols was to be applied to geometry, the axioms had to be interpreted
model-theoretically in terms of set-theoretical structures containing sets of
points. Finally, Weierstrass' arithmetization of calculus reconceptualized
the geometric ideas of Leibniz and Newton, such as fluxions, fluents, and
tangents. Central to this enterprise, was conceptualizing of a line as a set
of points. Cauchy and Dedekind had extended the Numbers As Sets metaphor to characterize the real numbers as infinite sets of rational numbers.
Given this set-theoretical construction of the real numbers, the Numbers
As Points metaphor could be extended to conceptualize the real numbers
as the points constituting the real line. Weierstrass put together the late
19th century versions of all these metaphors-The Line As A Set Of Points,
Numbers As Sets, and Numbers as Points-in his classical arithmetization
of the concepts of limit and continuity.
As we can see, the issue as to whether to accept the Line As Set Of
Points Metaphor was central to all of these major intellectual projects at
the tum of the century, and its widespread acceptance has played a central
role in 20th century mathematics.
Pierpont's address is noteworthy mainly because it contains an especially
clear discussion of the issues at stake in the choice between the Line As
Set Of Points Metaphor versus the literal concept of the line as static,
undifferentiated, absolutely continuous, and masslike and the Fictive Motion metaphor version in which an undifferentiated, absolutely continuous,
masslike line is traced by the motion of a pointlike object.
We should say at the outset that the static version of the undifferentiated
line has no concept of direction, while the metaphorical, fictive-motion
version does have direction. Pierpont discusses the fictive-motion version
for the following reason: the conceptualization of the line as traced by a
moving point had been widely used in characterizing the notion of "approaching a limit," the central idea in calculus.
Pierpont correctly and insightfully lists what a cognitive scientist would
now call eight "prototypical" properties of what he calls a "curve", that is,
a line in 3-dimensional space that is either straight or curved. Those prototypical properties of a "curve" are:
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It can be generated by the motion of a point.
It is continuous.

It has a tangent.
It has a length.
When closed it forms the complete boundary of a region.
This region has an area.
A curve is not a surface.
It is formed by the intersection of two surfaces.

He presents these as "intuitive" and "more or less undisputed."
A contemporary cognitive semanticist would immediately recognize that
these are properties that define a central prototype of the category. Indeed,
these are necessary and sufficient conditions for the central prototype of
a "curve." However, as cognitive science has long recognized, most human
categories are not defined by necessary and sufficient conditions. That
does not necessarily mean that the categories are vague. They may be
"radial," as it appears the category of a curve is. A radial category can have
a clearly defined central prototype, with clearly defined variations (Lakoff,
1987). The variations may be cases where one or more specifiable properties of the prototype does not hold. Other kinds of variations may be
metaphorical, where the conceptual metaphor is precisely specifiable.
Thus, there may be no necessary and sufficient conditions characterizing
all the members of a radial category, but the internal structure of the
category may be given by (1) a clearly defined prototype, (2) clearly defined
principles extending the prototype to other subcategories, and (3) clearly
defined non-central subcategories. As a result, a radial category can be
described in clearly defined ways, if we take care to note its precise internal
structure. It does not have to be vague.
But Pierpont, of course, knew nothing of this possibility from contemporary cognitive science. All he knew was that a category was supposed to
be defined by necessary and sufficient conditions; if an intuitive idea could
not be characterized in this way, he saw it as "hazy and vague." Most
mathematicians nowadays, unaware of the idea of a radial category, still
think the same way.
There was an important period in mathematics in which all mathematical functions were assumed to be characterizable in terms of curves in the
Cartesian plane that had all the intuitive geometric properties of the prototype just described. However, toward the end of the 19th century, "pathological," "monster" functions, failing to have one or more of these properties, were discovered. These were, from our perspective, just noncentral
members of the category, differing from the prototype by failing to have
one or more specifiable properties-just as a whale is a non prototypical
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mammal or an ostrich is a non prototypical bird. Biologists can distinguish
whales from other mammals without saying that biology is beset with pathological cases. But those mathematicians who expected formalizations to
either accord with intuitive mathematical ideas or not, found cases that
did not do so to be pathological. Not having radial categories at their
disposal, their only way of eliminating the pathology was to eliminate the
intuitions, which were taken as sources of vagueness.
Pierpont, following the lead of important mathematicians like Hilbert,
Klein, Peano and others, argued that such "monsters" arise from a lack of
"rigor" and an overdependence on geometrical intuition as characterized
by the above eight properties. "... The notions arising from our intuitions
are vague and incomplete ... The practice of intuitionists of supplementing
their analytical reasoning at any moment by arguments drawn from intuition cannot therefore be justified" (Pierpont, 1899, p. 405).
The antidote, Pierpont argues, is to adopt the arithmetization project,
and with it, implicitly, the set-theoretical foundations and the philosophy
of formalism. From our perspective, this means at the very least, taking
the metaphors of Lines As Sets Of Points, Points on Lines As Real Numbers,
and Numbers As Sets to be literally true and superior to our everyday
geometric concepts. Though this was a minority view at the turn of the
century, it has come to be the standard view today. That does not mean
is it is "right"; nor does it mean that it is "wrong." Pierpont felt he had to
choose. From the perspective of a cognitive scientist looking at this situation, there was, and still is, no objective reason to choose.
What has come to be the common wisdom is that Weierstrass' arithmetization of calculus was "more rigorous," and Pierpont echoes this view
as well. Following upon the heels of the formalization of the real numbers
by Cauchy and Dedekind, Pierpont (1899) assumes that,
There are, however, a few standards which we shall all gladly recognize when
it becomes desirable to place a great theory on the securest foundations
possible ... What can be proved should be proved. In attempting to carry
out conscientiously this program, analysts have been forced to arithmetize
their science. (p. 395)
... The quantities we deal with are numbers; their existence and laws rest
on an arithmetic and not on an intuitional basis ... and therefore, if we
are endeavoring to secure the most perfect form of demonstrations, it must
be wholly arithmetical. (p. 397)

This attitude is the norm a century later.
What was interesting about Pierpont is that he knew better. He knew
that ideas are necessary in mathematics and that one cannot, within mathematics, rigorously put ideas into symbols. The reason is that ideas are in
our minds; even mathematical ideas are not entities within formal mathe-
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matics and there is no branch of mathematics that concerns ideas. The
link between mathematical formalisms using symbols and the ideas they
are to represent is part of the study of the mind, of cognitive science, not
part of mathematics. Formalisms using symbols have to be understood,
and that understanding is not a rigorous part of mathematics. This is not
only true of mathematical formulas, but is also true of their model-theoretic
interpretations. The formal models and the formalism used in the modeling also have to be understood in terms of ideas. That understanding is
not part of mathematics proper, and therefore it cannot be made mathematically rigorous. Pierpont (1899) understood this:
From our intuition we have the notions of curves, surfaces, continuity, etc.
... No one can show that the arithmetic formulations are coextensive with
their corresponding intuitional concepts. (pp. 400-401)
As a result he felt tension between this wisdom and the appeal of the three
linked intellectual programs: the arithmetization of calculus, the set-theoretical foundations, and the philosophy of formalism (which denied any
role at all for mathematical ideas).
Pierpont was torn. He understood that mathematics was irrevocably
about ideas, but he could not resist the vision of total rigor offered by the
three intellectual programs:

The mathematician of today, trained in the school of Weierstrass, is fond
of speaking of his science as "die absolut klare Wissenschaft" [the absolutely
clear science]. Any attempts to drag in metaphysical speculations are resented
with indignant energy. With almost painful emotions, he looks back at the
sorry mixture of metaphysics and mathematics which was so common in the
last century and at the beginning of this. The analysis of today is indeed a
transparent science built up on the simple notion of number, its truth are
the most solidly established in the whole range of human knowledge. It is,
however, not to be overlooked that the price paid for this clearness is appalling, it is total separation from the world of our senses. (Pierpont, 1899,
p. 406)
This is a remarkable passage. Pierpont knows what is going to happen
when mathematics comes to be conceived of primarily, mainly, or only as
being about rigorous formalism. Mathematical ideas-he uses the unfortunate term "intuition," which misleadingly suggests vagueness and lack of
rigor-will not only be downplayed, but will be seen as the enemy, a form
of mathematical evil to be fought and overcome. He can't help himself.
He has been converted and comes down on the side of "rigor," but he
sees the cost and it is "appalling."
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We believe that, because of advances in cognitive sciences, the time has
come to better understand the claims of "rigor" for certain modes of doing
mathematics. This is necessary concomitant of carefully studying mathematical ideas. As we have seen, anyone who says that a mathematical formalism in the form of symbols expresses certain ideas with mathematical
rigor is simply mistaken in the most obvious of ways, since ideas are not
part of formal mathematics.
If no formalism could possibly express an idea with mathematical rigor,
then what are we to make of the claims of the use of formalism as being
rigorous? Is the use of formalism always an advance in mathematics? If so,
of what kind? Has the myth that formalism can express ideas with mathematical rigor been damaging? Has the passion for "rigor" brought with it
something "appalling," as Pierpont feared?
Such questions cannot be asked in a vacuum. To raise them, we have
to look at details. As a case study, we will take one of the most celebrated
instances where one form of mathematics was seen as "more rigorous"
than previous approaches, the one that Pierpont discusses: Weierstrass'
arithmetization of calculus, especially his central ideas of limits and continuity. These are taught, in virtually every modern text, as a great advance
made by expressing ideas-limits and continuity-with formal rigor. Weierstrass is portrayed as the monster tamer and the curer of pathological
functions. To understand what he did and did not do, we will have to first
characterize the pre-Weierstrass notions of limits and continuity, second,
examine the Weierstrass versions, and finally look at some of the more
celebrated "monsters" and "pathologies." This will, in turn, require us to
introduce some new terminology.

NATURAL CONTINUITY VERSUS GAPLESSNESS
According to our everyday intuition, a line is what we called earlier a
natural continuum. It is not conceptualized as made up of points; rather
points are conceptualized as locations on the line. The line itself is an entity
distinct from the point-locations on it. We understand lines, that is, natural
continua, without any jumps or gaps, as being continuous. We will use the
term naturally continuous to refer to our everyday notion of continuity as
it applies to our everyday notion of a line, that is, a natural continuum.
The term "continuity," as used in discussion of mathematics, can mean
three distinct ideas. One of them is natural continuity, and the other two
do not have their own distinct names. For the sake of clarity, we will give
those ideas names here: Gaplessness (for lines as sets of points) and Preservation of Closeness (for functions).
Let us start with the naturally continuous line. Points are locations on
that line, but distinct from the line itself. As we move along a line, we go
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through point-locations. Suppose we move continuously along the line
from location A to location B. We will then go through all point-locations
on the line between A and B, without skipping over any, that is, without
leaving any gaps between the point-locations. In this case we will say that
the collection of point-locations between A and B is gapless when the line
segment A B is naturally continuous.
Now let us apply the metaphor that A Line Is A Set of Points. This
metaphor identifies the point-locations on a line, that is, a natural continuum, as constituting the line itself. Such a metaphorical "line" is not a
natural continuum, but only a set of points. Given a naturally continuous
line segment A B, the point-locations on that line will be gapless. Similarly,
when a naturally continuous line segment is conceptualized as a set of
points, that set of points will be gapless. Thus, the metaphor A Line Is A
Set Of Points entails a submetaphor:
• Natural Continuity Is Gaplessness.
Therefore, a line conceptualized as a set of points cannot be naturally
continuous but only gapless. This terminology distinguishes two distinct ideas
that have previously both been called "continuity."
Before we discuss the third idea that has been called "continuity"-preservation of closeness-we need to discuss the Weierstrass arithmetization
of calculus.

WEIERSTRASS' ARITHMETIZATION OF CALCULUS
The work of Weierstrass on limits and continuity is the crystallization of a
philosophical and theoretical enterprise-"the arithmetization of analysis,"
that is, the reduction of calculus to the ontology of arithmetic, namely,
numbers and arithmetic relationships. This entailed an attempt to completely eliminate from calculus all concepts that were seen as standing
outside a literal characterization of arithmetic. Since numbers and arithmetic relationships were seen as timeless and static, all reference to time
and motion had to be eliminated. This meant eliminating Euler's intuitive
characterization of continuous functions in terms of motion and intuitive
attempts by mathematicians like Newton and Leibniz down to Cauchy to
define a limit in terms of approaching a location in space.
The critique was that attempts like those of Newton and Leibniz were
"vague." But "vagueness" covered two sins: lack of precision and the failure
to adhere to a literal ontology taken from arithmetic. It is important to
see that these were different sins. To see this, let us begin with the Weierstrass definitions of limits and continuity.
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The Weierstrass program of arithmetizing calculus depended crucially
on accepting two other major mathematical programs: set-theoretical foundations and formalism. It was therefore necessary for Weierstrass to reject
the literal notion of a line as a natural continuum and instead to use the
conception of a line as a set of points, which is metaphorical from the
cognitive perspective. Accordingly, Weierstrass also assumed that surfaces
and n-dimensional spaces were also to be conceptualized as sets of points.
Weierstrass therefore assumed implicitly the metaphor that Numbers Are
Points, and Dedekind's metaphor that Real Numbers Are Sets Of Rational
Numbers. Given the metaphor of A Line As A Set of Points, the metaphor
that Points On The Real Line Are Real Numbers (Infinite Decimals) gives
rise to the conception of the real line as a set of real numbers. As Dedekind
argued, the set of real numbers, and hence the real line, is gapless. Correspondingly, Weierstrass implicitly assumed the metaphor that we have
called Natural Continuity Is Gaplessness. When Weierstrass speaks of an
open interval on the real line, he is therefore taking it to be a gapless set
of real numbers.
In order to arithmetize calculus, Weierstrass had to define limits, continuity, and differentiability in arithmetic terms, using only numbers. Since
calculus was defined in terms of the Cartesian plane, Weierstrass had to
reconceptualize the Cartesian plane in terms of arithmetic alone, eliminating all geometric concepts. The xc and y·axes, originally conceptualized
as natural continua-lines with points conceptualized as locations on
them-were replaced via the metaphors of A Line Is A Set Of Points,
Points On An Axis Are Real Numbers, and Real Numbers Are Sets. The
points in the Cartesian plane were thereby reconceptualized as pairs of
real numbers. Thus, the project of making calculus rigorous required new
mathematical ideas, especially this collections metaphors. These metaphors
were a substantial and absolutely necessary part of what counted as "rigor."
Ontologically, all geometry was eliminated. Where before there was a
Cartesian plane, a surface with points and perpendicular lines as axes, now,
via these metaphors, there were only sets of numbers, with numbers
themselves reducible to sets alone! All definitions, axioms, and proofs could
now be formalized within the framework of set theory and formal logic.
Within this framework, all intuitive lines, that is, all natural continua,
are eliminated, as is the concept of natural continuity. The axes in the
Cartesian plane, instead of being naturally continuous lines are replaced
by gapless sets of real numbers. Confusing the picture, the word "continuity" is used for gaplessness in the set of real numbers constituting an
axis in the Cartesian "plane," which is no longer a surface.
Weierstrass must now give a definition of a limit consistent with these
metaphors, a definition without the idea of variable values of functions as
travelers moving and without the idea of "approaching" a limit, which is
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the way we ordinarily understand what a limit is. His definition must be
purely static and nongeometric, using only ideas from arithmetic as formalized set-theoretically using formal logic. The only way he can do this
is by giving a metaphorical definition of a limit that fits all his metaphors.
He reconceptualize the notion of approaching a limit in purely static,
discrete terms using another concept-the concept of preseIVation of closeness in the neighborhood of a real number. Here is his definition:

WEIERSTRASS' DEFINmON OF "UMIT"
(REALLY PRESERVATION OF CLOSENESS
NEAR A REAL NUMBER)
Let a function f be defined on an open inteIVal contammg a, except
possibly at a itself, and let L be a real number. The statement
limx->,j{x) = L

means that for every E > 0, there exists a 0 > 0, such that
if 0< I x - a I < 0, then I fix) - L I <

E.

Here there is no motion, no time, and no "approach." Instead, there are
static conditions. The "open inteIVal" is a gapless set of real numbers; there
are no lines and no points and no surfaces in this metaphorical ontology for
the Cartesian plane. The plane itself is a made up of a set of pairs of real
numbers. The gaplessness of the set of real numbers in the open inteIVal in
the definition is Weierstrass' metaphorical version replacing the natural
continuity of the intuitive line in Newton's geometric idea of a limit.
The idea of the function f approaching a limit L as x approaches a is
replaced by a different idea, that is, preseIVation of closeness near a real
number: fix) is arbitrarily close to L when x is sufficiently close to a. The
epsilon-delta condition expresses this precisely in formal logic. What Weierstrass has done is give a new metaphor:
• Approaching A Limit Is Preservation Of Closeness Near A Point.
Now, when Weierstrass "defines continuity" for a function, he does not
and cannot mean the natural continuity assumed by Newton for ordinary
lines, that is, natural continua. Again, he must use metaphors that allow
him to reconceptualize geometry using arithmetic. Just as he needed a
new metaphor for approaching a limit, he needed a new metaphor for
continuity of a function. He characterizes this new metaphor in two steps:
first at a single arbitrary real number and then throughout an inteIVal.
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His new metaphor for continuity uses the same basic idea as his metaphor
for a limit: preservation of closeness. Continuity at a real number is conceptualized as preservation of closeness not just near a real number but
also at it. Continuity of a function throughout an interval is preservation
of closeness near and at every real number in the interval.

WEIERSTRASS' DEFINITION OF CONTINUITY
OF A FUNCTION AT A REAL NUMBER
(ACTUALLY PRESERVATION OF CLOSENESS
AT A REAL NUMBER)
A function f preserves closeness at a number a if the following three conditions are satisfied:
1. fis defined on an open interval containing a,

2. lim .....J{x) exists, and
3. lim ..... ,J{x) = f(a).

WEIERSTRASS' DEFINITION OF CONTINUITY
OF A FUNCTION THROUGHOUT AN INTERVAL
(ACTUALLY PRESERVATION OF CLOSENESS
THROUGHOUT AN INTERVAL)
A function preserves closeness in an open interval if it preserves closeness
at every real number in that interval.
For the sake of brevity, we will use "preservation of closeness" to designate "preservation of closeness throughout an interval."
Here we have the third of the three concepts of "continuity" that we
mentioned above: first there is the literal notion of natural continuity;
then there is gaplessness for a set of real numbers; finally there is preservation of closeness for functions. In the course of the following sections,
we will see that these are very distinct ideas and must not be confused.
These concepts are commonly confused, and there is a reason. Consider
the collection of prototypical curves characterized earlier by Pierpont.
Those curves are all instances of intuitively goemetric lines-that is, they
are natural continua and therefore they are naturally continuous. All the
continuous functions discussed by Newton, Leibniz, Euler and so on were
like this. The Weierstrass "definition of continuity" was seen as fitting all
these cases. But since that definition applies to sets of real numbers not
natural geometric continua, what exactly can this mean?
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As natural continua, these functions conceptualized as straight or curved
lines were not just sets of points. Now suppose we apply the Lines As Sets
of Points metaphor to them, and then further conceptualize the points
constituting the lines as ordered pairs of real numbers. What we get are
Weierstrass' arithmetized versions of these natural continua. According to
the Weierstrass definition of preservation of closeness, all the functions
that were naturally continuous when conceptualized as lines will preserve
closeness when conceptualized as sets of ordered pairs of real numbers.
In other words, Weierstrass' so-called "definition of continuity" as preservation of closeness will work for every classical case of natural continuity
when arithmetized via Weierstrass' metaphors. Thus, the Weierstrass definition of preservation of closeness is seen as "fitting our intuitions" about
natural continuity. It only "fits our intuitions" after Weierstrass' metaphors
have been applied. It does not "fit our intuitions" literally.

WHAT IS PRECISE IN THE WEIERSTRASS
DEFINITIONS?
Many students of mathematics are falsely led to believe that it is the
epsilon-delta portion of these definitions that constitutes the rigor of this
arithmetization of calculus. The epsilon-delta portion actually plays a far
more limited role. What the epsilon-delta portion accomplishes is a precise
characterization of the notion "correspondingly" that occurs in the dynamic
definition of a limit where the values of fix) get "correspondingly" closer to
L as x gets closer to a. That is the only vagueness that is made precise by the
epsilon-delta definition. Indeed, we can show this by returning to the
dynamic notion of approaching a limit and adding the epsilon-delta portion
of Weierstrass' definition to make the notion of a limit precise for a function
defined in terms of motion. Here is our revised notion of such a limit.

THE DYNAMIC EPSILON-DELTA LIMIT
Assume the dynamic definition of a function given earlier, where variation
in values was conceptualized metaphorically as motion by a traveler. Let
a function fbe defined on an open interval containing a, except possibly
at a itself, and let L be a real number. The statement
IimX->fl j(x)= L

means that for every to > 0, there exists a 0 > 0, such that
as x moves toward a and gets and stays within the distance 0 of a,
j(x) moves toward L and gets and stays within the distance to of L.
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This eliminates the vagueness of the term "correspondingly" in the old
dynamic definition of a limit. But this would hardly satisfy Weierstrass,
since it retains the notions of motion and time. It remains geometric and
not arithmetized.
The point is that it is not the imprecision of the notion "correspondingly"
that is at issue. Nor is it inability to comprehend the metaphorical idea of
a value of a function "approaching" something. The metaphor we employed characterizes "approaching" using precisely formulated mappings,
based on the clear, commonplace idea of a traveler approaching a physical
location. There is nothing incomprehensible or vague about this. The
metaphor of dependent variable approaching the limit L as the independent variable gets correspondingly closer to the value a is made precise
by the metaphor plus the epsilon-delta definition.
The issue is not imprecision. It is the fact that this formulation is not
arithmetized and does make exclusive use of set theoretical foundations
and formal logic.
And this is not the only issue. There is the issue of the "monsters"-the
"pathological" cases that do not fit the properties defining the prototypical
central case' of a "curve." The Weierstrass arithmetization is not justified
merely on the grounds of rigorously meeting the standards of set-theoretical foundations and formal logic. As we saw in the case of Pierpont, it was
justified on the grounds of being able to tame the monsters and cure the
pathologies. Let us now look at the monstrous pathological cases and see
if this traditional account makes any sense.

THE MONSTERS
What makes a function a monster? Suppose you believed with Descartes,
Newton, and Euler that a function could be characterized in terms of (one
or more) natural geometric curves-natural continua-in a classical
Cartesian Plane. Your understanding of a function would then be characterized by your understanding of curves. As Pierpont pointed out, the
prototypical curve has the following properties:
1.
2.
3.
4.
5.
6.
7.
8.

It can be generated by the motion of a point.
It is continuous.
It has a tangent.
It has a length.
When closed it forms the complete boundary of a region.
This region has an area.
A curve is not a surface.
It is formed by the intersection of two surfaces.
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What are called "monsters" are functions that fail to have all these properties.
Consider the following two monsters:
Monster 1 : j'"()
x

(lIx)
={Sin
o

Monster 2 : j'"()
x

={xsin(I/X)
o

for x"# 0
for x= 0
forx"#O
for x= 0

These are represented in Figs. 2.2 and 2.3.
As x gets close to zero, 1/ x grows to infinity (when x is positive) and
minus infinity (when x is negative). For every amount of 21t in the growth
of 1/ x, j(x) oscillates once. As x approaches zero and 1/ x approaches
positive or negative infinity, both functions oscillate with indefinitely increasing frequency.
Monster 1 oscillates between -1 and 1 all the way up to zero (see Fig.
2.2). Monster 2 is more controlled. It oscillates between two straight lines
each at a 45 degree angle form the »axis and intersecting at the origin.
But since x gets progressively smaller as it approaches zero, the function
goes through progressively smaller and smaller oscillations (see Fig. 2.3).
Do monsters (1) and (2) have all the properties 1-8 of prototypical
curves? Suppose we ask if they can be generated by the motion of a point?
The answer is no. Such a point would have to be moving in a direction
!I

FIG. 2.2. The graph of the function f(x) = sin(l/x) (Monster 1). Its
oscillations between 1 and -1 become more and more frequent as x
approaches zero. The frequency of the oscillations becomes infinite at x = o.

74

LAKOFF AND NUNEZ

FIG. 2.3. The graph of the function f(x) = x sin 0/ x) (Monster 2). As its
oscillations become infinitely frequent, the amplitude of the oscillations
becomes infinitely small.

at every point, including zero. But as each function approaches zero it
oscillates-that is, changes direction-more and more often. As it passes
through the origin, the oscillation, or change of direction, approaches
infinity. What direction is the curve going in as it passes through the origin?
There is no well-defined direction. Hence, the function cannot be a curve
traced by the motion of a point. Since no direction can be assigned to the
function as it passes through zero, the function cannot be said to have
any fixed tangent at zero. Additionally, consider an arc of each function
in a region including zero, for example, an arc between x = -0.1 and x =
0.1. What is the length of such an arc? Because the function oscillates
indefinitely, if does not have a fixed length. In short, monsters (1) and
(2) fail to have properties 1, 3, and 4. What about property 2: Are they
"continuous"? Continuity for prototypical curves-that is, for natural continua-means "natural continuity."
If natural continuity is characterized, as Euler proposed, by the motion
of a point, then the answer is no. Since neither can be so characterized,
neither monster function is naturally continuous. Thus, they also fail to
have property 2. Since they lack half of the properties of prototypical
curves, and since properties 5 and 6 don't apply to them, they lack four
out of six of the relevant properties of curves. That is what makes them
monsters from the classical perspective.
From Weierstrass' perspective, the definitions of "continuity" (that is,
preservation of closeness) and differentiability apply to such cases exactly
as they would to any other function. Neither curve is differentiable at the
origin; since they have no tangent there, they could not be differentiable
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on Weierstrass' account. But Weierstrass' account gives different answers
so far as preservation of closeness is concerned. Monster 1 does not preserve
closeness at the origin. If you pick an epsilon less than, say, 1/2, there will
be no delta near zero that will keep fix) within 1/2. The reason is that,
as x approaches zero, fix) oscillates between 1 and -1 with indefinitely
increasing frequency-and so cannot be held to within the value of 1/2
when x is anywhere near zero. Since preservation of closeness is what
Weierstrass means by "continuity," Monster 1 is not Weierstrass-continuous.
In this case, preservation of closeness matches natural continuity: both are
violated by monster 1.
Monster 2 is very different for Weierstrass. Because fix) gets progressively
smaller as x approaches zero, it does preserve closeness. If you pick some
number epsilon much less than 1, then for every delta less than epsilon,
the value of fix) for monster 2 will stay within epsilon. Given that preservation of closeness is Weierstrass' metaphor for continuity, Weierstrass'
"definition of continuity" designates monster 2 as "continuous" by virtue
of preserving closeness.
This does not mean that Monster 2 is naturally continuous, while Monster 1 is not naturally continuous. Neither is naturally continuous. It only
means that Monster 2 preserves closeness while Monster 1 does not. Weierstrass-continuity means nothing more than preservation of closeness.

"SPACE-FILLING CURVES"
Monster 3 and 4 are examples of so-called "space-filling" curves. We will
consider two, one proposed by Cantor that we will call the odd-even function, and the celebrated Hilbert "Space-filling Curve." Both of these are
functions from the interval [0, 1] on the x-axis to points (y,z) in the y-z
plane, where the values of y and z each lie in the [0, 1] interval. That is,
both are functions from a line segment of length 1 to points in a square
of area 1.
Monster 3: The Cantor Odd-Even Function. Consider the infinite decimal
representations of the real numbers between and 1 on the x-axis. For
each such infinite decimal x, form two infinite decimals y and z, such that
y consists of the sequence of digits in the odd-numbered positions in the
infinite decimal representation of x, while z consists of the sequence of
digits in the even-numbered positions in the infinite decimal representation
of x. The function maps each infinite decimal representing x in the [0,
1] interval on the x-axis to the pair (y,z) in the y-z plane.
For example, suppose x = 0.35872961 ... ; then y = 0.3826 ... and z
= 0.5791 . . . . Thus, for every point (y,z) in the square, there will be a
point x on the interval [0, 1] on the x-axis whose infinite decimal expansion

°
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is mapped onto (y,z) by the function f Thus yields a 1-1 correspondence
between the points on the line and the points in the square.
Monster 4: The Hilbert Space-FiUing CUTVe. This is the limit at infinity of
a sequence of functions from [0, 1] on the »axis to the sequence of curves
in Fig. 2.4.
Consider, for example, the simple curve in the leftmost box-the first
step in the construction of the function. The mapping at this step has the
following parts:

i.
ii.
lll.

°

When x varies from
to 1/3 in the interval [0, 1/3], fix) varies
continuously along the lower horizontal line going from left to right.
When x varies from 1/3 to 2/3 in the interval (l/3, 2/3], fix) varies
continuously along the vertical line from bottom to top.
When x varies between 2/3 and 1 in the interval (2/3, l],fix) varies
continuously along the upper horizontal line from right to left.

At each stage the mapping preserves closeness; that is, it is Weierstrasscontinuous. At each successive stage, the curve gets longer and longer,
"filling up more of the square," until at the limit at infinity, the curve "goes
through" every point in the square, thus "filling the square." Technically,
the curve doesn't "go" anywhere, much less "go through" any points. Each
"curve" in the sequence is a set of points, the square is a set of points, and
at the limit, the set of points constituting the "curve" maps onto the set
of points constituting the square. Indeed, in certain cases, more than one
point on the line will map onto the same point on the square.
Both of these monsters violate properties 1-4, and 7-8 of the properties
of a prototypical curve. And in both cases, 5 and 6 are inapplicable. Neither
case can be generated by a moving point. The reason is that such a point
must move in a direction at each point of the function. But in neither
function is there such a direction. This is clear in the Odd-Even function.
In the Hilbert Curve, which is defined only at infinity, the curve changes
direction at each point. Therefore, it can have no single direction of
motion at any point.
I"h
rr-'

I

rr- ., rrh

f-I

rn

r ., II

......

I .. ..... I

a

..

L

I ... 1- ....
I r 1-.,

r'

,

r ....

I r.l
r, L
,,- f-' "I-

r

c

FIG. 2.4. The first few steps in the construction of the Hilbert Curve
(Monster 4).
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Since neither function can be generated by a moving point, neither
function is naturally continuous in Euler's sense. Moreover, since both
functions have no direction at any point, they have no tangent at any
point. Additionally, neither function has a specific length for any arc. In
the odd-even function, it is hard to know what an "arc" could mean. In
the Hilbert curve, every arc is of indefinitely long length. Thus both monsters fail properties 1-4.
Since both functions map onto all the points in the square, they each
map onto the points on a surface, in violation of 7, and they cannot be
formed by an intersection of surfaces, in violation of 8. These are thus
even more monstrous than monsters 1 and 2. You can see why anyone
who insisted on defining a function as an instance of a prototypical curve
in the Cartesian plane would find all these cases "pathological."
Now let us consider what the Weierstrass definitions say about monsters
3 and 4. Both monsters 3 and 4 preserve closeness, according to the
Weierstrass definition. That is, points that are close on the XLaxis map onto
points that are close on the y-z plane, where corresponding closeness is
defined by the epsilon-delta condition. Since preservation of closeness is
what Weierstrass called "continuity," these functions are Weierstrass-continuous even though they are not naturally continuous.
So far as differentiability is concerned, neither function is differentiable
at any point on the Weierstrass criterion, just as neither function has a
well-defined tangent at any point.
DO "SPACE-FILLING CURVES"
ACTUAILY FIlL SPACE?

There are two different interpretations on the Hilbert Curve and the Cantor
Odd-Even Function: The first is based on natural continua, in which points
are locations on lines and surfaces and in n-dimensional spaces, but do not
constitute lines, surfaces, and n-dimensional spaces. The second is based on
the metaphorical idea that lines, surfaces, and n-dimensional spaces in
general are constituted by sets of points. It is only on the second interpretation and not on the first that the Odd-Even Function and the Hilbert Curve
"fill a surface." In other words, the idea that they "fill a surface" is a
metaphorical idea, based on the metaphor that lines and surfaces are sets of
points.
Consider the first interpretation. Lines, surfaces, and n-dimensional
spaces are naturally continuous entities that exist independently of the
points that define locations on them. What the Odd-Even Function and
the Hilbert Curve do on this interpretation is to map point-location on a
line segment onto all the point-locations on the squares. Since these functions are defined only for point-locations, not for naturally continuous
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surfaces, they do not "fill" those naturally continuous surfaces. Recall that
points are zero-dimensional. On a line, a point extends over no distance.
On a plane, a point covers no area. These are sizeless entities. They cannot
"fill" anything. You can "fit" as many as you want anywhere. It should not
be surprising that as many zero-dimensional sizeless elements can "fit"
onto a 1 X 1 square as onto the length of line 1. It should be recalled that
on this interpretation, the naturally continuous line is not being mapped
onto the naturally continuous square. Only the sizeless points on the line
are being mapped onto the size less points on the square.
Moreover, recall that the Limit Metaphor is indeed a metaphor. Both
the Hilbert Curve and the Cantor Odd-Even Function use these metaphor.
The Hilbert Curve is defined as the limit of a sequence of functions. And
the Cantor Odd-Even function makes use of infinite decimal representations, which are also defined by the Limit Metaphor. It takes still one
additional metaphor-the Spaces Are Sets Of Points Metaphor-to reach
the conclusion that curves can "fill spaces."
What is the significance of this? These two functions have been taken
as defying our ordinary intuitions about dimensionality, showing that these
intuitions cannot be trusted. They are taken as showing that it is not the
case that all lines are one-dimensional and all surfaces are two-dimensional.
Moreover, they have historically been the catalyst for the extension of
dimensionality to fractional dimensions (fractals), which also defy our ordinary spatial intuitions.
But these functions, by themselves, do not show any of these things. To
reach these conclusions, one must make use of a considerable number of
metaphors: Cantor's Metaphor, The Limit Metaphor, The Space As Sets Of
Points Metaphor, and the metaphors that Continuity (For Functions) Is
Preservation of Closeness and that The Points On The Real Line Are Real
Numbers (Infinite Decimals). What defies our ordinary spatial intuitions is
the joint operation of all these metaphors. It is these metaphors, taken
together, that are at odds with our ordinary intuitions about dimensionality.
These metaphors define important mathematical ideas, like the idea of
a fractional dimension. There is nothing wrong with using them. But one
should be aware when they are being used. And one should not make the
claim that their joint entailments are literal.
HAS WEIERSTRASS TAMED THE MONSTERS?
It depends on what you mean by "tamed." The Weierstrass definitions
categorize these monsters the same as they would any other function. Does
Weierstrass-continuity match our idea of natural continuity, the intuitive
basis of our intuition of continuity? The answer is no. Monsters 2, 3, and
4 are Weierstrass-continuous but not naturally continuous. If the match
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between Weierstrass-continuity and natural continuity is a criterion, then
Weierstrass continuity does not tame the monsters. If that is not a criterion,
then it does.
But how wild are the monsters after all? Suppose we take properties 1-8
as defining the central prototype of a radial category (Lakoff, 1987). Then
monsters 1 and 2, which share properties 7 and 8 with the prototypical
curves, will form a clearly defined noncentral subcategory of the category,
which bears clearly defined family resemblances to the central members.
monsters 3 and 4 will simply not be in the category. On this account, not
all functions are represented equally well by curves. The prototypical curves
are fully members of the category of curves, and the monsters 1 and 2 are
members of a particular well-defined subcategory, while monsters 3 and 4
are out. From a cognitive point of view, there is nothing imprecise or
vague or nonrigorous about such a radial categorization. The radial category categorizes these monster functions the same way it would categorize
any function. But the categories are different than Weierstrass', since his
metaphors are not used.
If rigor is defined not cognitively, but via the philosophy of formalism
and the program of set-theoretical foundations, then such a precise cognitive characterization would not be "rigorous." The issue of rigor here is
not a matter of the arithmetization of calculus, but a matter of your philosophy of mathematics: Do you or don't adhere to the philosophy of
formalism and the program given by the set-theoretical foundations? Do
you accept cognitive science as characterizing mathematical ideas, and do
you consider mathematical ideas as central to mathematics? It is the answer
to these questions that determines what "rigor" is to mean.
But even if you adhere to the philosophy of requiring formal set-theoretical foundations, you cannot characterize rigor in the case of Weierstrass'
definitions without extensive use of conceptual metaphor in your mathematical ideas: The metaphors that A Line Is A Set of Points, The Points
Constituting the Real Line Are The Real Numbers, Continuity (For Axes) Is
Gaplessness, and Continuity (For Functions) Is Preservation Of Closeness.

GAPLESSNESS VERSUS PRESERVATION
OF CLOSENESS
We claimed above that the Weierstrass "definition of continuity" for functions really defines the idea of preservation of closeness, which is a second
metaphorical concept for continuity, in addition to gaplessness. We now
need to demonstrate that such a third notion of continuity is real and is
required in addition to gaplessness.
We will demonstrate this in the following way. We will modity the domain
requiremen t of Can tor's" defini tion of con tin ui ty" so as to allow massive gaps
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in the domain of a function. Then we will show that the remainder of
Weierstrass' definition holds for the function, but that the function is neither
naturally continuous nor gapless. Instead, the function preseIVes closeness.

MORE MONSTERS
Here is a well-known function that we will call Monster 5:
h(x) = {I

~f x ~s irr~tional

o If x IS ratIOnal

So far as natural continuity is concerned, Monster 5 is nowhere naturally
continuous. At every point p, there is a point infinitely close to p where
the function 'Jumps." It also does not preseIVe closeness. That is, it fails
to meet Weierstrass' "definition of continuity."
Suppose now that we redefine the function, calling it h* (x), to apply
over the irrationals taken separately and to be undefined over the rationals.
Suppose additionally we change the Weierstrass definition of preseIVation
of closeness so that the "open inteIVal" need not be gapless.
It should be clear that the function redefined in this way preseIVes
closeness, which has been redefined to allow gaps in the domain of the
function. h* (x) is now a constant, since it equals one for all irrationals, and
since it is defined only for the irrationals. Its domain has gaps everywhere.
The graph of the function in the Cartesian plane also has gaps everywhere.
But since h*(x) is a constant, the values of h*(x) will be within distance
epsilon (indeed, they will be the same) for any choice of delta.
h*(x) is neither naturally continuous nor gapless, but it does preseIVe
closeness, which is exactly what the Weierstrass definition defines.

Monster 6: The Cantor Set Example. The same point can be made with
an even more interesting example: Let us replace the gapless open inteIVal
in the Weierstrass definition this time with one that is "almost" gapless
everywhere, and yet still has an uncountable infinity of gaps. What we have
in mind is the complement of the Cantor Set.
Let us first define the Cantor Set. Start with the open inteIVal (0, 1).
Remove the middle third, that is, the closed inteIVal [1/3, 2/3]. That
leaves two segments, (0, 1/3) and (2/3, 1). Now continue removing the
middle closed inteIVal of each, ad infinitum. For example, the next closed
inteIVals that dr~p out are [1/9, 2/9] and [7/9, 8/9]. What you have is
an infinite set of subsets of the inteIVal (0, 1), getting sparser and sparser
as more segments are removed. Now take the infinite union of the members
of that infinite set. This is the Cantor Set.
Now consider the complement of the Cantor Set. Think of constructing
it out of the complement of each constituent set. The first complement
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contains the closed interval [1/3, 2/3]. The second complement is the set
of closed intervals {[1/9, 219], [1/3, 2/3], [7/9, 8/9]}. And so on, ad
infinitum. The infinite union of these sets is the complement of the Cantor
Set.
The complement sets in this construction keep accumulating more and
more pieces of gapless closed intervals, ad infinitum. Yet at each step there
are gaps. Indeed, at the nth step, there are 2 n gaps. As more and more
gapless pieces are added at each step, the number of gaps increases exponentially with the steps. The number of steps in the construction is
denumerable, that is, ~o. The number of gaps is therefore 2 M". Since 2 M"
~ ~ 1, the number of gaps in the complement of the Cantor Set is nondenumerable.
This complement set is a subset of the interval (0, 1) and has measure
1. In addition, it is gapless "almost everywhere," that is, it will have infinitely
many gapless subsets. Moreover, any neighborhood around any point in
the set will either be gapless or contain infinitely many gapless subsets.
Despite all this, it nonetheless has massively many gaps.
Suppose now that we loosen the "open interval" condition on the Weierstrass definition of preservation of closeness, as follows: allow the complement of the Cantor set in addition to the usual open intervals. Now take
the continuous function fi x) = x 2 and restrict its domain to the complement
of the Cantor Set. Call this g(x). Because its domain has massively many
gaps, g(x) is not gapless. Indeed, it has a nondenumerable number of
gaps. Does this function preserve closeness, as redefined?
The answer is yes. The reason is this: Every point in the domain will either
be in a gapless interval or not. If so, the function will preserve closeness at
that point. If not, that point will be arbitrarily close to a gap less interval where
the function does preserve closeness. But being arbitrarily close is good
enough for the Weierstrass definition of preservation of closeness.
The point is that the Weierstrass "definition of continuity" does not define
either natural continuity or gaplessness; it defines preservation of closeness,
which will happen to coincide with natural continuity and gaplessness in the
case of functions that can be characterized as prototypical curves.

GAPLESSNESS IN, GAPLESSNESS OUT
Weierstrass formulated his "definition of continuity" with the explicit conditions that the function is defined over an open interval. He assumed
this open interval to be gapless. Since gaplessness was his way of metaphorically conceptualizing continuity on the real line, he was assuming a
"continuous," that is, gapless input. What he showed really was that (a)
when his metaphors hold, especially when lines are metaphorically con-
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ceptualized as sets of real numbers, and (b) when the input of the function
is gapless, and (c) when the function preserves closeness, then (d) the
output is also gapless.
In short, there is a reason why it has been widely assumed that Weierstrass' definition of preservation of closeness was instead a "definition of
continuity." First, it has been assumed, falsely, that Weierstrass' metaphors
match our ordinary intuitions. Given the metaphor that a line is a set of
real numbers, then natural continuity can only be conceptualized metaphoricallyas gaplessness. Since Weierstrass' open interval condition guaranteed that the inputs to his function were always gapless, it is no surprise
that preservation of closeness for a function with a gapless input guarantees
a gapless output. If his input is metaphorically continuous (that is, gapless),
then the output is going to be metaphorically continuous (gapless). Since
the metaphors were not noticed as being metaphorical or controversial in
any way, and since the open interval condition hid the continuity (gaplessness) required in the input, Weierstrass' definition appeared even to Weierstrass to be a definition of continuity, when in fact, all it did was guarantee
that a gapless input for a function gives a gapless output. Gaplessness in,
gaplessness out.

THE "GREAT TASK"

Herman Weyl, one of the greatest mathematicians of the 20th century,
notes in his classic work, The Continuum (Weyl, 1987):
We must point out that, in spite of Dedekind, Cantor, and Weierstrass, the
great task which has been facing us since the Pythagorean discovery of the
irrationals remains today as unfinished as ever; that is, the continuity given
to us immediately by intuition (in the flow of time and in motion) has yet
to be grasped mathematically as a totality of discrete "stages" in accordance
with that part of its content which can be conceptualized in an "exact" way.
(p. 24)

Why should it, as Weyl says, be a "task of mathematics" to "grasp" the
continuum as "a totality of discrete stages"? Why does mathematics have
to understand the continuous in terms of the discrete? Each attempt to
understand the continuous in terms of the discrete is necessarily metaphorical-an attempt to understand one kind of thing in terms of another
kind of thing. Indeed, it is an attempt to understand one kind of thing-the
continuum-in terms of its very opposite-the discrete. It is strange at the
very least why it should be seen as a central task of mathematics to provide
a metaphorical characterization of the continuum in terms of its opposite.
Any such metaphor is bound to miss aspects of what the continuum is.

2. METAPHORICAL STRUCfURE OF MATHEMATICS

83

If the "great task" is to provide absolute, literal foundations for mathematics, then the attempt to conceptualize the continuous in terms of the discrete
is self-defeating. First, such foundations cannot be literal; they can only be
metaphorical. Second, as Weyl himself says, only "part of its content" can be
conceptualized discretely. The rest must be left out. IfWeyl is right, the task
cannot be done. Any discrete "foundations" will not be adequate to characterize the totality of the continuum, with nothing left out.
We believe there is a greater task: understanding mathematical ideas.
MORALS
It is time to derive whatever lessons we can from all this discussion. The
morals we can draw concern our deepest understanding of what
mathematics is and isn't. They concern the nature of mathematics, the
nature of mathematical ideas, the status of mathematical formalism, and
fundamental ideas such as number, point, line, surface, space, set, size,
infinity, function, limit, continuity, and so on. By looking at mathematics
from a cognitive perspective, we can see these ideas anew, and when we
do, we are led to challenge many received dogmas. Mathematics from a
cognitive perspective-a mind-based perspective-is not like mathematics
from a mind-free perspective.

Moral 1: Mathematical ideas cannot be expressed in formalisms with mathematical rigor.
The reason is that ideas, including mathematical ideas, are not part of
the subject matter of formal mathematics. They are part of the subject
matter of cognitive science, especially cognitive semantics. What mathematical ideas are and how they are or are not expressed in mathematical
formalism is not, and cannot be, part of the subject matter of formal
mathematics.
Moral 2: Mindlree mathematics is a myth.
Mathematics is about mathematical ideas-about alternative ways of
conceptualizing central concepts like number, space, size, set, and so on.
Formal notations and formal proofs are interesting only insofar as they
express mathematical ideas.
Moral 3: There can be no ultimate foundations for mathematics within mathematics itself.
Mathematical ideas are central to mathematics, not extraneous. Mathematics is not mathematics without mathematical ideas. Since mathematical
ideas are not part of the subject matter of mathematics, mathematics in
itself cannot characterize what mathematics is.
Moral 4: The formal foundations program is constituted by a set of ideas.
The formal foundations program, one of the great monuments of
twentieth-century intellectual life, is constituted by a set of ideas, only one

84

LAKOFF AND NUNEZ

of which concerns formal notations, formal proofs, and the use of formal
logic. Most of those ideas are conceptual metaphors, which include: Lines
(And Other n-dimensional Spaces) Are Sets of Points, The Points On A Line
Are Real Numbers, Real Numbers Are Sets of Rational Numbers, Numbers
Are Sets, Sameness of Set Size Is One-to-One Correspondence, Continuity
Is Preservation of Closeness, and Infinity Is A Point. Much of the mathematical content of the formal foundations program is a consequence of these
metaphors, which have unwittingly taken as literal and which have been
given hegemonic status. These metaphors are no more right or wrong,
beneficial or harmful than other metaphors. But what is harmful is their
hegemonic status and the failure to note their metaphorical character.
Since these are ideas and since ideas are technically not part of any
formal notations nor part of the subject matter of mathematics proper,
the formal foundations program cannot be characterized within formal
mathematics itself. Nor can it be characterized within metamathematics,
which is another branch of formal mathematics.
Moral 5: The study of ideas need not be vague or haz.y.
Ideas can be studied within cognitive science, especially cognitive semantics, in very great detail. Cognitive science is developing methods of
modeling ideas with precision. The study of mathematical ideas can therefore be as precise as the cognitive science of a given era can make it.
Moral 6: Mathematics is ultimately grounded in the human body, the human
brain, and in everyday human experiences.
Our everyday conceptual system and capacity for reason is grounded in
the human body, brain, and everyday experience. Basic mathematical concepts are expert versions of everyday human concepts. As we saw, our basic
mathematical ideas are metaphorically grounded in everyday experiences
and make use of our commonplace conceptual system.
Moral 7: Most interesting mathematics arises through the use oflinking metaphors.
That is, through metaphors by which we conceptualize one mathematical domain or idea in terms of others.
Moral 8: Because metaphors preserve inference, Proofs using metaphorical ideas
stay proved.
A Platonic worldview is not necessary to explain why proofs stay proved.
Moral 9: Not all ='s mean the same thing, and most ='s are metaphorical.
We have seen that in the grounding metaphors there are many different
uses of '=' in numerical equations; e.g., balance, different routes to the
same place, and so on. Moreover, every linking metaphor introduces metaphorical uses of '=' via which expressions for source domain ideas can be
substituted in proofs for expressions of target domain ideas.
Moral 10: The continuous cannot be literally defined in terms of its opposite,
the discrete.
Any attempt to characterize the natural continuum in terms of discrete
elements, like points or numbers, can only be done using metaphor, be-
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cause continuity and discreteness are opposite ideas. This is an example
of why one cannot expect absolute, literal, ultimate foundations for mathematics.
Moral 11: One should neither expect nor seek absolute, literal, definitive foundations for mathematics.
The reason comes from Moral 6: Traditional set-theoretical foundations
were metaphorical, not literal. Those metaphors led to interesting results.
There will always be more interesting mathematics to be done by metaphorically conceptualizing basic concepts in new ways. Recent examples
include the metaphors conceptualizing sets in terms of hypersets (that is,
graphs) and Conway numbers, in which numbers are metaphorically conceptualized in terms of advantages in combinatorial games. The very act
of seeking an absolute foundation is an attempt to make own mathematical
metaphors hegemonic, and to rule out the possibility of alternative interesting forms of mathematics.
Moral 12: A cognitively based philosophy of mathematics is needed.
The existing philosophical approaches to mathematics can make no
sense of what we have discussed in this paper. Neither formalism, nor
constructivism, nor Platonism has any room for an account of mathematical
ideas. What we are suggesting instead is a cognitively based philosophy of
mathematics. Results from cognitive science have made obsolete the foundations for mathematics using formal logic and set theory.
Such a philosophy of mathematics would not impose any hegemonic
foundations. Instead, it would be dedicated to keeping mathematics open
and dynamic, and to studying mathematical ideas and making them explicit.
Moral 13: Mathematics should be taught in terms of mathematical ideas.
Mathematics is a supreme intellectual endeavor. It is all about ideas,
and it should be taught as being about ideas. To overstress either techniques of formal proof or techniques of calculation is to shortchange
students. Students have a right to understand mathematics in terms of its
ideas-and especially when the ideas are controversial and conflict with
one another. Since a great many mathematical ideas are metaphorical,
teaching mathematics necessarily requires teaching the metaphorical structure of mathematics. This should have the beneficial effect of dispelling
the myth that mathematics is literal, is inherent in the structure of the
universe, and exists independent of human minds.
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Then said a teacher. Speak to us of Teaching.
And he said:
No man can reveal to you aught but that which already lies half asleep in
the dawning of your knowledge.
. . . The teacher . .. [ifI he is indeed wise . .. does not bid you enter the
house of his wisdom, but rather leads you to the threshold of your own
mind.
-Kahlil Gibran, The Prophet (1923)

MATHEMATICAL IDEAS

The job of a mathematics student is to build up, in his or her mind, a
collection of mathematical ideas. But where, really, do these mathematical
ideas come from? In the past, for teachers working from the "transmission"
model of instruction, this was hardly an important question. Mathematical
ideas were presented in books, and were held in the memories of knowledgeable people. Students obtained these same ideas by reading these
books and listening carefully to what teachers told them. This approach
gave us what has been called "the age of the sage on the stage," and
justified the name transmission theory of sharing knowledge.
In recent years an alternative notion of teaching has begun to gain
increasing acceptance. In the 1950s it was called "discovery teaching" (or
"discovery learning"); see, for example, Davis, 1990; Shulman and Keislar,
93

94

DAVIS AND MAHER

1966. More recently-sometimes in a revised form-it is often called
"constructivist" teaching.] Many attempts have been made to describe this
more-or-Iess new approach, usually with limited success. It may be that, like
Casals' style of playing Bach, it is best to experience the real thing, and
impossible to get a fully accurate idea from mere descriptions. Fortunately,
thanks to videotape, it is often possible to watch constructivist teaching in
action (see, e.g., Kamii, 1989, or Martino, 1994). The central idea is that the
teacher is concerned with the mental representations that a student is
building in his or her head; the teacher tries to recognize the student's
representations as accurately as possible, and tries to help provide for that
student precisely those experiences that will be most useful for further
development or revision of the mental structures that are being built. For
the constructivist teacher-much like the psychoanalyst-"telling" is usually
not an effective tool. In this role, the teacher is much less of a lecturer, and
much more of a coach (as in learning tennis, or in learning to play the
piano). A recent slogan describes this by saying "the Sage on the Stage has
been replaced by the Guide on the Side." It is the student who is doing the
work of building or revising these personal representations. The student
builds. up the ideas in his or her own head, and the teacher has at best a
limited role in shaping the student's personal mental representations. The
experiences that the teacher provides are grist for the mill, but the student
is the miller.
All of this is disappointingly general. The matter becomes interesting
when we turn to specific individual examples.

BRICOLAGE, OR NEW IDEAS FROM OLD
From a constructivist point of view, where do new ideas come from? The
constructivist answer: New ideas come from old ideas. This hardly sounds
revolutionary, perhaps not even worth thinking about. But when one gives
it a more solid constructivist meaning, and particularly as one examines
specific instances with careful attention to details, this seemingly vacuous
hypothesis points to a major revolution in what teachers need to be doing
as they work with students.
Machtinger (1965) reports how she taught a sequence of lessons to
kindergarten children, as a result of which the children conjectured and
"proved" several theorems about even and odd numbers, including these:
even + even = even
even + odd = odd
odd + odd = even.
'See, for example, Davis, Maher, and Noddings (1990).
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With no further supporting data, this claim would be hard to believe; it
would be especially hard to believe that the students understood what they
were doing, and had been able to conjecture and prove these "theorems" on
their own initiative, as their own original creative work. Probably such results
would be unattainable without an appropriate mental representation.
This, indeed, was a large part of Machtinger's success: She helped the
children build mental representations that were so familiar to them that they
could use them in original and creative ways. In the school in question,
groups of children left the room, and walked along corridors, in pairs-two
by two by two. Of course, sometimes this precise arrangement had to be
modified, because sometimes there was one child "left over," who had no
partner. The children were very familiar with this situation, and dealt with it
on a daily basis.
Machtinger therefore defined a number as "even" if such a group of
children provided every child with a partner for walking along the corridor.
A number was "odd" if such a group had one child left over, without any
partner.
Building on their familiarity with the movements of themselves and
their classmates under essentially these rules, the children could easily
envisage an "even" group of children meeting up with another "even"
group. Since every child had had a partner before the groups were combined,
this must still be true if both groups began walking along together. Hence:
even + even = even. The other theorems were proved similarly, with the
"odd + odd" case requiring that the two children who had had no partners
beforejoining together should become partners in the new combined group,
after which no one was left without a partner.
Machtinger's example illustrates well how mental representations can playa
key role when a student tries to think about some mathematical situation.
She could, instead, have introduced ideas with which the children would
have been unable to work creatively, essentially because they did not build
solidly on previously mastered ideas. Children moving around, finding
partners, groups coming together, and so on, were genuinely familiar ideas,
ideas that the children already knew how to work with. One might almost say
that there was no new idea here at all, although clearly something new has
in fact been created-a new way of using "old" ideas that were already
familiar.
Lawler (1985, 1990) has described this process in terms of Levi-Strauss's
bricolage (Levi-Strauss, 1966), the process of using materials that happen
to be at hand, in order to carry out some quite new process or construction
that becomes possible when these old materials are combined in appropriate new ways. This suggests the image of a child's mental representation
being built up in rather the way that some children build tree houses,
using whatever boards, nails, and other materials are available.
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One can, of course, ask whether these "tree-house-like" cognitive conglomerations can be considered legitimate precursors of mathematical
ideas. Our position is that they can be, and must be-even though more
abstract formulations will come to replace them in subsequent years in the
student's life.
WHICH OLD IDEAS?
There are, of course, different kinds of old ideas that a student can use as
a basis for creative bricolage. Consider the example of a sixth-grade boy
named Peter who seemed not to be paying attention, while the rest of the
class worked on trying to find a number whose square was 2. The class
found that 1 was clearly too small: 1 x 1 = 1 < 2. And 2 was clearly too
large: 2 X 2 = 4 > 2. So an answer, if there was one, would have to lie
between 1 and 2. Try 1.5. This was too large: 1.5 X 1.5 = 2.25 > 2. And 1.4
is too small: 1.4 x 1.4 = 1.96 < 2. So an answer, if there is one, must lie
between 1.4 and 1.5.
Mter some time, Peter raised his hand, was called on, and said the
following (not verbatim):
You know, I don't think there is an answer. Look-write down the answer.
Now, if it ends in 1, like maybe 1.471, then when you multiply it by itself
it'll end in 1 [Le., 1.471 x 1.471 must yield a decimal that will end in 1,
because of the way the usual multiplication algorithm works].
If it ends in 2, then ... [the resulting product] will end in 4. If it ends
in 3, ... [the resulting product] will end in 9. [Peter went on like this,
ending with the case where the alleged "answer" ends in zero.] ... If it
ends in zero, that isn't really the end.
Peter has also thought creatively, and this is again an instance where
creativity was possible because the student had in mind a representation
with which he was very familiar, in this case from having worked many
examples like
1.471
x 1.471

1471
10297
5884

1471
2.163841

Clearly, what Peter has done is different, in many ways, from what
Machtinger's kindergarten children did. The basic ideas for the kinder-
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garten children came from experience in the way they and their fellow
students moved around on a daily basis. The basic ideas underlying Peter's
invention came from his experience using written symbols in a paper-andpencil algorithm. It is tempting to say that the kindergarten children were
thinking in terms of the meanings of the symbols (or at least one version
of this meaning), whereas Peter was thinking in terms of the symbols
themselves. It is tempting to prefer thoughts that are based on meanings
over those that are based on "mere symbols." It is tempting to believe that
concrete experience-perhaps with manipulatable objects-is a better source
of mental symbol systems than written notations can be.
Probably this temptation is wrong. Mathematics involves abstract ideasmany of which have concrete early origins, like taking a pile of buttons,
and pushing it into combination with another pile, and wondering how
many buttons there are, from which we build up the abstract concept of
addition. But mathematics involves, in an equally important way, notations
that enable us to deal with numbers and algorithms and polynomials and
functions and sophisticated geometries and complex computer programs.
A school program that deals only with algorithms and other forms of
"paper-and-pencil" mathematics is limited both in its content and in its
probable appeal to most students; in the long run it will lack power and
growth potential, because abstract concepts are ultimately the building
blocks of higher-level mathematics. This does not, however, mean that
notations do not play an important role. If we had had only the notation

2 x 2 x 2 = 8,
and had not also possessed the notation

could we ever have arrived at such miraculous results as
er;i

+ 1 = O?

The important attributes of Peter's representational armamentorium, and
also the kindergarten children's, are that both were based on extensive personal
experience, and both dealt in an accurate and relevant way with important parts
of real mathematics. 2 To help students build up their personal collection of
mental building blocks, manipulatable materials are often very valuable,
but what really counts are enough experience and accurate relation to real mathematics.
2For examples of ideas used in some classrooms that are not related to legitimate
mathematical ideas, see Davis (1992).
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IMPLICATIONS FOR TEACIflNG
While developing a theory of how students think and reason about mathematics is ofimportance to both of us, we (and most readers) would probably
be less interested if there were no implications for teachers. Have no
fear-implications for teaching abound.

Building on Powerful Existing Representations. How a teacher introduces
(or defines) a new idea can make a big difference to subsequent student
success. When she introduced the new idea of "odd" and "even" integers,
Machtinger chose to build on an earlier idea-marching two-by-two-with
which the children were already extremely familiar. She thereby gave the
students what are sometimes called "tools to think with."3 This is quite
different from what would have occurred if Machtinger had merely presented some abstract definition which could not easily be used by the students (such as considering the remainder when the number is divided by 2).
Recognizing Student Ideas and Building on Them. There is an even more
basic strategy that teachers can use, although its use is not always an easy
matter. !fa teacher is able to recognize the representations that a student is
using, and can make contact with these representations, the resulting
discussion is nearly certain to be helpful to the student (see, e.g., Maher,
Davis, & Alston, 1992). The warning that this can, however, be difficult must
be taken seriously. When a teacher fails to recognize the representations that
a student is using, the ensuing discussion can be disastrous, as in one of our
videotaped classroom episodes, where a student has counted out pieces of
wood, but the teacher assumes that the student has written two fractions and
added them incorrectly (Davis & Maher, 1990). Student experience is
different from the experience of adults, and the representations available to
a student will accordingly be different. In one frequently recurring instance,
students often refuse to call a single Cuisenaire rod "two fifths," even when
that would be the correct description of its length, because they argue that
a single rod is "not two of anything' (Alston, Davis, Maher, & Martino, 1994).
While an adult, whose experience includes dealing with quantities in many
different forms-length, area, volume, weight, and so on-might easily
interpret the task as one involving quantity, for a child it may seem to involve
counting rather than quantity, and indeed counting something very tangible
(such as pieces of wood), rather than something more abstract (such as
centimeters or other units oflength).
More implications for teaching practice-including some interesting
ones of real importance-are presented in the following sections.
~See,

for example, Davis (1991).
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EXTENDING STUDENT REPERTOIRES
In order to build accurate mental representations for mathematical situations and mathematical tasks, a student needs to be able to draw on a
large collection of fundamental cognitive building blocks. This implies that
the teacher must help students build larger, and accurate, repertoires of
"basic" ideas. A constructivist teacher can do this in several different ways.

Creating Assimilation Paradigms. For one thing, a teacher can provide
a carefully designed experience for a student. If this experience is, in fact,
essentially isomorphic to the relevant mathematics, this method of introducing mathematical ideas is known as the paradig;m teaching strategy (Davis,
1984). One can, for example, introduce the idea that
5 - 6 =-1

by using the "Pebbles-in-the-Bag" activity:
1.
2.
3.
4.

Have a bag that contains a reasonably large number of pebbles.
Also have a pile of loose pebbles on the table top.
Have some child-Alex, say-clap her hands and say "Go!"
Take 5 pebbles from the pile on the desk and put them into the

bag.
5. Write "5" on the board to keep track of what you have done.
6. Ask: "Are there more pebbles in the bag now than there were when
Alex said 'Go', or are there fewer?" [Invariably children answer: "More."]
7. Ask: "How many more?" [Again, children invariably answer, correctly, that there are five more pebbles in the bag than there were when
Alex said "Go."]
8. Ask: "How can we write this?" [Arrive ultimately at the notation 5
= +5, and make sure that the students understand this to mean "We put
5 more pebbles into the bag, and so there are now 5 more than when Alex
said 'Go.' " Thus, the "5" on the left side in the equation really means "we
counted 5 into the bag," whereas the "+5" on the right has a quite different
meaning: "There are now 5 pebbles more than when Alex said 'Go.' " The
underlying mathematical idea is the definition of integers as a set of ordered
pairs of counting numbers, but this has been cast into terms that are cognitively
more familiar to the children.]
9. Take 6 pebbles out of the bag.
10. Write: 5 - 6.
11. Ask: "Are there more pebbles in the bag now than there were when
Alex said 'Go,' or are there fewer?" [Children are nearly certain to answer,
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correctly, that there are fewer pebbles in the bag than when Alex said
"Go."]

12.
rectly,
13.
14.

Ask: "How many less?" [Children are nearly certain to answer, corthat there is now one pebble less than when Alex said "Go."]
Ask: "How can we write that?"
Arrive ultimately at an agreement to write this as:
5 - 6 =-1

15. Make sure that the children understand this as "We put 5 pebbles
into the bag; then we took 6 pebbles out of the bag. As a result, there is
one pebble less in the bag than when Alex said 'Go.' "
If this activity is repeated often enough in class, the end result is that
the children have some new basic building blocks in their minds, from
which they can construct appropriate mental representations for problems
of this type. Instead of having memorized rules, they are now able to think
in terms of putting pebbles into, or taking pebbles out of, a bag-and
these are ideas with which the children have long had great familiarity.
Consequently, they can think about such matters with confidence, power,
and originality. See, for example, the film A Lesson With Second Graders
(Davis, 1962).
Providing General Experience. In the Pebbles-in-the-Bag activity, which
we have just discussed, the entire activity has been carefully planned out
in advance. Indeed, if this is not done, the activity will frequently fail. This
specificity and preplanning is typical for what we have called the "paradigm
teaching strategy," because the teacher is in effect creating a metaphor
for the child to use as an assimilation paradigm, so it is essential that the
paradigm be in precise correspondence with the related mathematical
concept. Even small deviations can be disastrous. Paradigm-building lessons
are, and must be, very carefully structured and must be handled with great
precision (Davis, 1967, 1984).
But sometimes a more general kind of experience can also be valuable
to a student. An example appears on the videotape Ribbons and Bows, 4
which shows a lesson with fifth-grade students, where Alice Alston is the
teacher.
In this lesson the children are working in small groups, from an assignment card that is reproduced [in a shortened, nonverbatim form] in Fig.
3.1.
4Available from MAPS, Department of Learning & Teaching, Graduate School of
Education, Rutgers University, 10 Seminary Place, New Brunswick, NJ 08903.
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RIBBONS AND BOWS
The Flower Basket [a florist's shop] has just received a shipment of ribbons to be
used for Valentine arrangements. The ribbon comes in packages. Each package
contains a 12-meter-long piece of ribbon.
Bows for different types of arrangements require pieces of ribbon of different
lengths.
Your job is to fill out the chart to find out how many bows of each length can be
made from a single package of ribbon.

Packaged
Ribbon

length of Ribbon
Needed per Bow

12 meters
12 meters
12 meters
12 meters
12 meters
12 meters

1/2 meter
1/3 meter
1/4 meter
1/5 meter
213 meter
3/4 meter

Number of Bows
from One Package

FIG. 3.1. "Ribbons and Bows" assignment card.

The teacher begins by helping the children visualize themselves working
in the florist shop, and thinking about the various lengths of ribbon: The
children are asked to read the problem, then explain what it means. Here
is an excerpt from this discussion:

Teacher:
Student:
Teacher:
Student:
Teacher:

What did you say about twelve meters?
... the package of ribbons . . .
And so, these packages of ribbons come in twelve meter lengths?
Yes.
So ... you're starting with a piece of ribbon that would be
twelve meters long? Is that the way everybody thought about
it?
And what is it that you're going to do with it?
[The discussion continues.]

The children use Cuisenaire rods to represent the various lengths of
ribbon,5 and at first have no difficulty. For bows that require l/~ of a meter
5An alternative lesson. where some fourth-grade students use actual ribbon. scissors. and
rulers. is also available on videotape. It is called Fractions and Division.
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of ribbon, the students use the rods to determine that they will be able
to make 36 bows from a single 12-meter package of ribbon.
One of the high points of this lesson occurs when the children at one
table come to the problem of how many bows they can make if each bow
requires two thirds of a meter of ribbon. They take their previous answer
for V3 meter bows, and double it, concluding that they should be able to
make 72 bows, each % of a meter long, from the ribbon contained in a
single package.
At this point one student objects, saying that this makes no sense; they
are getting more bows from a package when each individual bow is larger.
You might be able to get more bows if the individual bows were smaller,
but surely not if they were larger! The children then re-work this problem,
this time getting the correct answer.
Would these children have been able to recognize that their first answer
had to be wrong, if they had been thinking only in terms of the symbols
of arithmetic? One cannot be sure, but we believe that the weight of the
evidence answers: Probably not!6 Before pursuing this, we interject a brief
discussion of methodology.

METHODOLOGICAL IMPliCATIONS
OF CONSTRUCTIVISM
Not only does constructivism have important implications for teaching, it
also has important implications for research methodology. If the task is to
help the student to build up his or her own ideas, and if this cannot usually
be done by merely "telling" these ideas to a student, then what is it that
we need to observe to determine where a student is, or what progress the
student has made? The student's ideas will not be the same as our ideas,
so that merely testing for the presence or absence of our ideas is not
sufficient. The task is very similar to assessing the progress of a student
who is trying to learn how to write symphonies or string quartets. That
the student has not written the quartet that we would have written is largely
beside the point.
Admittedly this can sound so subjective and insubstantial that it seems
to deny the reality of mathematical knowledge. We would argue that this
is not, in fact, the case. While mathematical knowledge may have some
consensually validated underlying reality, the way that individuals think
about it is less uniform, and the paths by which individuals move toward
GAnd we have other videotapes showing children who give wrong answers when they are
working with the usual symbols of arithmetic, but answer correctly when they use a more
iconic form of symbolism.
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the creation of this knowledge are even more diverse yet. It seems to be
the case that a teacher cannot guarantee to lead (or drag) a student along
the teacher's preferred path. Gibran spoke also of this:
The astronomer may speak to you of his understanding of space, but he cannot give
you his understanding.
The musician may sing to you of the rhythm which is in all space, but he cannot
give you the ear which arrests the rhythm ...
And he who is versed in the science of numbers can tell of the regions of weight and
measure, but he cannot conduct you thither.

If each individual is building his or her own pathway, how are we to
study the cartography of the individual's internal highway system? What
we have come to believe is an appropriate methodology is to carry out the
following steps:
• Think carefully about your underlying philosophy. Ask yourself especially what you are seeking-what you are really seeking!-and how
you could decide if you were headed in an appropriate direction. 7
• Arrange for students to have learning experiences that are consistent
with your philosophy.
• Observe these learning experiences in actual operation, if possible
videotape them, study them carefully, and change either your philosophy or your lessons to bring them into some degree of consistency.
• Observe very carefully what the students do-and, again, videotape
them if possible. In any case, study them very carefully, so as to identify,
as best you can, how each student is thinking, and what the lessons
are doing to help (or to hinder) the further development of the
student's thinking.
• Look for patterns in the development of the student's thinking, and
from these patterns try to further explicate your underlying theory.
• As a reality check, try to use as many other forms of assessment as
you can-provided they are not too disruptive-in order to determine
whether what you think is working well can also be seen to work well
when viewed from other perspectives.

7"Philosophy" can sometimes sound as if it refers to matters so insubstantial that they are
best ignored, or at least deferred until later. In fact, what we mean here is something very
basic indeed to all teaching and to all assessment. One key component, too often overlooked,
is your (often tacit) theory of how human beings think when they are dealing with
mathematical matters. Although we continue to reform (and, we believe, to improve) our
theory, the best available statement of it is probably that which is presented in Davis (1984).
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• Be prepared for long and serious discussions with people who want
to argue for a different set of goals and a different set of values.
This is the over-all strategy which we have now been following for several
decades. Because we have accumulated a very large collection of videotapes
we can study a very large number of instances. We have also had the good
fortune to be able to discuss all of this with many thoughtful scholars,
teachers, educators, and parents. From the totality of this we have come
to have considerable confidence in our point of view-not that it is the
uniquely best point of view, but at least that many of its most harmful
weaknesses have been to some extent identified, and to some extent ameliorated. It may not be perfect, but it is not silly, and not irrelevant. 8

MORE ON "TOOlS TO TlllNK WITH"
We return to the question: Would those children (having made the error
of concluding that they could get 72 bows, each % meters long, from a
12-meter piece of stock) have been so quick to discover their error, and
have been able to discuss it so cogently, if they had not had the context of
ribbon-cutting (and perhaps also the visual guidance from Cuisenaire rods)
to give meaning to the symbols?
We obviously believe that they probably would not have handled this
situation in so effective a manner, had they not been able to think in terms
of pieces of ribbon or trains of Cuisenaire rods. We also believe that it
would not be possible to "prove" this conclusion by any of the traditional
methods. We are dealing here with single, unique events; one might as
well ask whether Beethoven could have written such compelling music if
he had never heard anything written by Mozart. There is no possibility of
a control group, nor even of an experimental approach. Other methods
of analysis must be employed.
Fortunately, other methods do exist. In our present case, we can look
over the large collection of tapes and ask whether this seems to be a pattern
that is frequently observed. The answer is that it is. We give one additional
example, previously reported in Maher, Davis, and Alston (1991; see especially pages 191-192):
During a task-based interview situation, Brian, a seventh-grader, has
been given a recipe for Chili Con Carne that makes enough for 24 people.
~e could add: It is also not final. Our teaching continues, our data collection continues,
our consideration of other means of assessment continues-and, above all, our discussions
and arguments continue, together with whatever forms of reconciliation we can discover.

3. HOW STUDENTS THINK

105

He has been asked to adjust the recipe for 8 people. He does this
flawlessly-up to a point-by making use of pictures that he draws, and
that clearly are, for him, "tools that he can think with." On the tape he
shows us how effectively he can "think" with them-his reasoning is perfect,
and his answers are correct.
That is, up until the interviewer asked about sugar. The recipe called
for 2 tablespoons of sugar, for 24 people. How much sugar, for 8 people?
Brian hesitated, and the interviewer suggested a potentially powerful
heuristic strategy: Ask, first, this question: Suppose the recipe had called
for one tablespoon of sugar for 24 people. How much would we need for
8 people?
Brian correctly concluded that one third of a tablespoon would be
needed.
All right, said the interviewer: Now suppose the recipe calls for two
tablespoons of sugar for 24 people. How much will we need for 8 people?
Without hesitation, Brian answered "one sixth."

Interviewer: Why?
Because double the ... double 3 ..
Brian:
Brian was able to get a correct answer only after the interviewer suggested
that he go back to using the pictures that had proved so helpful in dealing
with the earlier questions. At this point Brian got the correct answer, and
was obviously pleased with his new level of understanding.
So, once again we see the difference: one kind of behavior when a
student is using what are, for that student, effective tools to think with-and
a quite different kind of behavior when the student is not making use of
such tools. The tools may be pictures that the student draws, or arrays of
physical objects (such as Cuisenaire rods),9 or analogies with something
already familiar, or even (as in the case of Peter and the square root of
2), patterns within very familiar written algorithms-or, indeed, many other
things-but their key attribute is that the student can use them to carry
out thought experiments and to test hypothetical scenarios.
Of course, as Brian's interview shows, there is more to the story. If a
student can use certain representations as tools to think with, it may still be
true that the student needs to extend this repertoire to include other tools
to think with that may be more appropriate on some future occasion. This
was clearly true for Brian. But this interpretation gives a teacher considerable
guidance as to what is needed, and how it may best be provided.
"The use of these tools entails analogical reasoning; see chapter 5, this volume, for further
discussion.
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A VERY POWERFUL REPRESENTATION
Brandon, in Grade 4, invented a notation that he was then able to use
with stunning power. He had previously solved the question: How many
different towers can you build, if each tower is 4 cubes high, and you have
as many red cubes, and as many yellow cubes, as you want? (Maher, Martino,
& Alston, 1993). He was now working on the problem:
How many different pizzas can be made if every pizza has cheese, but to
this you can add whichever of the following toppings you wish, and in any
combination you wish:
• green peppers
• sausage
• mushrooms
• pepperoni

Brandon, on his own initiative, invented a notation where 1 meant the
presence of a particular topping, and 0 meant that this particular topping
was not present. He made the table shown in Fig. 3.2.
To appreciate what happened next we need to notice that these two
problems-building the towers, with two available colors, vs. ordering the
pizzas, with 4 available toppings that might be selected in any desired
combination-would at first glance seem to be very different, indeed. But
Brandon's own choice of a representation gave him quite remarkable power.
Because of this representation, Brandon was able to claim-and to demon-
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strate-that the pizza problem was actually the same as the tower building problem,
because you could make the towers lie down horizontally, and you could
match the 0 with a red cube, and the 1 with a yellow cube. He had
demonstrated a true isomorphism between the two seemingly quite differen t
tasks. This is a nice example of analogical reasoning, involving a mapping of
corresponding relational structures from one problem to another (this
process is examined in detail in chapters 5 and 6 of this volume).

THE DEVELOPMENT OF REPRESENTATIONS
We have seen how students make use of mental representations in the
process of thinking about mathematical situations-as, for example, when
Machtinger's kindergarten children used the idea of children marching in
two's, with sometimes every child having a partner, and at other times one
child being left without a partner, as a basis for thinking about even and odd
numbers. This same example shows us how these useful "foundation"
symbols are sometimes built up from common experiences in daily life. In
considering "paradigm-building" lessons (such as the "Pebbles-in-the-Bag"
activity), we have seen how a teacher can arrange some carefully planned
experience for children, in order to build a quite sharply defined assimilation paradigm for all of the students in a class. But obviously there are other
things a teacher can do to help to extend a child's repertoire of assimilation
paradigms, in a less-completely-structured fashion than in the Pebbles-in-theBag activity. We saw one example of this in the lesson on ribbons and bows.
We now consider two examples where children build up symbol systems
almost on their own-but with unobtrusive guidance from a teacher (or
possibly with almost no guidance at all; see, for example, Maher, 1995).
The first of these examples is based on analysis of a videotaped lesson
taught by Amy Martino to a fourth-grade class who had never previously
seen Cuisenaire rods. The goal of the lesson was to elicit various observations and inferences about fractions, and to lay a groundwork for the idea
of a mathematical proof. Particularly conspicuous in this lesson are the
great simplicity of the questions that Martino asks, and the fact that all of
the important observations and arguments come entirely from the children.
As one of her first questions, Martino asks: "How many different kinds
of rods are there?"IO Different children answer in different ways (and in
fact even arrive at differen t answers) . We begin by looking at what 9-year-old
Aaron did:
IOMost teachers of our experience would not have asked this question, which might seem
to lead nowhere. Martino's skillful use of the ensuing discussion leads the children into
thinking about the nature of mathematical proofs.
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Teacher: But you're doing something very interesting there [pointing
to Aaron]. Tell me about that.
Aaron: I'm making them go the tallest to the shortest. [The rods are
standing up, ordered by size (see Fig. 3.3).]
Another student: So, then you can determine how many there are.
Teacher: Sure, that would help you wouldn't it?
Aaron: One, two, three, four, five, six, seven, eight, nine, ten. [Aaron
counts aloud as he points to each rod.]
Shortly thereafter, a girl named Caitlin arranges translucent Cuisenaire
rods on the overhead projector to show this same "staircase."

Teacher: Notice anything special about the staircase up here? ... that
was used to kind of convince me that in fact [we] had all
colors. Keeba?
Keeba:
They are different. She put 'em from biggest to little and they
are all different shapes.
Teacher: Yes, she did. Okay, she put them from the biggest rod to the
smallest and they're really all different lengths, one's a little
bit longer than the next. Okay, urn, yes?
Boy:
It looks like a bar graph upside down.
r-r-

r--

-

f--

r--

FIG. 3.3. The Cuisenaire rods.
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Teacher: It does look like a bar graph, doesn't it. Do you notice anything

Donald:
Teacher:

Girl 1:
Teacher:

Ralph:
Teacher:

about these little jumps in here ll . . . going from one to the
next? Do you notice any kind of pattern there? Think about
that for a minute. Do you notice anything about this? Okay,
I see a couple of hands, people who are beginning to think
... Donald?
Urn, it goes smallest to biggest.
Yeah, it goes smallest to biggest. Yeah, it sure does. It seems
to get a little bigger each time when you go to the next rod.
Yes, [calls a girl's name]
It looks like the jumps are the same size.
It does, doesn't it. Is there a way, is there a way to check that
they're the same size? In other words, when we go from here
to here [pointing from white to red] or from here to here
[pointing from red to light green], she's saying these jumps
are the same size. Is there a way to check that? How can we
check that? Let's see if we can hear some ideas. Ralph?
You can measure it.
You can measure it, sure. Okay, say we don't have a ruler.
Aaron?

The teacher's intervention here was probably decisive. The lesson could
have gone in the direction of measurement (a reasonable goal, but not the
one the teacher desired). Instead, the teacher steers it away from measurement, the use of rulers, etc., and steers it toward a more direct consideration of size, fractions, and proof:
You can put the small one [white] onto the bigger one and
if, if you put, if you see, if there's two of them, then you know
that ... if there's two of them and it comes up to one of the
bigger ones, then you know that there's ... the sizes are equal.
If you put the small one [white], urn, by the red and the
[light] green, that place it's missing ... if you put it there,
then you'll know, then you could put the next one in there.
There all the same size, in a row.
Teacher: Okay, could you maybe come up here and try that? I think
that's a good idea, let's try that idea. Maybe you can explain
what you're doing so that people follow along.

Aaron:

llThe three dots are used here to indicate a pause, and the natural breaks in sentence
structure that are common in spoken English. In this transcript, dots are not used to indicate
omissions.
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[at overhead] So you can put them like this [two white rods
placed together next to red] and it's identical. And then if
you put it here, [a white rod placed beneath a red rod] it's
about the same size.
Teacher: So you're moving the white one along there.
Aaron: And here [places a white rod beneath a light green rod] it's
the same size.
Aaron:

Teacher: He's checking those jumps for us to see if they're the same

Aaron:

size. Looks pretty good doesn't it. So they jump by a white
rod, right?
Yeah.

The teacher now moves toward both ideas of fractions and ideas about proof:
Teacher: Someone told me that the light green rod is half as long as

the dark green rod. Is that true?
[Students agree that it is.]
Teacher: How would you convince me?
[A student places two light green rods alongside a dark green rod, and
shows that they match in length.]
Teacher: Someone told me that the light green rod is one-third as long
as the blue rod. See if that's true.
Children: True . . . true . . . true . . .
[A girl, Elizabeth, goes to the overhead projector and shows that it must
be true.]
Elizabeth: [While she speaks she places a blue rod on the overhead and
then three light green rods beneath it.] If you take three pieces
of green and you put em against the blue ... it's equal so ...
it's true.
Teacher: What do the rest of you think about that? [Children indicate
agreement.] Do you think that works? [Agreement] Do you all
agree?
The teacher now challenges the students to think more deeply about all
of this:
Teacher: Can you find a rod of some other color [i.e., not light green]
Aaron:

that is one third as long as the blue rod?
Well, because each one is bigger or each one is smaller [light
green is longer than red and shorter than purple] And urn.
If this [light green] is right [one third as long as blue] then
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there can't be anything else because this [red] would be
smaller ... see ... and you would need more and this [using
the purple rod] would be too big, that [two purple rods] would
be almost the whole thing.
Teacher: See what he's doing is, he's trying the red and the purple ...
Come up and show that, Aaron. Aaron is saying that no, if a
light green works for this then nothing else can. He's going
to show us why he thinks that [on the projector a blue rod is
next to three light green rods].
Aaron:
[At the overhead] 'Cause we said that each one is bigger, each
one is bigger than another. And, urn, so if we try a red, purple,
and green already worked, I mean light green, then purple is
bigger than the light green. So the light green is already perfect
so it wouldn't fit because this [purple rod] is too big. See?
See? [He places two purple rods next to the blue rod.] and
then you'd use a smaller one and then it would be perfect but
[places white rod next to two purple to equal the blue rod];
this [pointing to white] isn't the size as this [pointing to purpie]. And if you had a red and red is smaller than a light
green [places red rod next to light green] so you would need
more, you would need a lot more. See, here's [places three
red rods next to the blue rod] one, two, three and you still
need some more [places another red rod]. See Fig. 3.4.
LIGHT GREEN

PURPLE

PURPLE

PURPLE
BLUE

RED
FIG. 3.4. Aaron's investigation of
relationships between the rods (a).

BLUE

Iw
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Teacher: Okay, Aaron, what about other colors?
Aaron:

[moving the yellow rod next to the blue; see Fig. 3.5] Yellow
is also bigger than green.

Teacher: You don't even have to test then all, but maybe you could tell
me, why did you choose the purple and the red?
Aaron:

Because, well, the purple is one size bigger than the [light]
green and the red is one size smaller than the [light] green.

Later in the lesson, the teacher introduces a problem that has no solution within the available rods. Again, teacher questioning encourages
students to justify their answer:
Can you find me a rod in the box that's half as long
as blue? [Students start comparing rods with blue.]

Teacher:

Boy in white
shirt and Keeba: Yellow ... yellow.
[Shaking his head while comparing rods to yellow]
Nope, nope, nope, nope ... False-there is none.

Aaron:

Boy in striped
shirt and Keeba: No, there isn't.

You have to use three. [Teacher moves to boy in white
shirt.]
Why do you know there isn't? You say it so certainly.

Keeba:
Teacher:

Boy in white
Because if you ... [interrupted by others]
Purple and yellow doesn't go [to Aaron].
And yellow is one more than purple so you would try,
purple I mean yellow, but yellow is too big. [Boy in
white shirt follows Aaron's argument by holding up
purple, then yellow rod to the blue rod so that he can

shirt:
Keeba:
Aaron:

YELLOW
BLUE

RED

I

LIGHT GREEN

PURPLE

I

I

FIG. 3.5. Aaron's investigation of
relationships between the rods (b).
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see for himself.] And then you have green that is one
size under purple, but that would be too small.
Do you have a name for green in relation to blue?
One third of blue.
Okay, but I asked you for one half and you're telling
me that there aren't any in the box.

All five students
No, there isn't.
in this g;roup:
Aaron:
You need one a little bit smaller than the yellow.
That's interesting.
Teacher:
What would a rod have to look like in order to be one
Teacher:
half of blue?

Aaron:

[holding small white rod] You would have to cut this
[white rod] in half and put it on the purple, then that
would be it. Use the purple and cut this in half [see
Fig. 3.4].

Our final example has been described in Davis, Maher, and Martino
(1992), and is not repeated here. It involves videotapes that show six
children, first in Grade 2, and later in Grade 3, working on the task:
Stephen has a white shirt, a blue shirt, and a yellow shirt. He has a pair of
blue jeans and a pair of white jeans. How many different outfits can he
make?

The activities shown on these tapes are interesting for two different
reasons: First, in Grade 2 the children make up their own individual notations to help them represent the situation, and appear to ignore the
work of other children. Yet, later on (in Grade 3), the children spontaneously make use of notations that had been used previously by some of the
other children whom they had seemed to ignore. This is presumably an
instance (and we have many others) where children seem to work alone,
but later make use of methods previously developed by other children who
had been working near them in the classroom. Ideas seem to spread like
the flu virus.
From the point of view of representations, this is an interesting task.
Unlike most of the tasks we have used, this task requires the student to
think about a set that he or she cannot directly exhibit. In building "all
possible towers 4 cubes tall, if you have available cubes in two different
colors," you can actually exhibit, there on your desk, every one of the eight
possible towers. (See, e.g., the videotapes "Brandon's Aha!" and
"Meredith's Proof by Cases," discussed in Maher et al., 1993.) But in the

114

DAVIS AND MAHER

"shirts-and-pants" task, you cannot simultaneously directly display all possible combinations, because you have only one white shirt, only one blue
shirt, and so on. What the children do, instead, is a good example of
"reification" (or the "verb-to-noun" transition [Davis, 1984] )-what had
been originally an action, the pairing up of some shirt with some pair of
jeans, has (possibly helped by the existence of an appropriate notation)
now become a thing (one specific combination).
At first one girl, Dana, draws lines connecting each shirt with each pair
of jeans [actually, she omits one combination], using this notation apparently to record an action or "thought experiment." But once the notation
is in place, the children do have a representation for each combination:
Each line represents a different combination of one particular shirt and
one particular pair of jeans. A year later, Stephanie-who had seemed to
ignore Dana's notation-makes use of it, and is thus able to count the
combinations by counting the lines that connect a shirt to a pair of jeans.

SUMMARY

In a variety of examples we have seen how representations-sometimes
mental, and sometimes on paper-make it possible to think about some
idea which might otherwise be labeled "new." This happened with Machtinger's "children marching 2-by-2", with Dana's lines connecting shirts
and blue jeans, with Aaron's "staircase" pattern of Cuisenaire rods that
enabled children to think in terms of monotonicity, and a Cuisenaire rod
model of a kind of "Dedekind cut." A particularly powerful use of a suitable
representation enabled Brandon to show an isomorphism between two
seemingly different problems in combinatorics, probably very similar to
the cognitive extensions that must have preceded the historical development of Euler's famous
erri

+1= 0

We have also seen how an accumulation of classroom experiences-or
even common everyday experiences-can provide the building blocks from
which these representations can be constructed. Because all of us have the
potential to develop powerful mental representations for dealing with our
everyday experience, these representations can provide us powerful "tools
to think with" when we use them to represent mathematical ideas. Of
course, for those who continue their studies sufficiently far, many of these
ideas will ultimately be superseded by formal abstract definitions, such as
the definition of a function in terms of a set of ordered pairs.
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Analogies suroive amid diversity. The procedure of rationalism is the discussion of analogy.
-A. N. Whitehead (1938/1968)

In developing this chapter on analogical reasoning in young children, we
were guided by two important premises. The first premise is that young
children, even those of preschool age, show evidence of analogical reasoning. The second premise we forward is that analogical reasoning is
foundational to learning, in general, and to early mathematics learning,
in particular. Should these premises be upheld, then it would stand to
reason that the more that researchers and practitioners come to recognize
the reasoning potential of young minds and the more that they are able
to grasp the central role that reasoning analogically plays in learning and
development, the more informed future investigations and instructional
practice in mathematics will become.
In order to support these basic premises, we begin with a definition and
description of analogical reasoning, primarily as we have applied it in our
work. Next, we review the relevant research on analogical reasoning in young
children, and explore the methodological issues and concerns that are
associated with unearthing the analogical reasoning abilities in the young.
We then turn our attention to the literature on mathematics learning that
has targeted young children, especially those of preschool age (i.e., roughly
3- to 5-years-of-age). Within this portion of the review, we look specifically at
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the research on analogies and on mathematics reasoning and learning that
appears to substantiate their interrelatedness, a theme of this volume. As
with our review of analogical reasoning research, our goals in this literature
survey are to: (a) define our notion of mathematics reasoning, especially as
it can be applied to young, developing minds; (b) consider the influence of
situational and contextual variables on mathematical reasoning in young
children; and, (c) outline any methodological or procedural problems that
have been manifest in this body of research.
Finally, in this initial section of the chapter, we overview an emerging
body of research that deals with children's private and social verbalizations,
especially the self-scaffolding process termed private speech (Vygotsky,
1934/1986). Simply defined, private speech is a naturally occurring, selfdirected, and egocentric communication process that developing minds
evoke when contemplating rather novel or complex ideas or situations
(Berk, 1992). Our purpose in surveying the literature on private and social
speech is to validate their role in the cognitive development of young
children, and to support their use in uncovering analogical reasoning
capabilities and mathematical reasoning in this population.
With this theoretical framework established, we then present a research
investigation that explored the analogical reasoning performance of 3-, 4-,
and 5-year-olds and their correlated performance on carefully chosen
mathematical reasoning tasks. In our prior research, we have contended that
researchers and practitioners must explore children's performance on
cognitive tasks deeply, not only in terms of any specific, quantitative
outcomes, but also in relation to the verbalization patterns that are evidenced during task performance. Thus, our argument for the relationship
between analogical reasoning and mathematics reasoning in these children
is quantitatively and qualitatively supported in this study, both through
outcome data on the various analogic and mathematic tasks, and in terms
of the private and social speech that accompanied these children's performances.

SECTION I: THEORETICAL FRAMEWORK
Analogical Reasoning and the Young Child
The powerful role of analogies in communicating, exploring, or transferring
ideas has been well substantiated since recorded history. Plato's allegory of
the cave, for instance, was a potent way to characterize the sometimes painful
emergence from the darkness of ignorance into the brilliance of understanding. Likewise, Archimedes' use of his own experience of floating in his
bath as the inspiration for his principle on bouyancy is further evidence of
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the potential value of analogical reasoning as a generative or creative tool.
Philosophers and educators alike have come to the realization, often
independently, that the processes that are broadly referred to as analogical
reasoning are the hallmark of sentient, cognizant beings. When individuals
relate the symbols on a page with the concepts they signify, for example, or
when they perceive subtle but critical differences in two objects or events, or
when they relate an attribute or a member to the object or class from which
it is abstracted, then they are displaying the fundamentals of analogical
reasoning. There are those individuals who have argued that the basic
processes involved in apprehending similarities and differences among a
range of objects, people, or events (i.e., analogical reasoning) are requisite
to full cognitive development (e.g., Goswami, 1992a; Halford, 1992; Holyoak,
1984, 1991). We would place ourselves within this school of thought
(Alexander, in press; Alexander, Willson, White, & Fuqua, 1987).

The Nature of Analogical Reasoning
Despite the long history and strong evidence for its association with
learning (e.g., Burbules & Linn, 1988; Cummins, 1992; Vosniadou, 1989),
teaching (e.g., Alexander, Wilson et aI., 1987; Bacharach, 1988; Wong,
1993), and intelligence or creativity (Jausovec, 1989; Klix, 1992; Marr &
Sternberg, 1986), conceptions of analogical reasoning that are found in
the literature are neither consistent nor noncontroversial. Quite to the
contrary, beyond the most basic of definitions (e.g., comparing conceptual
or perceptual experiences on the basis of shared attributes; drawing relationships), there is a diversity of perspectives (a) on what the term analogical
reasoning entails (e.g., Case, 1985; Holyoak, 1984) and (b) to what extent
young children are capable of such reasoning.
As Goswami (l992b) noted, many of these alternative perspectives on
analogies can be sorted into broader theoretical categories. For example,
there are the structural theories, of which Piaget's (1952; Inhelder & Piaget,
1958) is perhaps the most widely cited. The emphasis in such theories rests
primarily on the nature or sophistication of the relations that are drawn
between the terms in a given analogy problem. Fundamentally, there are two
levels of relations that form the solution of any analogy problem. Lowerorder relations are generally those simpler relations that are produced
between near or closely paired concepts. In classical (also called conventional
or simple) analogy problems of the form AB::C:D, the linkages between A
and B or between C and D would constitute lower-order relations. Take the
analogy, tree:limb::body:arm, (read tree is to limb as body is to arm) as a case
in point. Respondents might infer that limb is a part of a tree and that arm
is an appendage of the human body. These two associations between tree
and limb and between body and arm are instances of lower-order relations.
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Higher-order relations, in contrast, are those generated between more
distant or removed concepts. These relations require the respondent to
ascertain some form of relational similarity between more distant concepts.
Thus, the ability to link the A:B pairing to the C:D pairing by creating a
bridging inference built upon some relational similarity would contribute
a higher-order relation. Let's go back to our example to clarify this distinction. Before respondents can resolve the analogy, tree:limb::body:arm,
they must be able to determine what similarities are shared by trees and
human bodies before they can generate a relation that would link tree:limb
with body:arm. For instance, one might say that trees and bodies are both
living and free standing structures with outgrowths that serve some physiological or biological function. Such a superordinate relationship is, thus,
an example of a higher-order relation.
Information-processing theories, like the structural theories, also attend
to the relations between and among pairs of terms in a classical analogy
problem. However, in this class of theories, including Sternberg's (1977,
1981) well-cited componential theory, the nature of analogical reasoning
is best understood as a series of component or elemental cognitive or
metacognitive processes or functions. Thus, any judgment about analogical
reasoning capability rests in the execution of these elemental processes
rather than in any dichotomous distinction in the relations produced. As
should become clearer in the discussion that follows, ascertaining whether
analogical reasoning has occurred solely on the determination of whether
lower-order or higher-order relations have been generated is considered
narrow or limited from an information-processing viewpoint.
It is the information-processing orientation, in general, and the componential approach, in particular, which we have assumed in our prior
research (e.g., Alexander, Willson et aI., 1989; Alexander, Pate, Kulikowich,
Farrell, & Wright, 1989; White, 1989; White & Alexander, 1986; White &
Caropreso, 1989), as well as in the current investigation. Specifically, of
the various components articulated by Sternberg (1981), we have targeted
the four performance components of encoding, inferring, mapping, and applying, and we generated the Test of Analogical Reasoning in Children (TARC)
around these components (Alexander, Willson, White, & Fuqua, 1987).
Simply defined, encoding refers to the individual's association of certain
attributes or characteristics with a given object or idea. Presented with the
problem, dog:bark::cat:1., for example, a child might describe a dog with
such words as barks, furry, pet, or hates cats. Thus, describing what an object,
event, or person looks like (form) or does (function) is evidence of encoding. Encoding should occur for every term of the analogy problem.
Inferring, by comparison, takes place when a relationship is constructed
between the first pairing in a stated problem. For the initial pairing of
dog:bark, for instance, the child might respond that "dogs bark," implying
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that a bark is a sound produced by a dog. Whereas inferring seems to
correspond to Piaget's (1952) conceptualization of a lower-order relation,
information-processing theorists see the possibility of multiple relations
between the initial pairing being inferred during initial processing. Further,
inferring is but one of the essential components that must be effectively
executed for analogical reasoning to occur. Even the failure to encode
each term thoroughly could result in a nonanalogic outcome, as would
the failure to perform any of the components adequately or fully.
As with the Piagetian notion of a higher relation, mapping is the component process that involves the bridging of the two separate or disparate
pairings in a classical analogy problem. For the problem, dog:bark::cat.l,
mapping entails linking the attributes of dog with those of cat, perhaps
by recognizing that both are animals and pets that are often considered
enemies or which produce distinctive sounds. Finally, with the component
of applying, the child generates or selects a suitable term that would give
the analogy its needed conceptual balance. We choose the word balance
to indicate that classical analogy problems are fundamentally proportional
or relational problems. Consequently, while various terms could possibly
be supplied that have some appropriateness to the stated problem (e.g.,
purr, meow, hiss), the better response would afford the greatest degree
of equivalence between the first (A:B) and the second (C:D) pairing. Given
(a) sufficient understanding of the task, (b) adequate conceptual knowledge of the available terms (e.g., dog or bark), and (c) a willingness to
mentally and socially engage, even young children might respond to the
problem, dog:bark::cat:?, with the answer, meow, a sound associated with cats
just as bark is linked with dogs.
Although Sternberg's research and much of our work has focused on
classical analogy problems, information processing and cognitive orientations have also been explored using problem analogs or analogies cast in
story format (e.g., Brown, Kane, & Long, 1989; Crisafi & Brown, 1986;
Gentner & Toupin, 1986; Holyoak,junn, & Billman, 1984). Analogies have
also been studied from an information-processing perspective using more
extended text-based themes (e.g., Modern truck drivers are like cowboys
of the old west; Alexander, White, Haensly, & Crimmins:Jeanes, 1987;
bacteriophages can be compared to alien spacecrafts; Alexander & Kulikowich, 1991). In general, when the task has been problem analogs, the
evidence of analogical reasoning among young children has been positive
and encouraging. (See Goswami, 1992b, and Gholson, Smither, & Buhrman, this volume, for an extended discussion of this issue.) Even when
the participants have been older elementary, secondary, or undergraduate
students, the results for the extended text-based analogies have been far
less positive (Alexander, Pate et ai., 1989). Indeed, it would seem that the
analogies embedded within exposition may require a level of subject-matter
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knowledge, text-processing skills, and interest that is even beyond the reach
of many older students and adults (Alexander & Kulikowich, 1994).

Analogical Reasoning Capabilities of Young Children
As suggested, there remains controversy surrounding the perception of
young children's capacity to reason analogically. Some structural and information-processing theorists alike have concluded that children below
the age of 12 lack the mental ability to reason analogically (e.g., Inhelder
& Piaget, 1958; Sternberg & Rifkin, 1979). Yet, it is our position, and that
of others (e.g., Gelman, 1979; Goswami, 1992a), that there is ample theoretical and empirical evidence to question more restrictive stances on the
cognitive capabilities of young children to ascertain salient characteristics,
to discern the underlying similarities and differences, and to infer the
relationships that are fundamental to analogical reasoning.
When one holds to a knowledge-based view of analogy performance, for
instance, it can be argued that the poor performance of children below the
age of 12 on classical analogy problems can be largely explained away
(Goswami, 1991). The nature of such explanations rests on the presumption
that these children have been required to ascertain relations between and
among terms for which they possess limited conceptual knowledge. Thus,
what has been tested in such cases is not the processing ability of these
children, but rather the richness of their conceptual knowledge. It is simple
to see that if an individual has no understanding of dog or cat, as an
independent concept, then it is unjustified to expect them to formulate any
meaningful relation between these terms. Therefore, when researchers have
created situations in which the knowledge base of the young child was a
specific consideration, the performance of those as young as age three has
demonstrated the processes associated with analogical reasoning (e.g.,
Alexander, Willson et aI., 1989; Crisafi & Brown, 1986; Goswami & Brown,
1989; Holyoak & Koh, 1987).
Similarly, the notion of an appropriate task to assess analogical reasoning
in young children must attend to motivational, as well as conceptual,
concerns. Unlike their older or more sophisticated counterparts, young
children may need greater persuasion to engage cognitively in a given task.
The nature of the catalyst, whether buttons or M&Ms, abstract drawings or
toy cars, would seem to have significant bearing on children's willingness to
engage or to exert the cognitive energy required for optimal performance
(Gelman, 1979; White & Alexander, 1986). Thus, unless we present children
with a task or a context that is not only familiar, but also stimulating and
motivating, then the expectation for performance should remain low. Not
surprisingly, researchers who have succeeded in generating an analogical
reasoning task as an inviting story problem (Holyoak et aI., 1984; Goswami
& Brown, 1989) or enticing game (Alexander, Willson, White, & Fuqua,
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1987) have uncovered what they hold to be strong evidence of analogical
reasoning in young children.
In this regard, we would also observe that evidence of analogical reasoning capability in young children, even when the task has been of a
conventional format, was more consistently found when the children were
placed in situations or contexts that were familiar and supportive (Alexander, Willson, White, & Fuqua, 1987). That is, engagement and the type
of resistance to counterargument that Piaget and others have described
(e.g., Sternberg & Rifkin, 1979) have been more likely when children are
evaluated in contexts common to them by individuals with whom they
identify and are comfortable. It may be nothing for an adult to be taken
to an unfamiliar locale by some relatively unknown person and asked to
engage in an unusual or demanding cognitive task. Indeed, many adults
even perform quite well under such challenging conditions. But this is
generally not the case for the young child (Bronfenbrenner, 1986).
One other source of support for our premise that even young children
can reason analogically comes from the outcomes of training studies involving children, including preschoolers. Specifically, the results of several
training studies (Alexander, White et al., 1987; Alexander, Willson, White,
Fuqua et al., 1989; White & Alexander, 1986; White & Caropreso, 1989)
have shown that even those children who were initially classified as
nonanalogical reasoners were able to solve a variety of classical analogy
problems following several interventions that focused on the performance
components previously described. The processing of these elemental components was evidenced not only in the children's overall performance on
geometric, figural, and concrete (i.e., physical objects) analogies that varied
from those used in training, but also in terms of the children's explanations
of their thinking. In several of those studies (e.g., Alexander, Willson et
al., 1989) much was uncovered from what even children as young as three
and four shared about their reasoning. Basically, when asked to talk about
how they arrived at their solutions, those classified as analogical reasoners
displayed evidence of encoding, inferring, mapping, and applying. Further,
those classified as analogical reasoners either prior to or following training
displayed a resistance to countersuggestion, an occurrence that conflicts
with the theoretical premises of Piaget (1952). Alexander and colleagues
have suggested that this resistance may be attributable to the game-playing
format of the analogy task which made the children more comfortable
with displaying resistance to the arguments or suggestions presented by
adults. Overall, if the assumptions of the structural theorists (and some
information-processing theorists) were accurate, then the cognitive development of these young children would preclude them from demonstrating
analogical reasoning ability even following training, since such training
cannot alter the children's underlying cognitive structures.
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In summary, if the question is whether young children are capable of
reasoning analogically, we would strongly respond in the affirmative, provided that basic conditions, outlined below, are met:
1. The content of the analogy problem or story analog is appropriate
for the child's knowledge base;
2. The task is understandable, motivating, or interesting to the young;
and,
3. The context or situation in which the task is presented is both familiar
and comfortable to the child.

Exploring the Relationship Between Analogical Reasoning
and Mathematical Learning
To this point, we have focused exclusively on the processes of analogical
reasoning. In this section, we consider the nature of mathematical learning
and the perspective to mathematics learning and reasoning that we adopt
in the current investigation. Then, we seek to establish, both theoretically
and empirically, the linkages between analogical reasoning and mathematics learning. As in the prior discussions, our analysis here will target young
children, especially those of preschool age.

The Nature of Mathematical Literacy
Although the discipline of mathematics has been described by some as
well-defined orwell-structured (Alexander, 1992b), a determination of what
it means to be mathematically literate is far more vague and ill-defined. Just
as the notion of analogical reasoning can vary markedly from one theoretical
orientation to another, conceptualizations of mathematics literacy also differ
widely. Again, however, these orientations can be grouped into broad
theoretical categories. For example, in decades past, the question of what an
individual should know or be able to do to be considered mathematically
educated was based on fundamental concepts and skills conceived to be
central to that domain. Some have referred to this as a skills-based or product
perspective, since the stress was on the fundamental procedures of subtraction, multiplication, and division (Como, 1988). Putnam, Lampert, and
Peterson (1990) aptly described this as the doing mathematics perspective.
In essence, the focus has been on the outcomes of mathematical learning
and teaching, especially in terms of the individual's ability to calculate a
given problem accurately. To be considered mathematically literate, for
example, a fourth grader should be able to perform long-division problems
effectively, while a kindergartener should possess a sense of number, or
recognize particular shapes or number groupings when called upon to do
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so. What is also true about this orientation to mathematics learning is that
the problems that are at its core have typically been what Stewart (1987)
called "school" problems; those highly formalized, abstract problems that
bear little resemblance to the complex and ill-structured problems that
individuals encounter in the world outside the classroom (Greeno, 1989;
Schoenfeld, 1988).
Just as the influence of cognitive information-processing theories impacted understandings of analogical reasoning, so, too, were their effects
felt in the area of mathematics. Skills or outcome orientations that were
commonplace in mathematics were subsequently challenged by processing
perspectives that centered on the mental functions underlying those observable outcomes. Putnam et al. (1990) referred to this orientation as
knowing mathematics. It was no longer a simple issue of whether the fourth
grader solves the long division problem or the kindergartner distinguishes
a triangle from a circle. Of more concern was the thinking that contributed
to whatever answer the individual constructed. Does that fourth grader
recognize that the long-division problem is actually built on simpler problem-solving routines? Does the kindergartner recognize the shapes in less
idealized forms (e.g., triangle is like a Christmas tree or a circle is shaped
liked the sun) or does she have the means to label or communicate any
differences she may actually perceive?
The inclusion of the concept of construction is an important marker of
a recent development in cognitive psychology. The information-processing
perspective on learning and development moved us away from thinking
of mathematics as product oriented, toward a theoretical framework where
process was central. Still, one shortcoming of this cognitive perspective
was that it still maintained a conceptualization of learning as a rather
decontextualized, mechanistic, and nonaffective undertaking (Alexander,
in press; Pintrich, Marx, & Boyle, 1993). Currently, within the constructivist
framework, it is critical to recognize that any nonrandom answers children
produce are reflective of the interplay between their knowledge, motivations, and the immediate situation or context. Therefore, we cannot explore the question of whether young children are mathematically literate
without a careful analysis of whether they demonstrate mathematical abilities in more realistic and motivating situations that occur outside the classroom or the realm of formal instruction (Alexander, 1992a; Lave, Smith,
& Bulter, 1988). As with the issue we raised regarding analogical reasoning
ability, it is not a question of what children might typically do but rather
what mathematical capabilities they may reveal when placed in an optimal
environment.
It is this constructivist orientation that we hold in the research and in
the comparison between analogical reasoning and mathematics learning
investigation that follow. Our interest in children's explanations as evidence
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of their thoughts and motivations, our attention to young children's private
and social speech, and our concern for establishing a supportive and motivational environment in which children can manifest their mathematical
reasoning on familiar tasks attest to this constructivist perspective. Further,
as will become evident, we build the framework for linkage around the
same performance components that served as the core of our discussion
of analogical reasoning.

Analogical Reasoning and Early Mathematical Reasoning
What we hold is that there are at least three strong bonds between
analogical reasoning and mathematical reasoning in young children and
that these three bonds correspond to the performance components previously outlined. Specifically, mathematical reasoning in young children
would seem predicated on their ability to: perceive the basic attributes of a
given object or symbol (encoding); associate or relate symbols or objects
with the abstract concepts they signifY (inferring and mapping); and recognize the pattern among various objects or symbols (applying). Similarly,
McShane (1991), in his volume on cognitive development, identified perceptual development, symbolic representational ability, and categorization
as fundamental to human growth in all knowledge domains. Before we
move to discuss these three correspondences (i.e., perception, association,
and patterning), however, we want to acknowledge that the body of research on which these discussions are founded is quite limited. This is one
reason why we feel that the investigation we summarize later in this chapter
is a valuable addition to the literature in early mathematics learning.
Just as the process of analogical reasoning begins with the component
of encoding so, too, does mathematical reasoning for the young child. For
instance, when a young child is presented with blocks of varying shapes,
sizes, and colors, when she is asked to mark drawings on the page that
appear in groups of 5, or when she is told to point to the object in a
picture that is bigger or smaller, then she is attending to particular dimensions or attributes of those objects. More than just accessing these objects
visually, in essence, the child must analyze them at a deeper cognitive level
(Hudson, 1983). This is what we mean by perception-a process that relates
to the performance component of encoding explained earlier. Although
Klix (1992) did not explicitly target young children, his writings speak to
this issue of perception. What Klix argued is that learning demands that
individuals attend to relevant characteristics or attributes among the flood
of information that confronts them. Likewise, Cooney (1991) credited the
fundamental processes of perception, attention, and memory, which he
argued emerged in early infancy, with the subsequent development of
more complex mathematical abilities in later life.
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At its root, all of mathematics involves building relations or correspondences between some physical or symbolic entity and the abstract concept
it is intended to represent (e.g., Hudson, 1983; Resnick, 1991). What is
the number "3," or the symbol·, in and of themselves, but a marker of
some abstract mathematics concept or function? Thus, mathematical literacy fundamentally demands that individuals establish relations between
external markers and internal concepts, similar to the manner in which
they associate some word or object to another. This association would
appear to have correspondence with the component processes of inferring
and mapping we described earlier. Whether inferring or mapping is involved may depend on the relational similarity between the marker and
its intended construct. In other words, it may be easier to apprehend the
association between the number 3 and a picture of three balls or three
circles, due to the concrete referent, than it would be to associate the
abstract symbol· and its equally abstract summation function in the statement ,(xij)'
Still, mathematical literacy at its most basic would require even that
young children recognize how a given term (or object or symbol) represents some abstract concept that is not directly conveyed. In this way,
mathematical literacy is contingent on building relations between more
similar or dissimilar terms as inferring and mapping entailed forming
associations between the A:B or the A:C terms, respectively, in a classical
analogy problem. Novick and Holyoak (1991) provided evidence of the
importance of mapping in mathematical reasoning. In two experiments
that examined the component processes of solving mathematical word
problems by analogy, Novick and Holyoak found that those individuals
with more mathematical expertise were better able to map across seemingly
diverse contexts (what they described as analogical transfer).
Yet, some of the research findings dealing with young children's ability
to discern correspondences between symbols and concepts, even when the
catalysts have been objects as commonplace as Dienes blocks or Unifix
cubes, have not been encouraging (e.g., Hughes, 1986; Resnick 1991; Resnick & Omanson, 1987). For example, Hughes (1986) reported that only
27% of the 5- to 7-year-olds tested used symbolic bricks when problem
solving. In their research with 8-year-olds, Resnick and Omanson (1987)
found that even explicit cues to map did not have the positive effect on
the children's performance that was anticipated. Resnick (1991) argued
that such patterns in the research may not be true indicators of young
children's mathematical reasoning ability. Rather, these rather discouraging
findings might arise because young children are not encouraged to bring
their intuitive or out-of-school knowledge into the classroom as part of
formal mathematics learning. Thus, the associations or relations that young
children might naturally form are held in abeyance due to perceived con-
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straints between real-world mathematical reasoning and school mathematics. In addition, young children who repeatedly receive mathematics instruction with concrete objects, such as Dienes blocks, may experience
difficulty disassociating their understanding from the concrete markers
due to an overlearning phenomenon. Two of the principles that Resnick
offered as a means of overcoming these obstacles to young children's
mathematical learning were to build children's confidence in their mathematics knowledge and to invite children to talk about mathematics. These
are themes we visit later in this chapter.
Another explanation for young children's apparently limited evidence
of mathematical reasoning has been forwarded by Gelman and associates
(Gelman, 1991; Gelman & Gallistel, 1986; Gelman & Meck, 1992). According to Gelman (1991), the mental representations and the resulting class
of relevant features are dependent not only on young children's ability to
define the individual features of the terms (i.e., perception), but also on
their ability to recognize how the individual pieces relate to the overall
whole (i.e., patterning). As with the component of applying, it would seem
that mathematical reasoning demands the ability to weave individual terms
or objects or symbols into a related whole. In our own research with young
children (e.g., Alexander, Willson, White, & Fuqua et aI., 1989; White &
Alexander, 1986), we observed that this ability to pattern frequently distinguished between those who solved geometric analogy problems and
those who did not.
What we have attempted to substantiate in this segment is that there is
reason to hold that the component processes underlying analogical reasoning are likewise basic to early mathematics reasoning and learning. To
be more precise, the fundamental processes of perceiving, associating, and
patterning that have been linked to early mathematics reasoning correspond to the performance components of encoding, inferring, mapping,
and applying as identified by Sternberg's (1977) componential theory of
analogical reasoning.
The Role of Children's Verbalizations in Learning
and Development
The relationship between language and thought has been at the root of
philosophical and psychological discourse and debate for literally centuries.
Volumes have been devoted to this very topic (e.g., Fodor, 1975; MacNamara, 1977; Piaget, 1923/1962). With the translation and publication
of the writings of Lev Vygotsky (1934/1986), a new dimension was added
to the already energized debate. A contemporary of Piaget, Vygotsky's
works were politically unpopular within his native Russia and were not
read or discussed widely in the West until quite recently (see Kozulin,
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1990, for an extended discussion of this issue). One of the contributions
of Vygotsky was his perception of the positive relationship between the
verbalizations of young children and their mental development. What Vygotsky's writings conveyed was that young children's seemingly nonsocial
and nonfunctional utterances are an essential intermediate stage in their
continued sociocognitive development. In essence, Vygotsky helped current researchers and practitioners see the possibilities evident in young
children's verbalizations, rather than to the constraints or limitations that
others had described. In the discussion that follows, we focus on Vygotsky's
notion of private speech and the role this pattern of verbalization can
serve in unearthing the thoughts and understandings of the young mind.
We then conclude with an examination of research on children's thinking
and reasoning, as conveyed in their social speech.
Private Speech
Those who have spent extended time in the company of young children
have probably been witness to the phenomenon that Vygotsky (1934/1986)
described in his classic volume Thought and Language and that Flavell (1966)
aptly labeled "private speech." What marks this verbalization as unique is
that its audible character belies its highly personal, self-scaffolding intention. When older children or adults utter words or phrases, they most
often do so for the purpose of communicating some need or thought to
others. Overt speech for older individuals, in essence, serves a social function (except in those moments when one discovers that his or her assumed
private thoughts have somehow escaped to the surface in the form of an
utterance). With young children, however, social intention is not always
associated with external speech. Indeed, there are times when young children engage in talk that is self-directed and which is not actually meant
for the ears of anyone other than themselves. It is the evaluation of the
purpose and value of this special form of speech act that distinguishes the
theories of Vygotsky and Piaget.
Specifically, it was Vygotsky's argument that Piaget (1923/1962) was
incorrect in his assumption that the externally manifested, but internally
directed, speech of children between the ages of 4 and 7 was evidence of
limited cognitive development. In general, Piaget judged this egocentric
speech, as he termed it, as nonfunctional and presocial (Hewes & Evans,
1978). What characterized this inner-directed and repetitive monologue,
therefore, was its noncommunicative intention (Ziven, 1972). Ultimately,
as children attained higher states of cognitive development, where they
were capable of taking another's perspective, this egocentric speech faded,
being replaced by more social, functional communication.
Even though Vygotsky acknowledged the presence of spontaneous, audible speech by young children, he deviated from Piaget both in terms of
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the roots of those verbalizations and their value. Whereas Piaget held that
a growing social awareness in young children was the catalyst for the decrease in egocentric speech, Vygotsky (1934/1986) felt that private speech
arose precisely as a result of children's social awareness. Through private
speech, Vygotsky theorized, young children seek to reproduce the kind of
social interchange that had fostered their development to that point. Private speech, in other words, is the children's attempt to serve as their own
audience or social context, and is, therefore, quite social, purposeful, and
functional. Further, Vygotsky argued that private speech and this need for
social self-scaffolding become even more important for young children as
the task before them increases in complexity or novelty. This contention
has been upheld by recent research (e.g., Behrend, Rosengren, & Perlmutter, 1989; Manning, 1991). In essence, as the novelty or complexity of
the task increased, in the aforementioned studies, the self-regulatory or
self-scaffolding afforded by the private speech became more important for
young children; thus accounting for its increased presence. It is via private
speech that young children have a mechanism for reflection, contemplation, and self-regulation of a nonroutine task (Frauenglass & Diaz, 1985;
Luria, 1961; White & Manning, 1994).
Until recently, research dealing with private speech has been limited.
Since 1979, however, the number of investigations targeting or involving
this verbalizational pattern have increased dramatically (Berk, 1992). As
suggested earlier, many of Vygotsky's hypotheses regarding private speech
have been upheld in this literature. For instance, in a series of studies by
Kohlberg, Yaeger, and Hjertholm (1968), it was determined that the occurrence of private speech was indeed linked to early social experience
and that the frequency of such speech was influenced by task complexity.
Studies have also shown a positive association between intelligence and
gender with regard to private speech (e.g., Berk & Garvin, 1984; Frauenglass & Diaz, 1985; Kleinman, 1974). In sum, the higher the reported
intelligence of the children, the more frequent and more mature their
private speech. Further, girls show more task-related types of private speech
than boys of the same age (Berk & Garvin, 1984), perhaps a reflection of
more rapid linguistic development.
Among the recent research targeting private speech, Daugherty (1993;
Daugherty, White, & Manning, 1994) compared young children's developmental patterns on creativity measures with their levels of self-scaffolding
speech. Her results revealed the kind of cognitive and linguistic relationship that would be predicted from Vygotsky's theory of language and
thought. Basically, as scores on Thinking Creatively in Action and Movement
(TCAM; Torrance, 1981) rose so did the evidence of problem solving, as
well as coping or reinforcing forms of private speech. In another interesting
study, White and Manning (1994) examined the effects of providing young
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children with instruction in verbal self-scaffolding. Their findings demonstrated that those given such instruction produced more task-relevant private speech and showed evidence of transfer in their classroom behaviors
and on their scores on a locus of control measure.
As a result of several of these investigations (Daugherty et al., 1994;
Manning, White, & Daugherty, 1991; White & Manning, 1994), a categorization scheme for analyzing young children's private speech was developed and refined. This scheme consisted of four levels of private speech:
Task irrelevant (Off-task); Task relevant (Non-facilitative); Task relevant
(Facilitative/Cognitive focus); and, Task relevant (Facilitative/Metacognitive or Affective focus). Researchers of private speech have found this
categorization scheme useful in assessing the reasoning of young children
and in comparing their performance on a range of analogical and creativity
tasks (e.g., White & Manning, 1994).
From this growing body of research dealing with private speech, it appears that young children's utterances during task performance can serve
as a valuable source of information regarding their analogical and mathematical reasoning. By eavesdropping as children work on an analogy or
mathematics task that is relatively complex or novel, we may achieve a
greater understanding of the thinking and the processing that are otherwise hidden from our view.

Social Speech and Young Children's Reasoning Perfonnance
Just as young children's private speech serves as a clue to their internal
processing, so, too, do the patterns emergent in their social speech. Our
own research, using geometric analogy problems of the form A:B::C:?, has
given evidence of the utility of engaging young children in talk during
task performance. This evidence has then been utilized to augment judgments about young children's cognitive capability (e.g., Alexander, Willson
et al., 1987; White & Alexander, 1986; White & Caropreso, 1989). Of
course, the literature related to children's social speech is extensive. Therefore, for the purposes of this chapter, we narrow our discussion of young
children's social speech to the verbalization patterns that emerged during
the assessment of analogical reasoning and the relationship of those patterns to overall cognitive performance.
As we noted earlier, we have found it effective to cast our geometric
analogy task within the context of a game (i.e., TARC; Alexander, Willson
et al., 1987). Our years of working with young children convinced us that
game playing is an enjoyable and familiar activity for children as young as
3 and 4. We also observed that within this game-playing environment,
children appear less constrained in their verbal interactions when adults
are their "opponents" in the game. Thus, within this framework, there
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were opportunities to record children's social speech under both solicited
and unsolicited conditions. In actuality, the role of the adult confederate
in the TARC is to organize each problem on a gameboard, to probe the
child's selections, and to pose alternatives or countersuggestions. The instances of solicited social speech were based on questions put directly to
the child after each problem in the TARC was initially completed. Questions included such probes as: "Why did you choose that one?"; "Why
wouldn't this one work?"; or "What makes that one the 'best'?"
Specifically, because we based our research on the component processes
of analogical reasoning (Sternberg, 1977), we were interested in how children's communications were indicative of the processes of encoding, inferring, mapping, or applying (Alexander, Willson et aI., 1987; Alexander,
Willson et aI., 1989). Toward this end, children's solicited and unsolicited
statements were recorded as they played the analogy game. These verbalizations were then sorted into three broad categories that pertained to
those processes: lower-order relations, higher-order relations, and other.
Lower-order relations, in general, corresponded to the component process
of encoding in that the children focused solely on the attributes of the
third or "c" term in the geometric analogy problem. Higher-order relations, by comparison, involved those responses in which the children referenced at least one term of the A:B pairing and one term in the C:?
pairing. Depending on the particular combination of terms, the children
may have provided evidence of inferring (e.g., describing the relationship
between A and B terms), mapping (e.g., talking about how A and Care
alike or different), or applying (e.g., explaining how A, B, C, and? form
a pattern). When the children offered no relevant justification at all for
their choices (e.g., "Red is my favorite color.") or gave responses that were
completely tangential (e.g., "Because!"), then verbalizations were coded in
the "Other" category.
As had been expected, children's verbalization patterns were strongly
related to their performance on the TARe. For example, Alexander, Willson et ai. (1987) reported that those classified as analogical reasoners
based on their overall performance on the TARC showed greater attention
to higher-order relations during solution than did nonanalogical reasoners
(72.5% vs. 11.9%, respectively). Lower-order relations, by comparison, accounted for 74.4% of all categorized verbalizations for the nonanalogical
reasoners. Similar relationships between social speech patterns and young
children's analogy performance have been documented elsewhere in the
literature (e.g., White & Alexander, 1986). Based on such findings, it would
seem important to document not only private speech events during young
children's performance of analogical and mathematical tasks, but also occurrences of solicited and unsolicited social speech.
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SECTION II: A STUDY OF ANALOGICAL REASONING
AND MATHEMATICAL LEARNING
Based on the aforementioned literature, we designed a study intended to
explore the linkages between young children's analogical reasoning and
their mathematical learning suggested by this body of work. In this section,
we overview that study, highlighting the role of private and social speech
in framing our conclusions. Specifically, there were three general questions
that guided the design and execution of this research:
1. What is the relationship between the young children's ability to rea-

son analogically and their general mathematical ability?
2. What specific early mathematics processes are predicted by children's
ability to solve geometric analogy problems?
3. What cognitive and linguistic relationships are evidenced in the
young children's private and social speech as they attempt to solve
analogy and mathematics problems?
Methodology
Participants
There were 26 4- and 5-year-olds selected from a pool of 61 preschool
and kindergarten children enrolled in a laboratory school in a college in
the southeastern United States. Thirteen children were in the preschool
program and 13 were kindergarteners. The age range of the participants
was 4.1 to 5.9 years (M = 5.2). The group consisted of 13 males and 13
females from middle-to-upper socioeconomic homes. Among these children, there were 6 Mrican-Americans and 20 Caucasians.
Materials
Test ofAnalogical Reasoning in Children (TARC). Our measure of analogical reasoning was the TARC (Alexander, Willson et aI., 1987), which we
previously described. Although several forms of the TARC exist (e.g., large
and small sized paper-and-pencil version), the manipulative game-playing
version was used in this study. This version takes approximately 25 minutes
to complete. The problem stems for this 16-item version are constructed of
attribute blocks varying on the dimensions of color (i.e., red, blue, and
yellow), shape (i.e., circle, rectangle, square, and triangle), and size (i.e.,
small and large), representing the A:B::C terms in classical analogy problems. See Fig. 4.1 for a sample item from the TARC. In the TARC, four
solution options are positioned vertically to the right of a wooden game board
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FIG. 4.1. Sample item from the TARe.

upon which the problem stem is placed. To play the "game," the children
select the piece that they feel goes with the C term in the same way that A
and B go together. The children then place the chosen block in the
apropriate space on the game board. Scores on the T ARC are simply derived
by adding the number of problems the children correctly solve. The first two
items on the TARC serve as practice items and do not extend onto the child's
overall score; an analogical reasoner is consequently someone who scores
markedly above chance level (i.e., above 10) on the 14 scored items.

Georgia Kindergarten Assessment Program (GKAP). As our gauge of logical-mathematic assessment, we chose the Georgia Kindergarten Assessment
Program or GKAP. The GKAP is based on the Georgia Quality Core Curriculum and measures children's capabilities in five areas: communicative,
logical-mathematic, physical, personal, and social. The bases for this assessment are individually administered activities and recorded behavioral
observations.
The logical-mathematic component of the GKAP consisted of four activities (listed with their related point values): sorting sets of objects (4
points); making comparisons (8 points); numerical recognition and counting (8 points); and, extending patterns (4 points). The sorting component
required children to group sets of objects by various characteristics or
attributes. For the purposes of this study, the activities in the "making
comparisons" segment of the GKAP were divided into two categories. One
of these categories consisted of understanding the mathematical concepts
fewer, less, more, most, and least (5 points). The second category targeted
understanding of the concepts smaller, larger, and same (3 points). Numerical recognition and counting tasks assessed children's capability of
recognizing and counting numbers 1 through 10. The extending patterns
component required children to recognize and carry forward simple patterns. The various activities comprising the GKAP, which parallel those
commonly administered in classrooms, were presented in an instructional
context and scored in accordance with the GKAP manual.
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Procedure
Children were individually assessed in two separate sessions lasting approximately 20-30 minutes. Each child was taken from the classroom into
an adjacent room where they completed the TARC or the logical-mathematic activities. As one researcher worked with the children on the assessment tasks, another sat nearby and recorded any nonverbal actions as well
as their private and social speech.
Coding of Utterances. A determination of whether utterances were private or social was made by the researchers on the basis of the seemingly
self-directed (private) or other-directed (social) intentions of those utterances. There was a high level of agreement on these determinations, with
interrater reliability exceeding 90%. Private speech utterances were coded
by using a modified version of a classification scheme developed by Manning (Manning, White, & Daugherty, 1994). The classification scheme was
derived from Berk (1986) and Meichenbaum's (1977) functions and content of self-instruction. The classification scheme included three broad
categories (i.e., task irrelevant, task relevant, and metacognitive task relevant). Task irrelevant private speech consisted of utterances that young
children used during task engagement that were not related to the task
at hand. Examples of task irrelevant talk were affective expression, commenting to imaginary or nonpresent others, and self-questioning that was
unrelated to the task at hand. When the children engaged in task irrelevant
private speech, the following nonverbal behaviors were noted. Children
physically moved away from the task or eyes were averted from the task.
In no situation was a task irrelevant utterance accompanied by efficient
task force, persistence or completion of the analogy or mathematics task
at hand.
Task relevant private speech consisted of characteristics that were facilitative toward persistence or completion of the task at hand, cognitively
focused, and aimed at planning and organizing tasks. The utterances included those that focus attention: describe task content, or process; question task content, structure, or process; and, direct task performance. Metacognitive task relevant private speech encompassed utterances that
included verbal mediation strategies to self-correct, cope, reinforce, or
come to an awareness of task resolution. These utterances were more
mediational and motivational in nature. Children using metacognitive private speech were monitoring sufficiently to be aware of errors and to be
able to self-instruct themselves to correct such errors. Those manifesting
metacognitive private speech coped with task difficulty, reinforced task
accomplishment and were aware of correct answers and solutions when
they had discovered them for themselves.
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Results
The Relationship Between Analogical Reasoning
and Mathematics Learning
As the means of exploring the possible relationship between analogical
reasoning and mathematics learning, we relied on correlational analyses.
The variables we entered in this analysis were the children's scores on the
TARe, their age, their total score for the logical-mathematics section of the
CKAP, as well as their scores for the five components of the CKAP. The
means and standard deviations for these measures are shown in Table 4.1.
In this population of children, the mean score on the analogical reasoning
task was lower than mean scores obtained in previous investigations. Although there are no definitive rationales for these lower TARe scores, we
can offer several plausible explanations. For instance, the children's previous
experiences both in and outside of the preschool classroom may have
influenced their performance. Several of these children were from rural
homes and may not have had the kind of opportunities or reasoning
experiences that facilitated the conceptual knowledge necessary to solve
geometric analogy problems. Some of the young children in this sample
appeared to be lacking the conceptual knowledge required to recognize the
patterns and relationships embedded in the analogy problems. There is
always the possibility that the question and routine, which is part of the
TARe, may have been dissimilar to the types of interaction routines in which
these particular children engaged within their preschool classrooms. In
addition, the testing context itself may have influenced performance since
the children were tested just outside their actual classroom by administrators
less familiar to them than their teachers. Of course, without any more
concrete data, all these possibilities remain highly speculative.
TABLE 4.1
Means and Standard Deviations on the Analogical Reasoning Measure (TARC) and the
Logical Mathematics Components

Total Points

Mean

Standard Deviation

14

4.19

4.45

4
8
8
4
24

2.12
4.00
5.65
1.96
15.92

.95
.89
2.15
1.21
4.35

Measure
Analogical Reasoning
Logical-Mathematical Scale
Sorting Objects
Making Comparisons
Number Recognition/Counting
Extending Patterns
Total
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Pearson-product correlational analysis revealed that analogical reasoning (i.e., total score on TARC) was significantly related to mathematics
reasoning (i.e., total score on the GKAP; r = .42, P < .05). Analogical
reasoning performance was also significantly associated with the children's
ability to extend patterns (r = .56, P < .01). None of the other components
of the GKAP were significantly related to analogical reasoning. Age was
also found to relate significantly to the childrens' mathematical reasoning,
as measured by the total score for the five logical-mathematic tasks (r =
.53, P < .01). Age, however, was not significantly related to the children's
analogical reasoning ability, as measured by their overall performance on
the TARC.
Our second question in this investigation focused on the question of
the contributions of early mathematics processing to these young children's
geometric analogy reasoning. For this question, we turned to regression
analysis. The four individual mathematics subtest scores were entered as
the independent variables in this analysis, with analogical reasoning serving
as the dependent variable. The results of this analysis showed that the
children's ability to extend patterns was a significant predictor of their
performance on the measure of analogical reasoning, p = 2.06, P < .05. In
essence, children's patterning ability, as assessed by the GKAP, was predictive of their analogical reasoning ability, as measured by the TARC.

The Role of Nonverbal, and Private and Social Speech
in Young Children's Reasoning
In addition to the empirical examination of the participants' reasoning
abilities, we explored the children's coded nonverbal and verbal behaviors
during the performance of the analogy and mathematics tasks. Specifically,
we examined the nonverbal behaviors and the private and social speech
manifested by each young child as he or she completed these tasks. For
the purpose of this chapter, we target only the nonverbal and verbal patterns of the three most proficient reasoners (i.e., those who scored 9 or
above on the TARC and 21 or above on the GKAP) and the three least
proficient reasoners (i.e., those who scored 2 or below on the TARC and
10 or below on the GKAP).

Nonverbal Behaviors. For all three of these highly proficient children,
we observed such nonverbal behaviors as examining game pieces or the
attribute blocks for extended periods of time throughout the testing session. This physical and perceptual manipulation of the game pieces seemed
to contribute to their encoding of these objects. In addition, the proficient
reasoners sometimes picked up different options and placed them beside
the A, B, or C terms before placing their option choice in the empty D
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term box. These children also placed several option choices in the empty
box while examining the A, B, and C terms before making their final
selection. On the TARC, after hearing the directions repeated three or
four times, these proficient reasoners often examined the game pieces, as
soon as they were placed on the gameboard, and quickly made their selection before any directions were uttered again. The children also spontaneously engaged in a variety of general physical/spatial problem-solving
strategies. For example, on the counting task one of the proficient reasoners lined up the animals before he began counting. Typical nonverbal
behaviors for the three least proficient children included playing with
items not related to the tasks, playing with the game pieces involved in
the task, and looking away from the task at pictures and objects in the
immediate environment. Consequently, while these least proficient reasoners also manipulated the game pieces, the manipulation took place in a
framework disassociated from the task before them.

Private Speech. The private speech of the most and least proficient
reasoners was relatively similar in quantity. That is, both groups engaged
in approximately the same amount of spontaneous private speech during
the administration of both the TARC and GKAP tasks. In contrast, however,
we recorded noticeable differences between the most proficient and least
proficient reasoners, in terms of the quality of that private speech. For
example, the most proficient problem solvers used private speech that
reflected their attention to the task. Among the typical spontaneous utterances of these children were the following:
"I know which one will go there."
"This [one] is tricky again, I know how to play a lot of games that are
easier."
"This is tricky. There's red in 2 but there is no red in 3."
"I kinda got mixed up when I get turned around."
"There's no red in that one (the B term) and there's red in that one
(the C term)."
As these few instances suggest, the private speech utterances of the proficient problem solvers referenced the nature or attributes of the reasoning
tasks and reflected their ability to verbalize conceptual relationships. In
addition, there was evidence of self-monitoring in the children's private
speech.
The private speech of the less proficient reasoners indicated that they
did not attend well to the dimensions of the tasks. Neither did these
children's private speech appear to facilitate their problem solving. Gen-
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erally, as with their nonverbal behaviors, these children's private speech
was unrelated to the cognitive tasks. Examples of the type of off-task private
speech we witnessed included the following:
''I'm hungry."
"A baby is crying."
"My daddy knows a lot."
Instances of the task-related, albeit, nonfacilitative utterances we heard
from these least proficient reasoners included such statements as:
"This is hard."
"I don't like this game."

As these examples illustrate, the majority of the private speech utterances
we recorded for the less proficient reasoners among the children did not
make reference to either the mathematics concepts nor to any of the loweror higher-order relations on the analogical reasoning task.
Interestingly, the young children in our study did not produce a high
volume of private speech during performance of either reasoning task,
despite the apparent demanding nature of those tasks. Perhaps the limited
nature of the private speech is associated with the presence of an adult,
a plausible explanation forwarded in previous cognitive research (Berk,
1985). In essence, the adult presence was possibly a mediating factor that
may have influenced the conversion of private speech to either social
speech or introspection. As a result of this finding, our next step in the
study of verbal patterns between the more or less proficient reasoners in
this study is to observe their private speech in an alternative context.
Specifically, we plan to situate these young children in small peer groups
during task performance, with a researcher sitting behind. The children
will then be asked to work an activity, such as a tangram task. They will
be told that the researcher sitting to the rear of the area will be doing a
task of her or his own. Mter utterances have been recorded, they will be
compared to those private and social speech patterns we observed during
the administration of the analogy and mathematics tasks. The results should
bring clarity to the influence of differing contexts on young children's
private speech.

Social Speech. During the administration of both the TARe and the
logical-mathematics tasks, we recorded instances of the children's responses
to our questions or comments or to remarks they purposely directed to
the researcher during task performance-what we refer to as social speech.
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The social speech of the most proficient reasoners suggested that they
grasped the demands of the task with little adult prompting. For example,
statements such as "I can do this with my eyes closed." "This is boring."
and, "This is tricky." were made by the three proficient reasoners. In addition, two of these children spontaneously verbalized connections between
the TARC and patterning by stating that "the tricky ones are kind of like
patterns," and "... a pattern like in our room."
As in our previous studies, the social speech of the proficient analogical
reasoners showed that they were attending to higher-order relations during
administration of the TARe. Higher-order relations, as described earlier,
refer to those responses in which participants indicate at least one term
of the A:B pairing and at least one term of the C:? pairing. The three
most proficient problem solvers referenced all of the given terms of the
analogy problems in their interactions with the adult who was administrating the TARC. In addition, these children demonstrated their mastery of
certain mathematics concepts on the GKAP. For example, on the sorting
shapes task, one of the proficient problem solvers stated "all the circles
are different colors and they are round."
In contrast to their more proficient peers, the children who encountered
difficulties on both the TARC and the GKAP engaged in talk that targeted
only lower-order relations during analogical reasoning and nonrelevant or
off-task speech during both the analogy and mathematics tasks. On the
analogy task, for example, the least proficient problem solvers made reference to only the C term in the task in their option selection. As in
previous investigations (Alexander, Willson et ai., 1987; White & Alexander,
1986), these less proficient reasoners centered their thinking on the third
term of the classical analogy problem during decision making (Piaget,
1962). Further, these less proficient reasoners focused on color as the most
salient perceptual dimension of the attribute blocks used in the TARC,
followed by shape and then size. Only the more proficient reasoners, as
in the previous research, seemed capable of attending to multiple attributes
during problem solving. (See English & Halford, 1995, for a discussion of
a theoretical model underlying proficient reasoning performance.)
The least proficient reasoners' social speech also reflected a limited
attention to the tasks, as well as an apparent lack of conceptual knowledge,
and a lack of facilitative communication. This verbalization pattern is similar to that described for private speech, although the presence of the adult
would seem to offer an opportunity for clarification or scaffolding during
task performance. Typical of the verbalizations offered by these least proficient reasoners were those such as the following:
"I don't want to do this anymore."
"Are we done yet?"
"I don't like this game."
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During the mathematics task performance, one of the least proficient
reasoners invented stories about dinosaurs using the game pieces as props.
These less proficient problem solvers also appeared to be confident in
their solutions. Similar to results in prior studies (e.g., Alexander, Willson
et ai., 1987), these children evidenced naive or incomplete problem solving
strategies-strategies expressed with confidence (e.g., "Because I like it!"
or "Because it's the best one.")

CONCLUSIONS AND IMPliCATIONS
What has this exploration of the literature and this overview of an investigation of analogical reasoning and mathematical learning revealed to us
and what is to be gained from this understanding? In our judgment, there
are several valuable conclusions we can draw from the work presented in
this chapter. Moreover, it is our belief that these conclusions have important implications for research and practice. As to the conclusions, let us
first say that it is evident to us and to others (e.g., Gelman, 1979; Goswami,
1992b; Holyoak & Koh, 1987; Resnick & Omanson, 1987) that the cognitive
abilities or capabilities of young children, both in terms of their analogical
reasoning and their mathematical learning, have often been underestimated and undervalued in the educational setting.
The perceptions of some researchers and practitioners with regard to
analogical reasoning is a case in point. Although certain researchers
strongly contend that children below the age of 12 cannot reason analogically (Piaget, 1952; Sternberg & Rifkin, 1979) we find ample evidence to
the contrary. The results of the current investigation serve as such evidence.
Specifically, in the present study and in any number of prior studies (e.g.,
Alexander, Willson, White, & Fuqua, 1987; Crisafi & Brown, 1986; Goswami,
& Brown, 1989), those well below the age of 12 and, indeed, as young as
3 and 4 manifest analogic processes as they solve classical analogy problems,
or story analogs, or as they discern or extend patterns among objects. Yet,
the perception or misperception about young children's mental abilities
persist. Perhaps it is educators' tendency to focus on the "typical" or "normal," rather than the "possible," that blinds them to this counterevidence.
Perhaps it the very way individuals seek information that restricts their
ability to uncover what others find blatant. Nonetheless, while the problem
seems apparent, its cause remains elusive.
Second, it remains our position that a meaningful and significant relationship exists between the fundamental dimensions of analogical reasoning
and those of mathematical reasoning. At the very least, these complex,
multidimensional constructs appear to share a base of component processes,
whether we label such processes perception or encoding, or mapping or
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patterning. Upon further examination, researchers may be better able to
understand the causal nature of the relationship between analogical reasoning and early mathematics learning, or bring greater clarity to the underlying
cognitive and affective dimensions that give rise to either of these constructs.
Finally, we conclude that the abilities of young children and the linkages
between analogical reasoning and mathematical reasoning are apparent
not only in the quantitative outcomes of cognitive measures or tasks, but
also in the very words these children utter. At times in our study, children
spoke those words with an intention to communicate with another in their
social environment. At other times, the language we recorded were instances of private speech-externalized talk with a personal intention.
Whether the pattern was private or social speech, however, we found that
these children's words were critical markers to the thinking and reasoning
conveyed in their actions. More proficient analogical and mathematical
reasoners, for example, used language to promote their understanding of
the tasks at hand and to explore the attributes of the problem before
them. The language of less proficient reasoners, on the other hand, was
more often off-task or unrelated to the given problem. Certainly, the more
that researchers and practitioners come to recognize and utilize children's
private and social speech as gateways to their internal processes the more
they can foster and guide these children's development.
What are the implications of these findings for educational research
and instructional practice? First, we hold that educators must begin to
appreciate and celebrate the remarkable accomplishments of the young
mind, even as they acknowledge its limitations. Educators must begin to
ask what children can potentially do, when placed in an optimal and
supportive environment, rather than focus on what children typically cannot do, when left to their own devices. Second, we must help to enlighten
those who guide and facilitiate developing minds to see the possibilities
and potential in those young children they apprentice. Such enlightenment
must occur if we are to ensure that teachers or parents or other significant
adults possess the skills to nurture and to guide these young children.
As this suggests, there are clear implications for training preservice and
inservice teachers. Specifically, we need to facilitate teachers' recognition
of what skills and competencies children bring to reasoning tasks. What
does analogical or mathematical reasoning look like in young children,
particularly when it precedes formal instruction or occurs in everyday,
unschooled situations or contexts? Although some researchers have set us
on this pathway (e.g., Lave et aI., 1988; Resnick, 1991; Rogoff, 1990), so
much more needs to be examined and communicated. Likewise, training
programs must give attention to the critical information in the language
of young children, both when they engage in spontaneous, private speech
or when they seek to interact with others in their social context. If educators
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can only learn to listen, they may be privy to ideas and realizations that
had previously fallen on deaf ears.
As we have discussed, researchers and educators need to move away
from approaching young children's analogic and mathematic abilities from
a deficit model to a model that uses alternative assessment focused on
discovering competencies. This, of course, leads to a concomitant examination of instructional practice. The notion of "best" practices in early
childhood needs to be reconfigured or expanded to focus on thinking
and reasoning processes germane to mathematics. These processes can be
embedded in activities and materials that are interesting, meaningful, relevant and motivating to young children. Certainly, the challenge will be to
design activities and materials that actually use thinking and reasoning
processes that facilitate the establishment of a mathematical! conceptual
knowledge base and which do so in ways that children find meaningful
and motivating. Achieving the balance between cognitive and affective
stimulation while promoting the construction of a mathematical! conceptual knowledge base will not be easy. However, unless both dimensions
are attended to, the outcome would be, in our judgment, less than optimal.
Finally, to the community of researchers, we urge continued development of methodologies and measures that promote the depth of exploration we have suggested through this chapter. Just as with our partners in
the classrooms, we must find new and better ways to uncover and interpret
what young children know and can do analogically and mathematically.
We must move beyond restrictive debates on appropriate paradigms and
remove the mantle of disciplinary bias to achieve a common goal. Only a
vigorous, concerted, and interdisciplinary effort will thrust us to the next
stage of discovery as to the nature and development of analogical reasoning
and mathematics reasoning in young children. It is our unwavering contention, however, that such an effort will reap great benefits, not only for
researchers and practitioners, but, most importantly, for the young minds
that fascinate and excite us.
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In one form or another, reasoning by analogy, or analogical reasoning, has
been a topic of continuing interest to psychologists and educators throughout the 20th century. Historically, the theoretical contexts were quite diverse,
including functionalism (e.g., Thorndike, 1903; Thorndike & Woodworth,
1901), Piaget's structuralism (e.g., Inhelder & Piaget, 1958), several varieties
of behaviorism (e.g., Cantor, 1965; Hull, 1939; McGeoch, 1942; Postman &
Schwartz, 1964), and Gestalt psychology (Duncker, 1945; Duncker & Krechevsky, 1939; Luchins, 1942; Sobel, 1939), among others Uudd, 1908;
Spearman, 1923). In the context of modern cognitive psychology, much of
the recent work, including the research described in this chapter, has
involved problem solving (Brown, 1989; Burstein, 1986; Daehler & Chen,
1993; Gentner, 1989; Gholson, Dattel, Morgan, & Eymard, 1989; Gick &
Holyoak, 1980, 1983; Holyoak & Thagard, 1989; Novick, 1988; Pierce &
Gholson, 1994; Reed, 1987; Reed, Dempster, & Ettinger, 1985; Ross, 1987,
1989), with an emphasis on competing accounts of how existing knowledge
is organized, represented, and transferred (Brown, Kane, & Echols, 1986;
Falkenhainer, Forbus, & Gentner, 1990; Gentner, 1983, 1988; Gentner &
Toupin, 1986; Goswami, 1992; Halford, 1993; Hammond, 1989; Pierce,
Duncan, Gholson, Ray, & Kamhi, 1993; Schank & Abelson, 1977; Sweller,
1988,1989).
Children in analogical reasoning studies involving problem solving are
usually required to meet some criterion on a training problem prior to
transfer. The representation that results from the acquisition process is
149
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called the base. Following acquisition, they receive a transfer problem, called
the target. If the target is similar to the problem presented in acquisition,
children usually perform reasonably well in transfer relative to appropriate
controls (Alexander, Willson, White, & Fuqua, 1987; Brown, 1989; Brown et
aI., 1986; Gholson, Eymard, Long, Morgan, & Leeming, 1988; Vosniadou,
1989). It is generally agreed that during acquisition children learn something which they apply to the target problem that helps them solve it. There
is little agreement, though, concerning exactly what is learned, the nature
of the base representation, or how the base representation helps in finding
the solution to the target problem (e.g., Falkenhainer, Forbus, & Gentner,
1986, 1990; Gentner, 1983; Gentner & Toupin, 1986; Gholson, Morgan,
Dattel, & Pierce, 1990; Gick & Holyoak, 1980, 1983; Goswami, 1991, 1992;
Greeno, 1974; Halford, 1993; Holyoak & Thagard, 1989; Mackie, 1974;
Nelson, 1986; Reed, Ernst, & BaneIji, 1974; Winston, 1980). We address these
issues in later sections by examining rule based (e.g., Gentner, 1983, 1988,
1989; Halford, 1993; Reed, 1987) and case based reasoning theories (e.g.,
Abelson, 1981; Nelson, 1986; Schank, 1989; Schank & Abelson, 1977).
We begin with a brief sketch, outlining views on analogical reasoning
that were held by three prominent psychologists in the early 1900s. Then
we describe the component processes that are generally assumed to be
required for successful analogical problem solving when the base and target
problems share constraints and problem spaces, along with additional processing requirements when the base provides only a partial model of the
target. Next, we outline theories of analogical problem solving, highlighting
assumptions to be addressed in later sections. Finally, we describe three
recent studies and explore their theoretical implications.

(ALMOST) A HUNDRED YEARS AGO TODAY
Until the 1960s, conditioning theory, in the guise of functionalism and
then behaviorism was, of course, the dominant theoretical perspective in
psychology. Thus in retrospect, it is not surprising that an account developed by Thorndike (1903, 1913, 1914; Thorndike & Woodworth, 1901)
and his colleagues at the turn of the century occupied center stage during
most of that period. Thorndike's theory holds that transfer is very specific,
and can be expected to occur only to the extent two tasks share identical
elements. In a discussion of the transfer of magnitude estimation from rectangles to other geometric forms, for example, Thorndike and Woodworth
(1901) argued that the "influence is here by means of an idea that may
form an identical element in both functions" (p. 256). The word "function"
here refers to a mental activity (estimating magnitudes), and "identical
elements" refer to perceptual cues, such as a specific color, shape, or size.
In the words of Thorndike and Woodworth (1901) identical elements are
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" ... sense impressions of particular sorts in a particular environment" (p.
255). Thus transfer was to be expected only when the original problem
and the transfer task shared identical surface cues that were perceptually
salient (Brown, 1989; Gray & Orasanu, 1987).
Judd, one ofWundt's American students, presented what we might now
call the cognitive position in an article concerned with the role of the
teacher in the classroom. He argued that transfer can be expected to the
extent the learner understands the "substantial structure" (Judd, 1908, p.
41), or organizing principles of one task-through either guided instruction or discovery-and is able to apply those principles to a second task.
Mter discussing several examples of how general principles are transferred,
Judd dismissed Thorndike's theory with a flip comment: "... there can
be no single factor in all of the scientific man's methods of thought, unless
indeed the man himself be the identical element" (Judd, 1908, p. 34).
Judd's arguments, however, persuaded few, and variants of Thorndike's
theory, mostly in the context of behaviorism, yielded 60 years of research
on such topics as stimulus generalization (Hull, 1939), acquired equivalence of cues (Cantor, 1965; Spiker, 1956), and paired associates (Postman
& Schwartz, 1964; Underwood, 1949).
For an amusingly optimistic conclusion to this sketch, consider the uses
to which analogy could be put according to another of Wundt's students,
Titchener (1896, 1899, 1912, 1916), who was a leading advocate ofintrospectionist psychology in the United States at the tum ofthe century. Titchener
argued that the proper use of analogy in psychology was not to scientifically
understand its role in, for example, pedagogy or problem solving, but as a
tool of introspection. With the advent of the study of animal behavior and
clinical populations, the introspectionists, having access to only their own
mental contents, seemed, for a time at a loss, but Titchener had a ready
solution. Accordingly, the psychologist was to "... put himself in the place
of the animal, to find the conditions under which his own movements would
be of the same general kind; and then, from the character of his human
consciousness, he attempts-always bearing in mind the limit of development of the animal's nervous system-to reconstruct the animal consciousness" (Titchener, 1916, p. 31). Similarly, after allowing that the "... study of
the insane mind ... is in a backward condition" (p. 35), Titchener concluded
that it too would yield its secrets to experimental psychologists if only they
would make proper use of the methods of introspection.

PROBLEM SOLVING BY ANALOGY
Before considering more recent approaches in the next section, it is useful
to illustrate a typical analogical problem solving task. We then describe,
in as neutral a language as possible, the component processes that are
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generally assumed to be required for successful transfer between isomorphic problems, that is, between problems with identical goal structures,
constraints, and problem spaces l (e.g., Brown et aI., 1986; Gholson, Eymard, Morgan, & Kamhi, 1987; Gick & Holyoak, 1980; Reed et aI., 1974;
Simon & Hayes, 1976). Following that, we consider the added burden that
is placed on processing resources when the base and target are not isomorphic (nonisomorphic). For an example of a nonisomorphic relationship consider an original problem in which the solution required the child
to add water to a deep, but narrow, beaker in order to float a small
Styrofoam ball to the top. If this was followed by a target problem that
required the child to transfer colored balls through a tube from one
location to another, additional processing would be required: The original
representation (base) would need to be modified in order to bring it into
correspondence with the new problem (Brown, 1989; Carbonell, 1986;
Daehler & Chen, 1993; English, 1993; Gholson et al., 1988; Reed, 1987;
Winston, 1980, 1984).
The focus of our recent research has been on scheduling problems
(Gholson et aI., 1990; Jeffries, Polson, Razran, & Atwood, 1977; Kotovsky,
Hayes, & Simon, 1985; Reed et aI., 1974; Simon & Reed, 1976). These
involve a sequence of moves (or operations) the child is required to execute
in order to get from the given state (or start state) to the answer (or goal
state), like many problems in the domain of mathematics (English, this
volume; Goswami, 1991). Furthermore, like many nonroutine mathematical problems, a scheduling problem presents a somewhat impoverished
situation for children because they lack a ready-made, efficient solution
procedure. In studies involving scheduling problems, the child is usually
taught a specific sequence of moves, and then transfers them to a novel
problem that involves logically restructuring or modifYing the move sequence. The emphasis is on understanding how the child represents the
original problem, the variables that affect that representation, and the
processes involved in transferring that representation to a novel problem.
Our understanding of these factors is particularly important if we are to
help children develop competence in mathematical problem solving (National Council of Teachers of Mathematics, 1989).
In a typical study, for example, children are asked to solve a seven-move
version of a problem, called 'Jealous husbands" Oh), in which three women
and two men are required to cross a barrier using a vehicle that can carry
at most two individuals and must carry at least one on each crossing (e.g.,
Gholson et aI., 1989; Reed et aI., 1974). There are two husband-wife (HW)
lA problem space includes the start state of a problem, the goal state, and all of the
possible move sequences that lead from the start state to the goal state. An example of a
problem space is presented in Fig. 5.1 in the context of Study 1 after the next section.
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pairs. No W in either of these pairs may be in the presence of any man
unless her paired H is also present. There are no constraints on the location
of the third (unpaired) W in relation to any other individual. During
acquisition the children receive consecutive trials on the problem until a
learning criterion is met. On each trial they are first provided with setting
and constraint information. Next, they are read a story that includes a
specific sequence of seven operations (moves) that they are required to
execute in solving the problem. Finally, a collection of materials that represent the physical objects in the problem (Le., two Hs, three Ws, vehicle,
barrier, etc.) is placed in front of the children and they are asked to carry
out the activities that are required to solve the problem in the exact same
sequence of operations that was described in the story. A transfer problem
.is presented immediately after an acquisition criterion is attained.
In order for the child to exhibit successful analogical transfer between
isomorphic problems, it is generally assumed that the solution to the original
problem, the base, has to be learned and represented in terms of features
that may be retrieved later (Brown, 1989; Brown et aI., 1986; Gentner, 1983;
Gray & Orasanu, 1987; Holyoak, 1984; Judd, 1908; Pierce et aI., 1993;
Thorndike & Woodworth, 1901; Vosniadou, 1989). Second, the correspondence between the base and new problem, the target, must be noticed (e.g.,
Ross, 1984, 1987, 1989). Third, the features included in the base must be
retrieved (e.g., Gentner, 1983; Reed, 1987). Finally, these features must be
mapped to objects in the target, and any indicated activities carried out.
Although there are numerous studies in the literature that included
conditions in which isomorphic transfer was either poor or nonexistent
among both children and adults (e.g., Brown & Campione, 1984; Brown
et aI., 1986; Gholson et aI., 1987; Gick & Holyoak, 1980; Goswami, 1991;
Guberman & Greenfield, 1991; Kotovsky et aI., 1985; Novick, 1988; Reed,
1987; Reed et aI., 1974, 1985; Rogoff & Gardner, 1984; Ross, 1984; Simon
& Hayes, 1976; Sweller, 1988), there is also clear evidence that, when
age-appropriate problem materials are used, children, including preschoolers, exhibit isomorphic transfer under a wide variety of conditions
(Alexander, White, & Daugherty, this volume; Brown & Campione, 1984;
Brown et al., 1986; Chen & Daehler, 1989; Daehler & Chen, 1993; Gholson
et aI., 1989, 1990; Goswami, 1991, 1992, 1995; Holyoak, Junn, & Billman,
1984; Vosniadou, 1989). Most real-world situations involving analogical
reasoning, however, do not involve isomorphisms. Instead the base that is
retrieved provides only a partial model of the target problem (e.g., Gholson
et aI., 1989, 1990; Halford, 1993; Holyoak & Thagard, 1989; Pierce, Crain,
Gholson, Smither, & Rabinowitz, 1996).
The four component processes that suffice in isomorphic transfer, then,
do not provide a complete account of what is necessary for successful
nonisomorphic transfer. To illustrate, consider a condition in which chil-
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dren attempt to transfer a base representation from a Jh problem of the
kind described earlier in this section to a new problem, called "missionaries
and cannibals" (Me), which has different constraints and a different problem space. In the MC problem there are two C characters and three M
characters who must cross a barrier. It will be recalled that in the Jh
problem there are two sets of constraints: the first concerns the vehicle,
how many individuals it can and must carry each time it crosses the barrier;
the second concerns the locations of paired W characters. In the MC
problem the vehicle constraints are the same (there must be at least one
and no more than two characters in the vehicle on each crossing), but
the locations constraints are modified: C characters may not outnumber
M characters on either side of the barrier. Due to constraint differences,
then, the problem spaces of the Jh and MC problems are considerably
different, as are the number of ways available for reaching a solution. In
general, when there is a nonisomorphic relationship between the target
problem and the base that is retrieved, the initial mapping is, by definition,
incomplete. Thus, the base representation needs to be modified in order
to bring it into correspondence with the target: additional processing is
required in order to achieve one-to-one correspondence (e.g., Novick,
1988; Novick & Holyoak, 1991). Any procedures in the original base that
would lead to illegal problem states, or that would fail to produce progress
toward the goal, need to be modified (procedure modification) in order
to meet new demands presented by the target problem.
We now delineate three approaches children might exhibit when presented with a nonisomorphic analogical problem solving task. First, they
might, at the outset, represent both the base and the target problems
correctly, immediately notice whatever differences there are between them,
and then modifY appropriate procedures in the base, making whatever
changes are required to yield a one-to-one correspondence between the
(now modified) base and the target (see Carbonell, 1986, pp. 144-145;
Winston, 1980, 1984). If the modifications are carried out correctly, the
activities would be expected to result in perfect transfer, an error-free
solution in the transfer task. The required activities are assumed to be
resource demanding and would be expected to affect the amount of time
required before the child completed the first operation in a transfer problem, increasing monotonically with the number and/ or the complexity of
the procedures that required modification in order to bring the base into
correspondence with the target.
Alternatively, the child might immediately assume the target is isomorphic to the base, blithely applying the base to the target without any further
attempt at understanding. This approach would, of course, at some point
lead to error(s) during the process of solving the new problem. When an
error occurred the child might attempt to delineate the differences between
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the base and the target, make a new attempt at isomorphic transfer, or simply
muddle through, abandoning any attempt at analogical reasoning.
Other possibilities might also be expected to occur, at least in complex
tasks (e.g., Cooper & Sweller, 1987; Gholson et ai., 1989, 1990; Kotovsky
et ai., 1985). A child might, for example, immediately recognize that a
one-to-one mapping is not possible, but be unable to produce the modifications necessary to bring the base into correspondence with the target.
Any attempts at modifying the base would take place while the actual
problem-solving activities were being carried out. These on-line modifications would be expected to increase the time demands and/or the error
rates at points where procedure modification was required.
As indicated earlier in this section, a considerable amount of research
effort has been directed toward elucidating the processes involved in isomorphic transfer (e.g., Brown, 1989; Gholson et ai., 1990; Goswami, 1991;
Vosniadou, 1989). Nonisomorphic transfer, and the concomitant requirements associated with procedure modification, however, have received less
attention (cf. Chen & Daehler, 1989; Daehler & Chen, 1993; Gholson et
ai., 1988, 1990; Goswami, 1991; Novick, 1988; Novick & Hmelo, 1994;
Novick & Holyoak, 1991; Pierce et ai., 1993). Work on procedure modification has been reported in the artificial intelligence literature (e.g., Burstein, 1986; Carbonell, 1986; Falkenhainer et ai., 1986, 1990; Halford, 1993;
Hammond, 1989; Holland, Holyoak, Nisbett, & Thagard, 1986; Holyoak
& Thagard, 1989; Sweller, 1988; Winston, 1980, 1984), but the relevance
of that work to the performance of human subjects, and particularly to
children's performance, is unknown. These models generally assume, for
example, that all (or most) object-to-object or relation-to-relation mappings
between the base and target are known at the outset. A series of candidate
mappings are then proposed and the analogical interpretation that is finally
selected is the one that places the most objects and/or relations in oneto-one correspondence. One difficulty with this type of approach is that
complete representations of both the base and target must be available at
the outset, which seems unlikely, at least when children are presented with
relatively complex problems.

THEORIES OF ANALOGICAL PROBLEM SOLVING:
MENTAL MODELS

For the most part, theories addressing analogical reasoning processes have
been primarily concerned with how the mental model of the problem
environment (the base) is represented and the nature of the mapping
process (e.g., Brown, 1989; Daehler & Chen, 1993; Falkenhainer et ai., 1990;
Gentner, 1983; Halford, 1993; Holyoak & Thagard, 1989). We concentrate
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on those issues in this section and in the research described in the section
that follows. Two representative approaches are considered in some detail,
structure mapping theory (e.g., Gentner, 1983, 1989; Halford, 1992, 1993;
Palmer, 1989; Reed, 1987), and case based reasoning (Abelson, 1981;
Hammond, 1989; Nelson, 1986; Schank, 1982; Schank & Abelson, 1977).
There is some evidence that younger children may rely mostly on specific
cases during analogical problem solving, while older children's mappings
involve higher-order structural relations (e.g., Daehler & Chen, 1993;
Gentner, 1988, 1989; Gentner & Toupin, 1986; Pierce & Gholson, 1994).

Structure Mapping Theory
Gentner's version of structure mapping theory has received wide attention
in the analogical reasoning literature (e.g., Clement & Gentner, 1988;
Falkenhainer et aI., 1990; Forbus, Gentner, & Law, 1994; Gentner, 1977,
1983,1988; Gentner &Jeziorski, 1989; Gentner & Landers, 1985; Gentner
& Toupin, 1986; Goldstone, Medin, & Gentner, 1991; Medin, Goldstone,
& Gentner, 1990), so we focus on her analysis (cf. Goswami, 1992, 1995;
Halford, 1992, 1993; Reed, 1987). One of her central claims is that analogical transfer involves mapping a system of relations. The focus is on similarities in relational structures that are independent of the objects that are
embedded in those relations. Gentner (1983) proposed several principles
that determine the structural organization of the knowledge contained in
the mental model that constitutes the base. First, surface features of the
problem from which the base is derived, such as colors, shapes, or sizes
of objects, are discarded. Second, specifiable relations among objects are
preserved. Only higher-order relations, or relations among relations, are
preserved and embodied in the base. Lower-order relations are omitted.
This assumption concerning higher-order relations captures what is called
the systematicity principle: connected systems of relations, rather than isolated relations or one-place predicates, are what constitute the base representation. Thus, it is these higher-order relations that are mapped to
the target. This mapping process has the effect of placing objects in the
base and target into one-to-one correspondence, as a result of the roles
they play in a common relational structure (Gentner, 1989, p. 201; see
also, Holyoak & Thagard, 1989; Palmer, 1989).
As an example of a mappable rule that embodies a system of higher-order
relations reflecting the systematicity principle, Gentner (1983; Gentner &
Toupin, 1986) presented Rutherford's analogy between the solar system and
the hydrogen atom: CAUSE {MORE-MASSIVE-THAN (sun, planet), REVOLVE-AROUND (planet, sun)}. Because the sun is more massive than the
planet CAUSE {MORE-MASSIVE-THAN (sun, planet)}; the planet revolves
around the sun {REVOLVE-AROUND (planet, sun)}. Rutherford's mapping
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process involved applying the causal structure of the base to new objects,
namely, nucleus, electron. Notice that object attributes, such as YELLOW
(sun), and isolated predicates, such as HOrrER-THAN (sun, planet), which
are not linked to higher-order relations, were discarded (Gentner & Toupin,
1986, p. 284). Application of this higher-order system of relations to the
hydrogen atom led Rutherford to reject the then-current "plum pudding"
model. In the latter the atom was said to consist of a positively charged sphere
(the pudding) in which negatively charged electrons (the plums) were
embedded (Vosniadou, 1989).
Gentner's (1983,1989) analysis permitted her to draw a crisp distinction
between two kinds of similarity. Relational similarity involves systems of predicates of the kind that fueled Rutherford's thinking. These predicates are
linked by higher-order relations (systematicity), such as cause or implies,
that are derived from the structure of the original problem and support
relational mappings between the base and target. Surface similarity involves
isolated lower-order predicates (e.g., hotter than) and object attributes
(e.g., yellow). These predicates are not linked by higher-order relations:
they support base-to-target mappings that rely on surface-level similarities.
There is some evidence (e.g., Daehler & Chen, 1993; Gentner, 1988, 1989;
Gentner & Toupin, 1986; Pierce & Gholson, 1994) that children younger
than about 9 or 10 years of age rely on surface similarity when they engage
in analogical reasoning, while older children tend to exhibit performance
that reflects mappings based on relational similarity and systematicity.
When applied to the Jh scheduling problem described in the previous
section, then, two aspects of structure mapping theory (i.e., systematicity,
relational similarity) specifY important features of the knowledge embodied
in the base following a successful acquisition procedure. The children
acquire a system of higher-order relations that represent the Jh problem:
CAUSE {AND [IN-LOCATION (wife, male), NOT-IN-LOCATION (wife,
husband)], HARM-BY(wife, male»). If a male is in a location occupied by
a wife, and the wife's husband is not in that location, the wife will be
harmed. This system of higher-order relations, embodying the systematicity
principle, is presumably represented in the base and mapped to the target
problem at the outset of transfer.

Script Theory and Case Based Reasoning
An alternative conception involves case based reasoning theory (Hammond, 1989; Hammond, Seifert, & Gray, 1991; Schank, 1982, 1989). This
conception is not in conflict with structure mapping (Forbus, Gentner, &
Law, 1994), but case based reasoning is an extension of script theory
(Nelson, 1986; Schank & Abelson, 1977), so we examine it in that context.
The basic elements constituting a script are operations, along with the
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temporal and causal connections among the operations. Scripts represent
events that occur over a course of time, so the links between the component
operations constituting a script are temporal, with one following another
(Nelson, 1986, p. 14). In addition, because each operation constituting a
script may enable the next one in the sequence, the links are sometimes
causal as well as temporal.
Abelson (1981) distinguished between weak scripts and strong scripts.
A strong script is one that specifies both the component operations that
constitute the script, and the exact order in which they are to occur. Weak
scripts specify only the component operations that constitute the script,
saying nothing about the order in which they are carried out. Case based
reasoning says what was learned during acquisition in the analogical reasoning study involving the Jh problem constituted a specific plan, or strong
script. This is because the children were required to carry out a specified
sequence of seven operations (or acts) that corresponded to those that
were presented to them as part of the story about how to solve the problem.
Each operation in the sequence enabled the next one, so the links between
them were causal as well as temporal.
According to case based reasoning (Hammond, 1989, Schank, 1982),
then, the base that resulted from the acquisition procedure using the Jh
problem was a plan that constituted an ordered sequence of seven component operations, such as the following: (a) transport the first HW pair
to the goal side; (b) transport the H back to the start side; (c) transport
the first H and the unpaired W to the goal side; (d) transport the unpaired
W back to the start side; (e) transport the second HW pair to the goal
side; (f) transport the second W back to the start side; and (g) transport
the second Wand the unpaired W to the goal side. Case based reasoning
says this specific plan was stored in memory indexed by the goals it satisfied
and difficulties (constraint violations) it avoided (Hammond, 1989, pp. 6,
209). When a similar problem (e.g., a problem with a similar goal state,
or similar constraints) is presented, a token (copy) of the plan (or script)
should be retrieved and used to solve it. If the original plan required
modification in order to solve the transfer problem, it would constitute a
new plan that was stored separately in memory, likewise indexed by the
goals it satisfied and constraint violations it avoided.

SOURCES OF CHILDREN'S ERRORS IN ANALOGICAL
TRANSFER
In the remainder of the chapter we describe three recent studies that were
primarily concerned with the sources of children's errors during analogical
reasoning in scheduling problems. The findings are considered in relation
to the theories outlined in the previous section. All three of the studies
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involved nonisomorphic transfer, focusing on issues related to case based
reasoning and structure mapping theory. The first is primarily concerned
with procedure modification and plan indexing, the second examined the
role of surface similarity (Gentner & Toupin, 1986; Pierce & Gholson,
1994; Ross, 1987), and the third is concerned with constraint based errors.
Study 1. Nonisomorphic Transfer: Procedure Modification
This first study was designed to explore procedure modification, plan repair, and plan indexing. Analogs of the Jh problem described previously
were used to provide three acquisition conditions. Following acquisition
each child received three consecutive transfer tasks: the first two were Me
problems that shared a non isomorphic relationship to the Jh problem
used in acquisition, and the third was isomorphic to the base, that is, it
was a new analog of the Jh problem. The first transfer problem was used
to assess the extent to which children of different ages would modify their
Jh base to bring it into correspondence with the Me target problem, and
thus avoid errors in transfer. The second transfer problem explored
whether the base repairs that were required (see following section on
Method) in order to complete the first Me transfer problem would transfer
to a second Me analog. The third transfer problem, which was isomorphic
to the acquisition problem, was included in order to examine whether,
despite the requirements presented by the first two (nonisomorphic) transfer problems, the original base remained intact in memory, indexed by
the goals it satisfied and the constraint violations it avoided (Hammond,
1989). In one condition the base brought to the nonisomorphic transfer
problems required little modification. This was because the base and target
shared overlapping problem spaces and nearly identical solution paths. In
the other two conditions a greater amount of base modification was necessary; the solution path required in acquisition diverged considerably
from any path that was possible in the transfer problem.

Method
The subjects were 48 first graders and 48 fifth graders, with those at
each age level divided equally among three acquisition conditions. Thus
the basic design of the study was a 2 (age level) x 3 (acquisition condition)
factorial. In this study and those that follow, each child was tested individually in one session lasting about 30 minutes. A video camera was used
to record all sessions.
We describe the materials and procedures in some detail here, because
they were very similar in all three studies. Analogs of the problems used in
each study involved cartoon-type characters. Two analogs of the Jh problem,
called pilots-knights and warlocks-wizards, were used for acquisition in Study
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1. In each analog there were two H characters and three W characters. Each
may be solved in a minimum of seven moves. During acquisition half the
children in each group received the pilots-knights analog first in an
alternating sequence of trials (Le., pilots-knights on Trial 1, warlocks-wizards on Trial 2, pilots-knights on Trial 3, etc.), until an acquisition criterion
was met. The remaining children received warlocks-wizards first in the
alternating sequence. For clarity of presentation, except where it might lead
to confusion, we refer to individuals in the two-item set as Hs and those in
the three-item set as Ws. In both analogs the two H characters were large
(4-in. tall) and red, and the three W characters were small (3-in. tall) and
blue. The two H-W pairs and the third W in each analog were designated by
numbers attached to the front of each individual. For example, each
member of one pilot-knight pair was labeled with a 1, each in the second
pair with a 2, and the third knight was labeled with a 3. The goal was to get
all five characters across the barrier in a vehicle that could contain no more
than two characters and must contain at least one on each crossing. It will
be recalled that the other constraint was that neither of the two paired Ws
could be in the presence of any H unless the paired H was also present.
Each acquisition trial consisted of several components. First, the experimenter read setting and constraint information to the child. Then, appropriate physical materials representing the objects in the problem (2 H
characters, 3 W characters, vehicle, and barrier) were produced, and placed
in front of the child. Each character in the array was then identified. Next
the experimenter presented a list of seven story units representing a specific
sequence of moves that was required to solve the problem in the acquisition
condition to which the child was assigned. As each story unit was presented
orally, the experimenter enacted the corresponding move by transporting
the designated character or characters as the child watched. Mter the final
move was enacted, the problem materials were placed back in the start
state and the child was instructed to solve the problem the way it was done
in the story. The child's task was to place appropriate characters in the
vehicle and take them back and forth across the barrier in the required
seven-move sequence.
Trials of this type continued until an acquisition criterion was attained.
Any time a child made an error, either (a) by moving into an illegal
problem state, or (b) by making a legal move that deviated from the
sequence required in the child's assigned acquisition condition, the experimenter provided immediate corrective feedback. That is, the experimenter stopped the problem-solving activity and (a) either described the
constraint that was violated, or (b) pointed out that it was "not the way
they did it in the story." Mter the error was verbally corrected, the experimenter returned the character(s) to the location they occupied prior to
the error, and then requested a new move.
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The acquisition criterion was two consecutive trials on which the child
solved the physical task in the specified sequence. That is, the two analogs
had to be solved in the required error-free seven-move sequence on consecutive trials. Once the criterion was met the first of three transfer problems was introduced with no break in procedure. During the transfer tasks
no solution information was provided and any move that resulted in a
legal problem state was accepted. Mter the setting and constraint information was presented, the physical materials were produced and placed
in the start state. The child was then asked to solve the problem. During
all three transfer tasks the experimenter provided corrective feedback following only those moves that resulted in illegal problem states. That is, the
experimenter stopped the problem-solving activity, stated the constraint
that was violated along with its consequent, and returned the appropriate
object(s) to the location they occupied prior to the move that resulted in
the illegal problem state.
As indicated earlier in this section, the first two transfer problems were
Me analogs and the third was a new analog of the Jh problem (Gholson
et ai., 1989; Greeno, 1974; Jeffries et ai., 1977; Reed et ai., 1974; Simon &
Reed, 1976; Wickelgren, 1974) that was used in acquisition. The two Me
analogs used in transfer were called GI'rtitans, and generals-warriors. The
Jh analog used in transfer was called orcrhobbits. The Me problem, like
the Jh problem, may be solved in a minimum of seven moves. As in acquisition, the objects in the two-item sets were large and red, while those
in the three-item sets were small and blue. Numbers were not attached to
characters in the Me analogs, but as in acquisition, characters in the (third)
Jh transfer problem were designated by numbers. Figure 5.1 presents the
(only) seven-move solution paths in the Me problem space, numbered
from left to right (Path 1-9). Setting and constraint information for the
GI's-titans analog of the Me problem is presented in Appendix A.
The only differences across the three acquisition conditions concerned
the specific solution paths the children were required to exhibit, and
correspondingly, the relationship between each path and the nine sevenmove solution paths in the Me transfer problems (Fig. 5.1). There are
238 seven-move solution paths in the problem space of this version of the
Jh problem. If a script constituted the base, and was directly transferred
to the target, with objects in the two- and three-item sets of the Jh problem
simply substituted for corresponding objects in the Me problem, then two
of the seven-move solution paths in the Jh problem would map perfectly
to Path 1 in Fig. 5.1. The remainingJh solution paths do not map perfectly
to any of the nine in the figure. To illustrate the latter, consider the result
of transporting two Ws across the barrier to the goal side on the first move.
This would yield two Hs and one W on the start side (WHH), which is a
legal problem state under Jh constraints. When this move is mapped to
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FIG. 5.1. The nine seven-move solution paths in the problem space of the missionaries-cannibals problem are represented as connected nodes.
The Ms and Cs are missionaries and cannibals. respectively. The line bisecting each oval represents the barrier. and the arrowheads point to the
location of the vehicle at that node.
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MC under substitution rules (substituting Cs for Hs and Ms for Ws), however, it yields two Cs and one M on the start side (MCC) , which is an illegal
problem state under the MC constraint (i.e., Cs may never outnumber Ms
on either side of the barrier).
Acquisition Conditions. The three acquisition conditions differed, then,
in the extent to which they approximated an exact series of moves that
could be exhibited in the nonisomorphic MC analogs presented in the
first two transfer tasks. The setting and constraint information for the
pilots-knights analog of the Jh problem used in acquisition, along with
the solution path required in each of the three conditions is presented in
Appendix B. In one condition the children were required to transport two
W characters from the start side to the goal side on the first move. As
indicated in the previous paragraph, if a script was transferred to the target,
this move would yield a constraint violation in the MC problem with MCC
on the start side. On the second move they transported a W character
back to the start side. The remaining moves required in this condition
corresponded to those on Path 1 of Fig. 5.1 (under substitution rules)
until the sixth move, when the children were required to transport a W
character to the start side. This latter move would yield a constraint violation in the MC problem, with MCC on the goal side. For simplicity, this
condition is referred to as the "first constraint" acquisition condition. The
exact series of problem states that resulted from the required move sequence in the first constraint condition is given in the first column of Fig.
5.2. The adjacent column of the figure presents the corresponding series
of problem states in the MC problem if a script was mapped to the target
(substituting Cs for Hs and Ms for Ws).
Children in a second condition transported a HW pair to the goal side
on the first move and the H character back to the start side on the second,
which corresponds to Path 1 of Fig. 5.1 under substitution rules. On the
third move, however, they were required to transport two H characters to
the goal side, which yielded WHH on the goal side and would correspond
to a constraint violation in the MC problem (MCC on the goal side). These
children then transported an appropriate H character back to the start
side on their fourth move. Their fifth move corresponded to Path 1 in
Fig. 5.1, but on the sixth move they were required to transport a W character back to the start side, which would yield the illegal problem state in
MC that was described in the previous paragraph. This condition is called
the "third constraint" acquisition condition. The problem states in the
third constraint condition and the corresponding states in the MC problem
are given in the middle columns of Fig. 5.2.
Children in the final condition were required to transport objects that
corresponded to Path 1 of Fig. 5.1 until the sixth move. As in the other
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FIG. 5.2. The solution paths required in the Jh analogs used in the three acquisition conditions of Study 1. The descending nodes in the first,
third, and fifth columns (reading from the left side) represent the problem states that result from the required move sequence in the three
acquisition conditions. The two H characters are represented by the larger 1 and 2 in the nodes, with their paired W characters represented by
the smaller 1 and 2. The unpaired W character is represented by the 3. Columns two, four, and six in the figure represent the corresponding
problem states that would result in the MC problem if C characters were simply substituted for Hs and Ms substituted for Ws. Constraint violations
that would result from the substitutions in the MC problem are designated by an "E" to the right of designated nodes.
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two conditions, they were required to transport a W character to the start
side on that move, yielding WHH on the goal side. This is referred to as
the "sixth constraint" acquisition condition. Problem states in this condition
are presented in the fifth column of Fig. 5.2, with corresponding states in
the Me problem in the sixth.
Results

Move data from the transfer problems are presented in terms of seven
nodes, or locations on solution paths, which are dubbed node units (see Fig.
5.1). A node unit was defined to include all moves that occurred from the
time the individual characters were located at one problem state (node n) on
a solution path until they were located at the next state (node n + 1). The
correct move, along with error moves that resulted in illegal problem states,
and any other moves that failed to yield progress toward the goal state, were
included in each node unit. That is, the correct move along with any other
moves that failed to produce a transformation from node n to node n + 1
were included in the node unit designated by node n.
Nonisomorphic Transfer. Move data from the first two transfer problems
were submitted to a 3 (acquisition condition: first constraint vs. third constraint vs. sixth constraint) x 2 (grade: 1st vs. 5th) x 2 (transfer problem:
1st vs. 2nd) x 7 (node units in each transfer problem) analysis of variance.
The four-way interaction between acquisition condition, grade, transfer
problem, and node unit was significant, F(l2,540) = 1.93, P < .03. The
data responsible for the interaction, along with details of follow-up analyses,
are presented in Table 5.1. The findings were highly consistent with the
tenets of case based reasoning (Hammond, 1989). That is, children in the
first constraint condition who mapped a script to the target problem were
expected to show decrements in performance at the first node, those in
the third constraint condition were expected to make more errors at the
third and fourth nodes, and children in all three conditions were expected
to show decrements at the sixth node.
With one exception, all of these predictions were confirmed: The older
children did not show decrements in performance at the sixth node. This
latter finding, along with three other cells in the table in which the older
children outperformed the younger, indicates the former were more adept
at plan repair (procedure modification) than the younger children. The
significant improvement in performance at several nodes on the second
transfer problem, while not universal, suggests that once a plan repair was
executed it was incorporated into the base, and the children were able to
apply it to a new analog. An unexpected finding was the significant increase
in errors at the third node among the younger children in the first constraint condition, when compared to the corresponding cell in the sixth

TABLES.1
The Mean Number of Moves Required in Each Node Unit in Each Acquisition Condition,
Transfer Problem, and Grade Level (Study 1)

Node Unit
Transfer Problem

1

2

3

4

5

6

7

First Constraint Acquisition Condition
One

Grade 1
GradeS

2.13"
1.69"<

1.25
1.06

1.7Sb
1.19

1.06
1.06

1.06
1.00

1.69"
1.13

1.19
1.00

Two
Grade 1
GradeS

1.44
1.13

1.06
1.00

1.50b
1.00

1.06
1.00

1.00
1.00

1.00
1.00

1.3S
1.00

Third Constraint Acquisition Condition
One

Grade 1
GradeS

Two

Grade 1
GradeS

1.06
1.00

1.06
1.06

2.94abd
1.81d

1.56"
1.39

1.19
1.00

1.56a
1.06

1.00
1.00

1.13
1.00

1.00
1.00

2.001
1.7Sd

1.69bd
1.13

1.00
1.00

1.00
1.00

1.00
1.00

Sixth Constraint Acquisition Condition
One

Grade 1
GradeS

Two

Grade 1
GradeS

1.2S
1.13

1.06
1.06

1.13
1.2S

1.19
1.13

1.00
1.06

1.94ab
1.19

1.00
1.00

1.13
1.10

1.00
1.00

1.13
1.06

1.13
1.13

1.00
1.2S

1.13
1.00

1.00
1.00

aCell differs significantly from this cell in transfer problem 2 in this condition.
bCell differs significantly from Sth grade in this condition in this transfer problem.
<Cell differs significantly from this cell in the 3rd and 6th constraint conditions.
dCell differs significantly from this cell in the 1st and 6th constraint conditions.
"Cell differs significantly from this cell in the 1st constraint condition.
ICell differs significantly from this cell in the 6th constraint condition.
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constraint condition. These children may have (perhaps temporarily) abandoned their attempt at analogical transfer after the base-dictated move led
them to commit errors on the first move.
Case based reasoning theory predicted that children in the third and
sixth constraint conditions would exhibit a series of moves in transfer that
corresponded to the left hand branch of Fig. 5.1 (Paths 1-3). That is, the
theory predicted the children would retrieve a base that embodied the
script-based plan that resulted from the acquisition procedure. Once mappings were performed, the first two moves in these conditions were expected to correspond to the left branch of the figure. Because children
in the first constraint condition were required to make a first move during
acquisition that was expected to produce an error in nonisomorphic transfer, case based theory made no prediction concerning the solution path
they might exhibit.
To determine the specific path each child exhibited, all protocols were
classified in terms of the series of nodes passed through as all the characters
were transferred from the start state to the goal state. Error moves, which
were immediately corrected by identifying the problem constraint that was
violated and placing the character(s) in their previous locations, and loops,
which involved moves that were reversed by the children, played no role
in identifying the solution paths the children exhibited. Thus, only the
series of seven moves that resulted in transforming each node (node n)
into the next (node n + 1) between the start state and the goal state was
considered in classifying each child's solution path in each problem. For
clarity of presentation, the path data were collapsed into three categories
corresponding to the left, middle, and right branches of Fig. 5.1: Paths
1-3, 4-6, and 7-9.
Table 5.2 presents the number of children in each acquisition condition
and grade level who exhibited solution paths on each branch of Fig. 5.1
in the first and the second transfer problems. The data supported the
predictions. In the first transfer problem, tests of independence revealed
significant effects of both acquisition condition, X2 (14, N = 96) = 43.26,
p< .001, and grade, X2 (7, N=96) =17.46,p< .001. The effect of acquisition
condition was also significant for each grade taken separately: Grade 1, X2
(14, N= 48) = 36.63, P < .001; Grade 5, X2 (10, N= 48) = 19.45, P < .05,
with children in the first constraint condition exhibiting fewer solution
paths corresponding to the left branch of Fig. 5.1. The difference was
significant when the first constraint condition was compared with the third
constraint, X2 (7, N= 64) = 36.77, P < .001, and when the first constraint
condition was compared with the sixth constraint, X2 (7, N = 64) = 12.35,
P < .01, but not when the third and sixth constraint conditions were compared with each other. In the second transfer problem only the effect of
acquisition condition was significant X2 (14, N = 96) = 52.33, P < .001. As
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TABLES.2
r:"lumber of Children at Each Grade Level in Each Acquisition Condition Who
ExhIbIted Paths 1-3, Paths 4-6, and Paths 7-9 in the First and Second Nonisomorphic
Transfer Problems (Study 1)
Th~

Condition/Grade

Paths 1-3

Paths 4-6

Paths 7-9

Transfer Problem One

First Constraint
Grade 1
GradeS

1
3

10
10

S
3

Third Constraint
Grade 1
GradeS

12
13

1
2

3
1

Sixth Constraint
Grade 1
GradeS

11
7

3
8

2
1

Transfer Problem Two

First Constraint
Grade 1
GradeS

0
3

13
12

3
1

Third Constraint
Grade 1
GradeS

11
10

2
6

3
0

Sixth Constraint
Grade 1
GradeS

11
10

5

0
0

6

in the first transfer problem, the first constraint condition differed from
both the third constraint and sixth constraint conditions taken separately
[the smaller of the two tests of independence was X2 (5, N = 64) = 28.64,
P < .001].

Isomorphic Transfer. The third transfer problem was included primarily
to examine one specific aspect of case based reasoning theory (Hammond,
1989; Hammond et al., 1991; Schank, 1982, 1989; Smith, Langston, &
Nisbett, 1992). This is the assumption that once a plan is devised it is stored
in memory, indexed by the goals it satisfies and the problems (or constraint
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violations) it avoids (Hammond, 1989, p. 209). When a similar problem is
encountered (e.g., one with a similar goal state, or similar constraints), the
theory says a token (or copy) of the plan should be retrieved and used in the
attempt to solve it. The data indicated that children in all three acquisition
conditions retrieved a script that resulted from the acquisition procedure,
and applied it to the nonisomorphic transfer problems. Case based theory
says that the original plan (base) remained in memory indexed appropriately, while the new plan that resulted from the modifications required in
nonisomorphic transfer was indexed and stored separately. Thus, when
presented with the third (isomorphic) transfer problem, the theory says the
children should retrieve their original base (or plan), due to the way it was
indexed in memory, and apply it to the new Jh analog, thereby exhibiting
the solution path required during acquisition.
It will be recalled that there are 238 identifiable solution paths in the
Jh problem space. For purposes of analysis of the solution path data in
the third (isomorphic) transfer problem, each child's protocol was classified on the basis of the first four moves they exhibited. This criterion was
chosen because these were the only moves on which the three acquisition
conditions differed. Each protocol was scored as the same solution path
only if the first four moves corresponded exactly to those required during
acquisition. Any protocol that contained an error on any of these four
moves was, of course, classified as different. In order to be scored as the
same path in the first constraint condition, for example, the children were
required to transport two Ws to the goal side on the first move, transport
a W back to the start side on the second, transport an Hand W to the
goal side on the third move, and transport a W back to the start side on
the fourth. Similar criteria, corresponding to the exact move sequence
required in acquisition, were used to classify protocols in the other two
conditions (see Appendix B).
According to the four-move criterion, a total of 58 of the 96 children
exhibited a solution path identical to the one required during acquisition
in the third transfer problem: 19 in the first constraint condition; 18 in
the third constraint condition; and 21 in the sixth constraint condition.
Among the younger children, 26 exhibited the original solution path, while
among the older, 32 did so. Chi square tests revealed there were no significant differences due to acquisition condition or grade level.
In order to explore these data further, a chance-level expectancy value
was computed from a decision tree analysis of the (first) four moves that
were used to classify the solution path protocols. This expectancy involved
(a) only legal problem states during the first four moves, and required
that (b) in each case two characters were transported from the start side
to the goal side on moves one and three, while (c) one character was
transported from the goal side to the start side on moves two and four.
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Due to these requirements, and the exclusion of moves that could have
resulted in illegal problem states from the computations, the resulting
value may overestimate the chance-level number of children expected to
exhibit the path required in acquisition. This would work against predictions from case based reasoning theory.
To illustrate how this expectancy value was derived, we describe how it
was computed for the third constraint condition. On the first move transporting anyone of six different combinations of characters would result
in a legal problem state: (a) the first HW pair; (b) the second HW pair;
(c) the first Wand second W; (d) the first Wand third W; (e) the second
Wand third W; and (f) the first H and second H. Thus the chance-level
probability of transporting an HW pair (as was required in the third constraint condition) on the first move was .33. Given this move, the probability
of transporting the H character (only moves that resulted in legal problem
states were included in the computations) back to the start side was 1.00.
Given the latter, three legal moves were possible: transport the two H
characters to the goal side (as was required in acquisition), transport two
W characters, or transport the appropriate H character (the one paired
to the W already on the goal side) along with the unpaired W. So the
chance-level probability of transporting the two H characters on the third
move was .33. Given this move, either transporting the H character paired
to the W on the start side (as in acquisition) or transporting the W character
to the start side resulted in a legal problem state, so the probability of the
former at the fourth move was .50.
Thus, the chance-level expectancy that the first four moves would correspond exactly to those required during acquisition in the third constraint
condition was .33 X 1.00 X .33 X .50 = .0545. This same expectancy held
in the sixth constraint condition, but in the first constraint condition it
was higher (.1038). Averaged across all three acquisition conditions the
chance level expectation was .0709. That is, by chance alone about 7 of
the 96 children were expected to exhibit the solution path in the third
transfer problem that they were required to follow during acquisition,
given that they exhibited only legal moves, etc. A test of independence
contrasting the observed 58 cases with the expected 7 revealed the difference was significant, X2 (1, N = 96) = 410.31, P < .001.
We conclude with some confidence, then, that the children of both age
levels were able to retrieve the original plan when they were presented with
the third transfer problem, despite the requirements presented by the
intervening analogs of the nonisomorphic MC problem. According to case
based reasoning, this was because the plan remained in memory indexed by
the goals it achieved and constraint violations it avoided. A copy of the
original plan that resulted from the acquisition procedure was retrieved and
applied to the nonisomorphic MC analogs, as evidenced by the pattern of
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error moves (Table 5.1) and the solution path data (Table 5.2) the children
in each condition exhibited. Once that original plan was modified, however,
it constituted a new plan that was stored separately, indexed according to
the goals and constraints associated with the MC problem.

Study 2. Nonisomorphic Transfer II:
Direct and Cross Mappings
The aim of this study was to examine procedure modification under
conditions designed to interfere with processing. This was done by manipulating the relationship between surface features of the acquisition problem
and the target. It will be recalled that Gentner distinguished between
relational similarity, involving connected systems of higher-order predicates,
and surface similarity, involving isolated lower-order predicates, such as
object attributes. If, as Gentner suggests (1988, 1989; Gentner & Toupin,
1986), children tend to encode surface features into the base during
acquisition and map those features to the target, then in this study children
in a condition designed to interfere with processing were expected to
outperform those in a less demanding condition. This prediction resulted
from the specific relationships between surface features of the acquisition
problem and corresponding features of the target. These relationships, and
the rationale for the prediction, are clarified in the next three paragraphs.
All children received Jh analogs during acquisition and an MC analog
during transfer. During acquisition the two H characters were red and
large (4 in. tall), while the three W characters were blue and small (3 in.
tall). Numbers were attached to each character, as in Study 1. All children
were required to transport a large red H and the paired small blue W to
the goal side on the first move. They then transported the large H back
to the start side. On the third move they transported two large red Hs to
the goal side. They then transported the appropriate large red H back to
the start side on the fourth move. This series of four moves corresponds
to those required in the third constraint condition in Study 1 (see Fig.
5.2, or Appendix B). The remaining moves corresponded to Path 1 of Fig.
5.1, under substitution rules of Cs for Hs and Ms for Ws.
During transfer, in a direct-mapping condition the two C characters were
red and large, while the three M characters were blue and small, similar
to the two H and three W characters, respectively, in acquisition. Recall
that numbers were not attached to MC characters. Children who performed
mappings by simply substituting large red C characters for corresponding
Hs and small blue Ms for Ws, while taking no immediate account of the
new constraints associated with the MC problem, were expected to exhibit
illegal problem states at the third and fourth nodes during transfer. They
were expected to transport a large red C and small blue M to the goal
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side on the first move, then transport the large red C back to the start
side on the second. These moves would lead them to exhibit solution paths
on the left branch of Fig. 5.1. On the third move these children were
expected to transport two large red Cs to the goal side, resulting in an
error, with MCC on that side. When that move was repaired and resulted
in a legal problem state, those children who reverted to the script were
expected to transport a C back to the start side on the fourth move, which
would result in another error, with MCC on the start side.
In a cross-mapping condition, which has been shown to interfere with
processing (e.g., Daehler & Chen, 1993; Gentner & Toupin, 1986; English,
this volume; Pierce & Gholson, 1994; Ross, 1987), the two Cs were blue
and small, and the three Ms were red and large. Children in this condition
who relied on surface similarity and mapped a base-dictated script to the
transfer problem were expected to simply substitute the three large red Ms
for the corresponding two large red Hs, and the two small blue Cs for the
three small blue Ws. They were expected to transport a small blue C and
large red M to the goal side on the first move, and the large red M back
to the start side on the second, as in acquisition. Children mapping surface
features would not exhibit an increased error rate at either node unit three
or four. This is because they were expected to transport two large red Ms
to the goal side on the third move, which results in a legal problem state
(MMC on the goal side) and then transport a large red M back to the
start side on the fourth, which also results in a legal problem state (MMC
on the start side). These children should exhibit solution paths on the
middle branch of Fig. 5.1 (paths 4-6).
Method

The subjects in the study were 32 third graders and 29 sixth graders, with
those at each age level divided equally between the two transfer conditions.
All children were presented with two analogs of the Jh problem during
acquisition. Except as indicated earlier, the materials and procedures were
very similar to those in the study described in the previous section.
Results

Move data from the transfer problem were submitted to a 2 (grade
level: 3rd vs. 6th) x 2 (transfer condition) X 7 (move unit) analysis of
variance. It revealed significant interactions between transfer condition
and move unit, F(6,342) = 3.64, P < .003, and between grade level and
move unit, F(6,342) = 3.34, P < .004. As predicted, the difference between
the two transfer conditions was significant at node unit three (p < .003)
and node four (p < .03). The difference between the two grade levels
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TABLE 5.3

The Mean Number of Moves Required in Each Node Unit for Children at Each Grade
Level in the Direct-Mapping and Cross-Mapping Conditions (Study 2)

Direct-Mapping Condition
Move
Grade Level

1

2

3

4

5

6

7

Third Grade
Sixth Grade

1.06
1.23

1.06
1.23

1.71
1.62

3.71
1.85

1.00
1.23

1.18
1.23

1.00
1.00

6

7

1.13
1.38

1.00
1.00

Cross-Mapping Condition
Move
Grade Level

1

2

Third Grade
Sixth Grade

1.00
1.00

1.06
1.31

3

4

1.27
1.06

1.67
1.25

5
1.00
1.19

approached significance (p < .06) only at node unit four. The data responsible for these interactions, partitioned for both transfer condition and
grade level are presented in Table 5.3. As may be seen in the table, performance among third graders was dramatically inflated at node four in
the direct-mapping condition. Although 15 (of 15) children made the
predicted error at node four in that condition, the difference is somewhat
deceptive in that one child required 15 moves at that node and another
required 12, while 10 made only one error.
The solution path data also revealed significant effects that were consistent with predictions: 24 of 30 children in the direct mapping condition
exhibited paths on the left branch of Fig. 5.1 (paths 1-3), while only 13
of 31 children in the cross mapping condition did so. Also consistent with
the theory, the remaining 18 children in the latter condition exhibited
solution paths in the middle branch of Fig. 5.1 (paths 4-6). A test of
independence revealed only a significant effect of transfer condition, X2
(6, N = 61) = 23.52, P< .001. It is reasonable to conclude, then, that surface
features encoded into the base (size, color), rather the number of objects
in the set (two-item vs. three-item), dictated mapping processes in this
study, particularly among the younger children.
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Study 3. Nonisomorphic Transfer ITI:
Constraint Based Errors
This study explored further implications of structure mapping theory and
case based reasoning by examining error categories that were expected to
occur as a result of specific relationships among patterns of problem constraints in acquisition and transfer. Hybrid versions ofMC andJh problems
were used to provide three acquisition conditions and two transfer tasks.
These were combined factorially to yield six nonisomorphic training-transfer combinations. In each condition new constraints were added in transfer
that substantially altered and complicated the task.
It will be recalled that in the MC problem C characters may never
outnumber M characters on either side of the barrier; the parallel constraint
in the Jh problem is that W characters which are paired to H characters may
never be in the presence of any H character on either side of the barrier
unless the paired H is also in that location. According to structure mapping
theory, then, children who receive MC analogs during acquisition should
transfer a system of higher-order relations that reflect the MC constraints:
CAUSE {MORE-THAN (cannibals, missionaries), HARM-BY (missionaries,
cannibals)}. Similarly, those receiving Jh analogs in acquisition should
transfer its higher order structure: CAUSE {AND [IN-LOCATION (wife,
male), NOT-IN-LOCATION (wife, husband)], HARM-BY (wife, male)}.
Thus, structure mapping theory predicts that children who receive MC
analogs during acquisition, but are then presented with problems that
include a mixture of both MC constraints andJh constraints during transfer,
should avoid MC constraint violations, while perhaps committing Jh violations. Conversely, children receiving Jh analogs during acquisition should
avoidJh constraint violations in the mixed transfer condition. As in Study 1,
case based reasoning theory makes more specific predictions concerning
specific constraint violations that are expected to occur at various nodes in
transfer. These predictions will be clarified in the context of the results
obtained in the various error categories.
Method

The subjects were 96 second and third graders, divided equally among
three training conditions. The children in each training condition were
further partitioned into two transfer conditions, so the resulting six cells
each contained 16 children. Children in all six cells were presented with
two analogs of MC or Jh types of scheduling problems during acquisition
and a third analog during transfer. The analogs were called ratmen-pantherwomen, captains-pilots, and giants-midgets. In each analog some individuals
were color paired. In the captains-pilots analog, for example, one captain
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and one pilot were both red, one captain and one pilot were yellow, and
the third pilot was gray. Different colors were used in the other two analogs.
Details of the acquisition conditions are presented first, followed by a
description of the transfer tasks. The ratmen-pantherwomen and captainspilots analogs were used in all three acquisition conditions, but the problem
constraints and required solution paths varied across conditions. Similarly,
the giants-midgets analog was used in both transfer conditions, but the
constraints were different.
Acquisition Conditions. The standard seven-move Me problem was used
in one acquisition condition (Appendix A, Fig. 5.1). In this condition the
series of moves specified by the list of seven story units the children were
read on each trial corresponded to the solution path on the far-left side
of Fig. 5.1 (Path 1). This is referred to as the "Me constraint" acquisition
condition. A description of the higher-order structure of the captains-pilots
analog in this condition, according to Gentner's (1983, 1989) structure
mapping theory and notation, is presented in Appendix C.
A seven-move variation of the Jh problem was used in a second acquisition condition. In this version of the problem the only constraint, other
than the stipulation concerning the number of individuals in the vehicle,
was a single pairing requirement (rather than two pairings as in Studies 1
and 2). That is, the children were told that there was one HW pair, and
that the paired W could never be in the presence of any H unless the
paired H was also present. A black ratman-pantherwoman pair and a red
captain-pilot pair were designated as the HW pairs in their respective
analogs: the black ratman and red captain were designated as Hs. There
were no constraints on the locations of the three remaining individuals in
either acquisition analog.
Under rules that substituted characters in the two-item set for those in
the two-item, and those in the three-item set for those in the three-item,
the series of moves required to achieve criterion in this Jh condition correspond perfectly to the solution path required in the Me constraint condition. Thus, the story units read to the child on each trial would yield a
complete mapping to Path 1 of Fig. 5.1, and the children were required
to exhibit that path on two consecutive trials in order to achieve the
acquisition criterion. This is dubbed the 'Jh constraint" acquisition condition. The higher-order structure of the captains-pilots analog in this condition is presented in Appendix C.
The same version of the Jh problem (one pairing constraint) described
directly above was used in the third acquisition condition, which is dubbed
the 'Jh alternate constraint" condition. In this condition the first two moves
were identical to those in the Jh constraint condition, but on the third
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move the children were required to transport two Hs from the start side
to the goal side. This move yielded WHH on the goal side, which is a legal
problem state in the Jh problem, but the corresponding state (MCC) is
illegal in the MC problem. In addition children in the Jh alternate constraint condition were required to transport an H from the goal side to
the start side on the fourth move (this was a W move in the Jh constraint
condition). This move had the effect of producing a problem state in the
Jh alternate constraint condition that was identical to the corresponding
state in the Jh constraint condition, and all of the remaining moves and
problem states were identical in the two conditions. Thus the only differences between the solution paths required in the two Jh conditions were
the following: the third move, the problem state that resulted, and the
fourth move. The higher-order structure of analogs used in the Jh alternate
constraint condition was identical to that in the Jh constraint condition
(see Appendix C), only the solution paths (scripts) differed.

Transfer Conditions. One transfer condition involved a hybrid problem
that included a mixture of the constraints used in acquisition. It included
the MC constraint that Cs may never outnumber Ms on either side of the
barrier. It also included a single Jh constraint, in that one M was paired with
a C and this M could never be in the presence of any C unless the paired C
was also present. A purple giant and purple midget were designated as
paired. This transfer condition was dubbed "mixed-I constraint." The
mixed-I constraint problem space yields solution paths that correspond to
Paths 1,2,3, and 7 in Fig. 5.1. As may be seen in Appendix C, the higher-order
structure of the mixed-I constraint problem consisted of two causal statements. The structures of the problems used in the acquisition conditions
consisted of one or the other of the two statements, but not both.
The second transfer condition, called "mixed-2 constraint," was similar to
the mixed-I constraint condition, but it included the addition of a second
Jh pairing constraint. Thus, the mixed-2 constraint condition included the
MC constraint that Cs could never outnumber Ms on either side of the
barrier, plus two Jh pairing constraints. Both the purple giant and purple
midget, and a brown giant and brown midget were designated as paired. The
mixed-2 constraint problem space yields only two identifiable solution paths,
both of which correspond to Path 1 in Fig. 5.1. The higher-order structure
of this problem consisted of three causal statements (see Appendix C), one
more than in the mixed-I transfer condition. Thus, the higher-order
structure of this problem was more complex than in the mixed-I transfer
condition. In addition, any scripted solution paths mapped to the mixed-2
constraint transfer problem required modification in all three acquisition
conditions (see Results).
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Results

The patterns of erroneous responses (i.e., any responses that failed to
transform a given node, node n, into the next one, node n + 1) the children
exhibited were classified into three categories. One error category involved
moves that resulted in problem states that violated the MC constraint, with
C characters outnumbering M characters. A second involved loops, which
were moves that resulted in legal problem states, but that were subsequently
reversed before the node unit in which they occurred was completed. The
final category included moves that resulted in problem states that violated
the Jh constraint, with a W character in the presence of an inappropriate
H character, in the absence of the paired H character. In order to avoid
confusion between the names attached to acquisition conditions and the
three error categories, the latter were called "outnumbering errors," "loop
errors," and "pairing errors," respectively. Due to the number of empty
cells in analyses of the error data, all degrees of freedom were corrected
using the Greenhouse-Geiser Epsilon.
Outnumbering Errors. Structure mapping theory predicted a main effect
of acquisition condition in the outnumbering error data, due to the higherorder structure that resulted from the acquisition process (see Appendix
C). Children in the MC constraint condition were expected to commit
fewer outnumbering errors in transfer than children in either the Jh constraint or the Jh alternate constraint condition. Script theory made a more
specific prediction. Children in the Jh alternate constraint condition were
expected to exhibit more outnumbering errors at node unit three during
transfer than those in either the MC constraint or the Jh constraint condition. This was the node at which the solution path required in the Jh
alternate constraint condition diverged from the path required in the MC
constraint and Jh constraint conditions. Children in the Jh alternate constraint condition were required to transport two H characters to the goal
side at move three, which resulted in WHH on the goal side. Thus, under
substitution mapping rules the move required in the latter condition was
expected to produce an outnumbering error (i.e., MCC on the goal side)
at the third node unit in both transfer conditions. The corresponding
move at that node in the MC constraint and the Jh constraint acquisition
conditions resulted in MMC and WWH on the goal side, respectively. Thus,
script theory predicted an interaction between acquisition condition and
node unit, with more errors in the Jh alternate constraint condition at
node three.
Analysis of variance performed on the outnumbering error data revealed
that the main effect of training condition predicted by structure mapping
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theory did not approach significance (F = .53). The interaction between
acquisition condition and node unit predicted by script theory was marginal, F(9,315) = 1.69, P < .10, but further analyses revealed that, as predicted, the difference between acquisition conditions was significant at
node unit three (only), F(l,315) = 9.31, P < .01. As predicted by script
theory, children in the Jh alternate constraint condition made significantly
more outnumbering errors (mean = .64) at node unit three than the
children in either of the other two conditions (mean = .37).

Loop Errors. As indicated earlier, any move that resulted in a legal
problem state that the child reversed before completing a given node unit
was scored as a loop error. These errors could occur at any node, because
the children could reverse any move they made prior to the time all five
characters were in the goal state. Structure mapping theory made no obvious prediction concerning loop errors. Script theory, however, predicted
that loop errors would cluster at node five in the mixed-2 constraint transfer
condition. During acquisition the children in all three conditions were
required to transport two characters of the same color from the start side
to the goal side at node five, for example, the yellow captain and yellow
pilot. In the mixed-1 constraint transfer condition a similar move involving
a color-paired giant and midget transformed node unit five into node six.
In the mixed-2 constraint condition, however, the only way to transform
node unit five into node six was to move a giant of one color and the
(unpaired) midget of a different color from the start side to the goal side.
When a giant-midget pair of the same color was transported from the
start side to the goal side at node five in the mixed-2 constraint condition
the result was that both the purple giant-midget pair and the brown giant-midget pair were located on the goal side (see Fig. 5.1). Transporting
either of the two giants back to the start side resulted in a pairing error,
while transporting either of the two midgets resulted in an outnumbering
error. In order to complete node unit five, then, children who began by
transporting a same-color giant-midget pair to the goal side were required
to reverse the move and transport a same-color giant-midget pair back to
the start side. Thus, script theory predicted an interaction between node
unit and transfer condition. The children in all three acquisition conditions
who transferred a script representing the solution path required in acquisition were expected to exhibit loop errors at node unit five in the mixed-2
transfer condition.
Analyses revealed that, while the predicted interaction between node unit
and transfer condition was significant, F(4,256) = 8.46, P < .01, so was the
triple interaction involving node unit, acquisition condition, and transfer
condition, F(8,256) = 2.63, P < .01. Further analyses revealed that the
differences between acquisition conditions were significant (only) at node
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unit five in the mixed-2 transfer condition, F(1,256) = 9.27, P< .01. There
were significantly fewer loop errors in the MC constraint condition (mean =
.20) than in the Jh constraint condition (mean =.68), and significantly fewer
in the Jh constraint condition than in the Jh alternate constraint condition
(mean = 1.69). There were few loop errors at any other node in any condition
(range .00 to .25). Although loop errors were concentrated at node unit five
in the mixed-2 constraint condition, as was predicted by script theory, the
differences between acquisition conditions were not predicted.
A possible consideration that could bear on the difficulty exhibited by
children in the two Jh conditions at node five concerned what was emphasized in acquisition. The Jh pairing constraint emphasized the importance of color pairings, the need to keep pairs of characters of the same
color in the same location. Thus, the saliency of the color pairings was
enhanced and encoded as part of the base during acquisition. The hypothesis is that children in the two Jh conditions were reluctant to move
a giant of one color along with a midget of a second color to the goal
side during transfer, because this required leaving the giant's color-paired
midget on the start side. There is related evidence that provides support
for this proposal: Gholson et al. (1989) reported that "under conditions
that emphasized color pairings in the acquisition task, color was encoded
as a salient feature of the base that was subsequently mapped to the target"
(p. 1179).
In contrast, the MC constraint acquisition condition emphasized only
the two types of characters (Cs vs. Ms) and the need to monitor the number
of each type in each location. Color presumably was not encoded as ?
salient feature of the base, and consequently children in the MC constraint
condition were less hesitant to abandon the base-dictated move in favor
of the required one (i.e., they were less resistant to modifying a solution
procedure encoded into the base during acquisition). Thus, these children
avoided the loop error predicted by script theory at node unit five. This
finding indicated that, consistent with structure mapping theory, children
in the MC constraint condition not only brought the higher-order structure
of their acquisition problem to the transfer task, but they also modified it
appropriately (procedure modification) to meet the new demands presented by the transfer task.
Pairing Errors. An increase in pairing errors in the mixed-2 constraint
condition was expected, of course, because there were more opportunities
for those violations in that condition: Problem constraints specified two
giant-midget pairs in the mixed-2 condition, but only one pair in the
mixed-l condition. More precise predictions, however, derive from both
structure mapping theory and script theory. Structure mapping theory
predicted there should be more pairing errors in the MC constraint con-
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dition than in the other two acquisition conditions. Due to the higher-order
structures associated with the different acquisition conditions (Appendix
C), children in both the Jh constraint and Jh alternate constraint conditions
were expected to commit fewer pairing errors during transfer than those
in the MC constraint condition. Script theory made two predictions. First,
it predicted that pairing errors should be concentrated at node three in
the mixed-2 constraint transfer condition, but only among children in the
MC constraint andJh constraint conditions. Second, it predicted that pairing errors should cluster at node unit five in the mixed-2 transfer condition,
due to task requirements in all three groups during acquisition.
First consider what was required at node three in the Jh constraint
condition during acquisition. The children were required to transport the
paired H character (e.g., red captain) and an unpaired W (e.g., yellow
pilot), who was the same color as the other captain (yellow), from the
start side to the goal side. A similar move transformed node unit three
into node four in the mixed-l constraint transfer condition, but it led to
a pairing error in the mixed-2 constraint condition. A similar move was
required in the MC constraint acquisition condition, but not in the Jh
alternate constraint condition: In the latter condition children were required to transport two captains to the goal side on the third move (see
earlier discussion of outnumbering errors). With respect to node unit
three, then, script theory predicted that pairing errors should be concentrated in the MC constraint and Jh constraint conditions in the mixed-2
transfer condition.
Now consider what was required at node five during acquisition. Children in all three conditions transported two characters of the same color
to the goal side at that node (e.g., the yellow captain and the yellow pilot).
Following that move they were required to transport, for example, the
yellow captain back to the start side as their sixth move. Thus, children in
all three conditions who transferred a scripted plan representing the solution path required in acquisition were expected to exhibit a loop error
at node unit five in the mixed-2 constraint condition. That is, they were
expected to exhibit a move that had to be reversed before they could
transform node five into node six (see discussion of loop errors directly
above). Because the scripted move yielded a legal problem state (but did
not transform node five into node six), children who stayed with the
scripted solution plan were expected to then transport a giant character
to the start side, which would result in a pairing error that was also included
in node unit five. Thus, script theory predicted that pairing errors should
be concentrated at node five in the mixed-2 transfer condition, with no
differences among the three acquisition conditions.
Analyses of the pairing error data revealed the interaction between
transfer condition and node unit was significant, F( 4,284) = 6.90, p< .01, but
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the main effect of acquisition condition predicted by structure mapping
theory was not significant (F= .88). There were significantly more pairing
errors in the mixed-2 constraint condition than in the mixed-1 condition at
both node units three (mean =.72 vs .. 11), F(1,284) =9.11, p< .01, and five
(.43 vs .. 04), F(1,284) = 11.58, P< .01. As predicted by script theory, at node
three in the mixed-2 transfer condition children in the Jh alternate constraint condition exhibited significantly fewer pairing errors (mean = .50)
than those in the other two conditions (mean = .84). In contrast, in the same
transfer condition children in Jh alternate constraint showed significantly
more pairing errors (mean = .63) at node five than children in the other two
acquisition conditions (mean = .34). This latter finding was not predicted,
but it was not surprising when we consider the large number of loop errors
that occurred at node five in the Jh alternate constraint condition: Children
who exhibited a greater number of loop errors at that node had more
opportunities to follow those errors with pairing errors.

CONCLUSIONS
We draw three conclusions that appear to have implications for the use
of analogical reasoning procedures in the teaching of mathematics. First,
all three studies indicated that when elementary school-age children are
presented with an acquisition problem and required to solve it by performing a specific series of operations, they mostly attempt to solve a
similar target problem by transferring a scripted solution sequence. While
the older children in Study 1 tended to outperform the younger at nodes
in which case based reasoning predicted errors, the developmental difference was not universal (see Table 5.1). Even older elementary-school children apparently find it difficult to ignore a scripted solution when one is
available. In order to maximize transfer, then, the ordering of the operations should be as flexible as possible during acquisition. This supports
current curriculum reforms that encourage greater diversity and flexibility
in children's mathematical problem solving (e.g., Bransford et aI., 1993;
English & Halford, 1995; NCTM, 1989).
Second, the results of both Studies 1 and 2 indicated that base representations embody salient surface features of the acquisition problem, and
that these can play an important (and interfering) role in the mapping
process (see English, this volume, for an extended discussion). Thus when
children are asked to transfer knowledge that involves a series of operations,
surface features of the materials should be attenuated. Third, the second
and third graders in the MC constraint condition of Study 3 mostly avoided
errors predicted by script theory. The children transferred the higher-order
structure of the acquisition problem, and then modified it to incorporate
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the new constraints posed by the transfer problem. Thus young elementary-school children, like older children and adults (Gentner, 1983, 1988,
1989; Gentner & Toupin, 1986), are capable of representing problems
according to their higher-order structure. They can reason on the basis
of relational similarity, as specified by the systematicity principle. It seems
quite likely that during acquisition the children in all three studies encoded
salient surface features, a scripted solution path, and the higher-order
structure of the problem into the base representation. Pragmatic considerations, such as the relationship between specific features of the acquisition and transfer problems, then determined which facets of the base
dominated performance during transfer. What remains to be determined,
then, is the experimental and instructional conditions that educe these
various aspects of the base representation during transfer.
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APPENDIX A
Study 1: Missionaries-Cannibals Analog:
GI's-Titans (Nonisomorphic Transfer)
Setting and Constraint Information
Two large red GI's and three small blue titans were on one side of a river they
needed to cross to get to a house. They had a small boat, but it would only carr)'
two people at a time. They all knew that there could never be more large red GI s
than small blue titans on either side of the river, because if there were, then the
large red GI's would hurt the small blue titans. So what they had to figure out
was how to get the two large red GI's and the three small blue titans across the
river to the house safely, without any of the small blue titans getting hurt.

APPENDIXB
Study 1: Jealous Husbands Analog:
Pilots-Knights (Acquisition Conditions)
Setting and Constraint Information
Two large red pilots and three small blue knights were on one side of a river they
needed to cross to get to a house. They had a small boat, but it would only carry
two people at a time. They all knew that if small blue knight number 1 was ever
around any of the other pilots without his own large red pilot number 1 being
there to protect him, then small blue knight number 1 would get hurt. They also
knew that if small blue knight number 2 was ever around any other pilot without
his own large red pilot number 2 being there to protect him, then small blue knight
number 2 would get hurt. Small blue knight number 3 was a friend of all the pilots,
so nobody wouldburt him. So what they had to figure out was how to get the two
large red pilots and the three small blue knights across the river to the house
safely, without small blue knight number 1 or small blue knight number 2 getting
hurt.
First Constraint Acquisition Condition:
Story Units and Required Move Sequence
1.
2.
3.
4.
5.
6.
7.

First, small blue knight number 1 and small blue knight number 3 went
across the river to the house.
Then small blue knight number 3 went back across the river.
Next, large red pilot number 1 and small blue knight number 3 went across
the river to the house.
Now small blue knight number 3 went back across the river.
Next, large red pilot number 2 and small blue knight number 2 went across
the river to the house.
Then small blue knight number 2 went back across the river.
Finally, small blue knight number 2 and small blue knight number 3 went
across the river to the house.
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Third Constraint Acquisition Condition:
Story Units and Required Move Sequence
1.
2.
3.
4.
5.
6.
7.

First, large red pilot number 1 and small blue knight number 1 went across
the river to the house.
Then large red pilot number 1 went back across the river.
Next, large red pilot number 1 and large red pilot number 2 went across the
river to the house.
Now large red pilot number 2 went back across the river.
Next, large red pilot number 2 and small blue knight number 2 went across
the river to the house.
Then small blue knight number 2 went back across the river.
Finally, small blue knight number 2 and small blue knight number 3 went
across the river to the house.

Sixth Constraint Acquisition Condition:
Story Units and Required Move Sequence
1.
2.
3.
4.
5.
6.
7.

First, large red pilot number 1 and small blue knight number 1 went across
the river to the house.
Then large red pilot number 1 went back across the river.
Next, large red pilot number 1 and small blue knight number 3 went across
the river to the house.
Now small blue knight number 3 went back across the river.
Next, large red pilot number 2 and small blue knight number 2 went across
the river to the house.
Then small blue knight number 2 went back across the river.
Finally, small blue knight number 2 and small blue knight number 3 went
across the river to the house.

APPENDIXC
Study 3: Examples of the Higher-Order System of Constraining
Relations for Problems in Each AcquisitIon and Transfer Condition
as SpeCified by Structure Mapping Theory
The MC Constraint Acquisition Condition:
CAUSE [MORE-THAN (captains, pilots), HARM-BY (pilots, captains)].
The Jh Constraint Acquisition Condition:
CAUSE {AND [IN-LOCATION (red pilot, yellow captain), NOT-IN-LOCATION
(red pilot, red captain)], HA1{M-BY (red pilot, yellow captain)}
The Jh Alternate Constraint Acquisition Condition:
CAUSE {AND [IN-LOCATI~N (red pilot, yellow c,;\ptain), NOT-IN-.LOCATION
(red pilot, red captam)], HARM-BY (red pilot, yellow captam)}.
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The Mixed-l Constraint Transfer Condition:
OR {CAUSE [MORE-THAN (giants, midgets), HARM-BY (midgets, giants)]),
{CAUSE {AND [IN-LOCATION (purple midget, brown giant), NOT-INLOCATION (purple midget, purple gIant)], HARM-BY (purple midget, brown
giant))}.
The Mixed-2 Constraint Transfer Condition:
OR {CAUSE [MORE-THAN (giants, midgets), HARM-BY (midgets, giants)]),
{CAUSE {AND [IN-LOCATION (purple midget, brown giant), NOT-INLOCATION (purple midget, purple gIant)], HARM-BY (purple midget,
brown giant))},
{CAUSE {AND [IN-LOCATION (purple midget, brown .siant), NOT-INLOCATION (brown midget, brown giant)], HARM-BY (brown midget,
purple giant))}.

Chapter

6

Children's Reasoning Processes
in Classifying and Solving
Computational Word Problems
Lyn D. English
Queensland University of Technology

One of the major goals of mathematics education is that children see the
connections and relationships between mathematical ideas and apply this
understanding to the solution of new problems (Fuson, 1992; Hiebert,
1992; National Council of Teachers of Mathematics, 1989, 1991). If we
accept that learning is an active construction process based on recognizing
similarities between new and existing ideas (Baroody & Ginsburg, 1990;
Davis, Maher, & Noddings, 1990; Duit, 1991), then it follows that children
must develop meaningful and cohesive mental representations from the
outset. Such representations must comprise the structural relations between ideas, not the superficial surface details, if children are to make the
appropriate links to the new ideas (English & Halford, 1995; Gholson,
Morgan, Dattel, & Pierce, 1990). In this chapter, I argue that the formation
of these links involves a process of analogical reasoning, in which something
new is understood by analogy with something that is known. Such reasoning
appears to be one of the most important mechanisms underlying human
thought and may be defined as a mapping of relations from one structure,
the base or source, to another structure, the target (Gentner, 1983, 1989;
Halford, 1993; Holyoak & Thagard, 1995).
The research community has given considerable attention to analogical
reasoning in the learning of science and in general problem solving (e.g.,
Clement, 1993; Gentner, 1989; Holyoak & Koh, 1987; Novick, 1990). Little
work, however, has been directed toward its role in children's learning of
basic mathematical concepts and in facilitating children's recognition and
191
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transfer of problem structures. This appears to be a serious omission, given
the important role of analogy in mathematics learning (Polya, 1954). In
this chapter, I attempt to redress this situation by examining children's
ability to reason analogically in classifying and solving some of the more
complex multiplication and division word problems; children's understanding of these problems is fundamental to a facility with mathematics.
Children's ability to reason analogically in computational problem solving will depend largely on whether they construct the appropriate mental
representations or models of the problem situations. That is, children need
to focus on the important structural properties, these being determined
primarily by how the quantities in a problem are related to each other,
rather than by what the quantities are (Novick, 1988). Children's failure
to develop this understanding is largely responsible for the difficulties they
experience with computational word problems, especially those in which
there is not a clear mapping between the problem situation and the operation required to solve it (e.g., "Sally has saved $24. This is three times
the amount Peter has saved. How much has Peter saved?"; English &
Halford, 1995; Lewis, 1989; Nathan, Kintsch, & Young, 1992; Nesher, 1992;
Stern, 1993).
There has been substantial research on students' facility with computational word problems, especially those involving addition and subtraction
(e.g., Cummins, Kintsch, Reusser, & Weimer, 1988; Hegarty, Mayer, & Monk,
1995; Lewis, 1989; Mayer, Lewis, & Hegarty, 1992; Riley & Greeno, 1988;
Riley, Greeno, & Heller, 1983; Stern, 1993), and to a lesser extent, those
dealing with multiplication and division (e.g., Bell, Greer, Grimison, &
Mangan, 1989; Graeber & Tanenhaus, 1993; Kouba, 1989; Kouba & Franklin,
1993; Nesher, 1992). What is lacking, however, are studies examining
children's ability to recognize related problem structures and to reason with
these in an analogical manner to help solve new problems. This represents
an important line of research, given that reasoning by analogy can contribute
significantly to children's conceptual development during mathematical
problem solving (Holyoak & Koh, 1987; Marshall, 1989; Novick, 1988, 1992;
Silver, 1990). In considering such research, there appear a number of key
issues that warrant attention. First, there is the question of whether children's mental representation of a given problem situation comprises the
necessary structural components to enable them to reason analogically. A
second, related issue is whether children know to look for common structures
in dealing with similar problems. Third, if children do detect structural
commonalities, do they spontaneously reason with these in an analogical
manner to help them solve related problems? Finally, if children do reason
analogically, are they able to make any necessary adjustments to a known
solution procedure in order to apply it to a new problem? These issues were
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of interest to the study reported in this chapter. To deal meaningfully with
these issues, I first provide some background discussion on mental models
(representations) and analogical reasoning processes, with a particular focus
on their role in children's mathematics learning. I include here a brief
analysis of the problem types used in the present study and the mental
models that should facilitate problem solution.

MENTAL MODELS AND MATHEMATICAL
UNDERSTANDING

The term, mental models, has been used extensively in the psychological
literature to describe the cognitive representations individuals construct
in various learning situations (e.g., Gholson et aI., chap. 5, this vol.; Halford,
1993;Johnson-Laird, 1983; Johnson-Laird & Byrne, 1991; Rouse & Morris,
1986). It is beyond the scope of this chapter to review the different perspectives on mental models, rather, I elaborate on Halford's (1993) notion
which provides a meaningful focus for the present study. According to
Halford's theory, mental models are representations that are active while
solving a particular problem and that provide the workspace for inference
and mental operations. These cognitive representations are considered
the workspace of thinking and understanding and must have a high degree
of correspondence to the environment that they represent. This notion
of mental models appears to give a more psychologically realistic picture
of the representations people use in understanding and reasoning than
do scientific or logical categories and rules, and thus provides a useful
construct for representing children's mathematical knowledge and understanding.
What needs to be highlighted in defining mental models for mathematics
learning, however, is their relational structure. The mental models we try to
help our students construct are those in which the essential relations and
principles of a mathematical domain are represented. For example, children's understanding of number requires their having a mental model
which includes all the essential relations of number, at least within the
domain where the concept is used. Such a model may be likened to Hiebert
and Lefevre's (1986) notion of conceptual knowledge, which is "rich in
relationships . . . a network in which the linking relationships are as
prominent as the discrete pieces of information" (pp. 3-4). It is important
though, that these mental models are sufficiently robust to withstand the
instrusion of misleading information, and sufficiently flexible to deal with
changing or novel circumstances. I return to these points in later discussion
and turn now to a consideration of specific computational models.
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MENTAL MODELS IN COMPUTATIONAL
PROBLEM SOLVING

When children attempt to solve computational problems, they need to
understand specific linguistic terms (e.g., "five times as many as"), interpret
the described situation, identify the appropriate operation, and compute an
answer (Stern, 1993). There have been numerous schematic systems that
have attempted to address these skills, with different levels proposed for
conceptualizing and solving word problems (e.g., Cummins et aI., 1988;
Hegarty et aI., 1995; Kintsch, 1986; Kintsch & Greeno, 1985; Reusser, 1990;
Riley & Greeno, 1988; Silver, Mukhopadhyay, & Gabriele, 1992; Silver,
Shapiro, & Deutsch, 1993; van Dijk & Kintsch, 1983). Elsewhere (English &
Halford, 1995), I have proposed a three-pronged system for addressing
computational problem solving and review it briefly here. The system draws
upon the ideas of Kintsch (1986), Nesher (1992), van Dijk and Kintsch
(1983), and Silver et ai. (1992, 1993). Its three components are the
problem-text model, the problem-situation model, and the mathematical
model, as shown in Fig. 6.l. The appropriate mapping between and among
these components is considered to playa crucial role in children's interpretation and subsequent solving of computational word problems.
The problem-text model is similar to Kintsch's (1986) "textbase," which
he defined as the "mental representation of the text that a reader or listener
constructs in the process of comprehension" (p. 88). In the present context,
it refers to the mental model the child constructs from an initial analysis of
the verbal formulation (spoken or written) of a given problem. This involves
identifying what Nesher (1992) termed, the logical conditions and semantic
relations that constitute a well-structured problem (p. 202).

Problem-text

~ .---_---=l_m_o_d_e_l..;........ __--,
Problem-situation
model

Mathematical
model

FIG. 6.1. A schematic system for
solving computational problems.
From English and Halford (1995).
Reproduced with permission of
Lawrence Erlbaum Associates.
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The second component, the problem-situation model, is akin to
Kintsch's "situation model," which he defined as a "mental representation
of the situation described by the text" (p. 88). However the proposed
model does not include Kintsch's derivation of an arithmetic structure;
this is the role of the third component, the mathematical model. The
problem-situation model is the mental model the child forms by mapping
her problem-text model onto an analogous situation whose structural properties are known. The appropriate development of this mental model is
crucial to successful problem solving and to the reasoning processes addressed in this chapter. If children construct a poor problem-situation
model, that is, one that is lacking in relational structure, they will not have
the appropriate means for reasoning analogically because such reasoning,
as I later indicate, entails structural mappings.
The problem-situation model is seen to form the meaningful link between the problem-text model and the remaining component, the mathematical model. This latter component comprises the formal mathematical
expression that represents the solution to the problem and parallels the
"problem model" advanced in a later study by Nathan et al. (1992). The
mathematical model is formed by mapping the required mathematical
operation onto the problem-situation schema to generate a solution. The
importance of these models in computational problem solving is highlighted in the next section as well as in my analysis of children's responses
to the multiplication and division problems of the current study. I now
consider these problems.

Mental Models in Multiplication
and Division Problem Solving
It is not possible here to present a comprehensive review of the various
multiplication and division situations and students' approaches to dealing
with these. There are other sources addressing these issues, including, Bell
et al., 1989; English and Halford, 1995; Greer, 1992; Kouba, 1989; Kouba
and Franklin, 1993; Nesher, 1988, 1992; Schwartz, 1988; Vergnaud, 1983.
I confine my discussion to a brief analysis of the problem types used in
the present study and the mental models required for effective solution.
The problem types include partitive division (with variable remainder use),
comparison multiplication and division, and Cartesian products.
The semantic factors in a problem text have a significant bearing on
children's interpretation of a problem situation and the solution strategies
they employ (Kouba, 1989; Nesher, 1988, 1992). These factors include the
nature of the quantities used and the quantity that serves as the unknown
(Kouba, 1989). Differences in these factors give rise to four main classes
of multiplication and division situations: common equivalent sets or equal
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groups, multiplicative comparison, Cartesian product, and rectangular area
(English & Halford, 1995; Greer, 1992; Kouba, 1989).
Problems involving equivalent sets are usually the first type children
encounter, with the two factors clearly playing distinct roles. In the problem, Four children each have three apples. How many do they have altogether?,
the number of children is the multiplier that operates on the number of
apples, the multiplicand, to produce the answer (Greer, 1992). These
asymmetrical cases generate two types of division problems, namely, partitive division (number in each set unknown), and measurement or quotitive division (number of sets unknown). Partitive problems were employed
in the present study and entail dividing an object or a set of objects into
a number of equal subsets or shares, for example, Mrs Baker has 12 chocolates
and will share these among her 3 children. How many will each child receive?
Partitive problems may be defined in general terms as division by the
multiplier (Greer, 1992) and may be considered as the intuitive, primitive
model for division (Fischbein, Deri, Nello, & Marino, 1985).
Partitive and quotitive problems can include cases in which a nonzero
remainder can be ignored and the quotient gives the required answer (a
"quotient-only" problem) and cases in which the remainder must be taken
into account and the quotient increased by one to answer the problem
(an augmented-quotient problem; Silver et aI., 1992, 1993). Children's
difficulties with these cases, especially the augmented-quotient type, were
evident in children's responses to the "bus problem" on the Third National
Assessment of Educational Progress (Carpenter, Lindquist, Matthews, &
Silver, 1983). Only 24% of 13-year-olds chose the correct response to the
quotitive problem, "An army bus holds 36 soldiers. If 1,128 soldiers are
being bused to their training site, how many buses are needed?" Problems
of this nature highlight the importance of a meaningful problem-situation
model because correct computation alone, cannot ensure a successful solution (Silver et aI., 1993). Further investigations by Silver et ai. (1993)
indicated that it was not the computational requirements of the problem
that were the major barrier, rather, students' unsuccessful solutions were
more often due to a failure to interpret their computational results.
The second main class of problems, multiplicative comparison situations,
adopts the general form, "x times as many as." These problems can be
either multiplication situations, such as, Penny has three times as many cars
as John. John has four cars. How many cars does Penny have? or division cases,
such as, Penny has 12 cars. This is three times as many cars as John has. How
many cars has John? Children generally find these problems more difficult
than the previous types because they have trouble interpreting the phrase,
"x times as many as ... " (Kouba & Franklin, 1993). This is particularly so
in the division cases where the relational keyword, "times," primes the
opposite operation (Hegarty et aI., 1995).
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In contrast to the multiplicative comparison problems, which are asymmetrical in nature, Cartesian products represent symmetrical cases because
the roles of the two factors are clearly interchangeable (Bell, Fischbein, &
Greer, 1984; De Corte, Verschaffel, & Van Coillie, 1988; Greer, 1992).
Cartesian product problems correspond to the formal definition of m x
n, in terms of the number of distinct ordered pairs that can be formed
when the first member of each pair belongs to a set with m members and
the second to a set with n members (Greer, 1992). The symmetrical structure of these problems can sometimes lead children to view these as additive
cases because there is no verbal cue for multiplication (Nesher, 1992).
This is despite the fact that these problems can readily represent meaningful, real-world situations for children, for example, Sally has a blue shirt,
a red shirt, and a ween shirt. With these, she can wear her yellow skirt, her black
skirt, and her purple skirt. How many different outfits can she make?
To solve each of these problem types, children initially need to develop
an appropriate problem-text model. That is, they must identify the referents
in question (e.g., three different shirts, three different skirts, different
outfits), the relationship between the referents (e.g., each shirt matched
with each skirt to produce an outfit), the role of each referent if applicable
(Le., multiplier/multiplicand), and the problem goal, including the referent being addressed (e.g., the number of different outfits). The identification of these problem-text components is essential to the formation of
a meaningful problem-situation model and subsequently, an appropriate
mathematical model. Difficulties can arise when children form a mathematical model directly from their problem-text model without developing
a problem-situation model, particularly when their problem-text model is
impoverished. Children frequently avoid reading problem texts and try to
solve word problems by attending solely to the numbers or to contextual
cues in the problems (cf. Hegarty et al.'s, 1995, "direct translation"; Bell
et aI., 1984, 1989; Nesher, 1988; Mulligan, 1993). In this case, they would
have an incorrect or incomplete problem-text model (as well as no problem-situation model) and hence, would likely generate an erroneous
mathematical model. We see evidence of this in children's responses to
the present study. Prior to addressing the study, I conclude this background
section by reviewing the nature and role of analogical reasoning in mathematical learning.
ANALOGICAL REASONING AND MATHEMATICAL
LEARNING

Analogical reasoning plays a particularly important role in human cognition and has significant implications for children's mathematical learning,
as the chapters of this volume demonstrate. Studies have shown that even
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young children use analogical reasoning, under appropriate conditions
(Alexander, White, & Daugherty, chap. 4, this vol.; Alexander, Wilson,
White, & Fuqua, 1987; Brown, Kane, & Echols, 1986; Gholson, Dattel,
Morgan, & Eymard, 1989; Gholson et aI., this vol.; Goswami, 1991, 1992;
Holyoak & Thagard, 1995; Pierce & Gholson, 1994). There are many ways
in which they use such reasoning, including as a source of hypotheses
about an unfamiliar situation, as an aid to learning, problem solving, and
transfer, and as a source of mental models (Halford, 1993).
Reasoning by analogy is generally defined as the transfer of structural
information from one system, the base (source), to another system, the
target (Gentner, 1983, 1989; Vosniadou, 1989). This transfer of knowledge
is achieved through matching or mapping processes, which entail finding
the relational correspondences between the two systems. It is this emphasis
on corresponding relational structures that has significant implications for
mathematics learning. As noted in chapter 1, a typical example lies in the
reasoning required to interpret concrete and pictorial representations
(English & Halford, 1995). The concrete or pictorial analog is the source
and the concept to be learned is the target. The value of these analogs is
that they can mirror the structure of the concept and thus enable the
child to use the structure of the representation to construct a mental
model of the concept. This is illustrated in Fig. 6.2 where base-ten blocks
are used to convey the meaning of the two-digit numeral, 27. Here, the 2
ten-blocks represent the digit "2" in the tens' place of the numeral, that
is, there is a mapping from the source, the two ten-blocks, to the target,
the digit 2. The 7 single blocks represent the 7 ones in the ones' place of
the numeral (a mapping from the source, the set of 7 blocks, to the target,
the digit 7). If learners are to make these mappings however, they need

ODD
ODD

o

/

two tens

\

seven ones

\/

27
(twenty-seven)

FIG. 6.2. Analogical representation of a two-digit number. From
English and Halford (1995). Reproduced with permission of
Lawrence ErIbaum Associates.
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to clearly understand the structure of the base and must be able to recognize the correspondence between base and target, that is, there must
be an absence of ambiguity in the mappings to be made. Through their
activities with base-ten representations, children develop a mental model
of symbolic number. This is a good example of how the interaction of the
base and target can produce a new structure (in this case, a meaningful
symbolic representation) that extends beyond previous experience (Halford, 1992; Holyoak & Thagard, 1995).

Analogical Reasoning and Problem Solving
The role of analogical reasoning in problem solving and transfer has
received a good deal of attention, particularly within the context of science
(e.g., Clement, 1993; Duit, 1991; Gentner & Gentner, 1983; Stavy & Tirosh,
1993), cognitive science, and cognitive development (e.g., Halford, 1992,
1993; Holyoak, 1985; Holyoak & Thagard, 1995; Robins & Mayer, 1993).
Several studies have also addressed analogical reasoning in mathematical
problem solving, these dealing largely with high school and university
students (e.g., Catrambone & Holyoak, 1990; Novick, 1992, 1995; Novick &
Holyoak, 1991; Reed, 1987). Research on analogical reasoning in mathematical problem solving by elementary school children is in its infancy,
although significant work has been done by contributors to this volume (see,
e.g., Alexander, White, & Daugherty, chap. 4; Gholson, Smither, Buhrman,
Duncan, & Pierce, chap. 5).
Reasoning by analogy in problem solving involves mapping the relational
structure of a problem that has already been solved (i.e., the source problem) to a new problem (i.e., the target) and using it to help solve this
new example. Because of the focus on relational structure, analogical reasoning can contribute significantly to children's conceptual development
during mathematical problem solving (Holyoak & Koh, 1987; Novick, 1988,
1992; Novick & Holyoak, 1991). However, as I indicated in the issues raised
earlier, there is more to analogical transfer in problem solving than the
mapping of one structure to another.
First of all, the child has to know the generalizable relational structure
of the source problem, and if a source problem has to be retrieved from
memory, it must be done so in terms of this relational structure (Gentner,
1983; Gholson et aI., 1989; Vosniadou, 1989). Second, the child must know
to look for, and must then be able to identify, the relational correspondence
between the target problem and the source problem. The child must utilize
the source problem in terms of its generalizable structure (Gholson et aI.,
1990). Novice problem solvers, however, often have difficulty in detecting
structural similarities between problems that have different contextual features (Novick, 1988). This is largely because they tend to focus on the
salient surface features, such as specific items or objects, rather than the
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underlying structural properties or domain principles (Chi, Feltovich, &
Glaser, 1981; Gholson et al., 1990; Novick, 1988, 1992; Silver, 1981; Stavy
& Tirosh, 1993). With development, however, children display a relational
shift in their ability to detect structural relations, that is, they progress
from processing object-based commonalities to processing higher-order
relational similarities (Gentner, 1988; also see Gholson et al., this vol.).
Simply noticing the relational commonalities between the source and
target is insufficient, however, for analogical transfer. The child must know
what to do with these common structures, that is, the child must know
how to reason analogically and must appreciate the benefits of doing so.
This is particularly important when the target problem is not completely
isomorphic with the source, that is, when the solution model from the
source problem has to be adapted in some way to account for the unique
aspects of the target problem (Novick, 1992). However, as Novick pointed
out, students will not see the need for such adaptation if they do not
construct a sufficiently detailed and coherent mapping between the structural elements of the two problems. The adaptation process is considered
important, because transfer of the solution from the source to target problem is not a natural consequence of a successful mapping (Holyoak, Novick,
& Melz, 1994; Novick, 1995; Novick & Holyoak, 1991). Mapping and adaptation are thus viewed as separate components of analogical transfer in
the solution of more complex word problems, with adaptation being a
major source of difficulty (Holyoak & Thagard, 1995; Novick & Holyoak,
1991). We see evidence of this difficulty in children's responses to the
problems of the present study, to which I now turn.

ClllLDREN'S REASONING IN CIASSIFYING
AND SOLVING MULTIPliCATION
AND DIVISION WORD PROBLEMS
In this section I report on a study which investigated children's reasoning in
classifying and solving multiplication and division word problems. Of interest, was children's ability to recognize commonalities in problem structure
and to reason with these in an analogical manner to solve related problems.
The participants were 75 sixth-grade children (ll-year-olds), who were
selected randomly from two state schools, situated in low and middle socioeconomic neighborhoods of Brisbane, Australia.

Method
Two problem sets, each comprising four source and two target problems,
were developed for the study. These appear in Table 6.1. The first set dealt
with comparison multiplication and division, while the second set focused
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the jar of sweets. How much will 2 tins of biscuits cost?

4. Mandy runs 32 kilometers each week. This is 4 times as many
kilometers as Penny runs each week. How many kilometers does
Penny run?

3. Mary has 72 books on her shelf. This is 3 times as many as Peter
has. How many books has Peter?
2. Jenny charges $8 to clean and polish a car. This is twice as much
as Martin charges. The Brown family has 3 cars. How much will
the Browns pay Martin to clean all of their cars?

Comparison Division

2. Joe runs 12 kilometers each week. Rob runs 3 times as many
kilometers as Joe. How many kilometers does Rob run?

Target Problems

1. A jar of sweets cost $12. A tin of biscuits costs twice as much as

Comparison Multiplication

1. Sarah has 52 books on her shelf. Sue has 4 times as many as Sarah.
How many books has Sue?

Source Problems

PROBLEM SET 1

TABLE 6.1
Problem Sets 1 and 2

~

o

~

4. A baker has 57 loaves of wholemeal bread left at the end of the
day. He will give these to 8 families. How many will each family
receive if they are given the same amount?

3. Mrs. Baker bought 18 different flavored ice creams for her 6 children. How many will each receive if they are given the same amount?

2. Twenty-four children are going on an excursion. There are 7
mothers to drive them. How many children will the teacher put in
each car so that all children go on the trip?

Partitive Division

2. Crusty's bakery bakes wholemeal bread, rye bread, and white
bread. These come in round loaves and square loaves. How many
different loaves can you buy?

Target Problems

1. The Select-A-Card company plans to make boxes of greeting
cards that are either green or yellow, and have either Christmas,
birthday or Easter greetings, and have either silver or gold letterings. How many different greeting cards will there be in each box?

Cartesian Product

1. Sally's ice cream store sells 12 different ice cream flavors and 3
different sized cones. How many different choices of ice creams do
you have?

Source Problems

PROBLEM SET 2
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on Cartesian products and partitive division with variable remainder use. As
can be seen in Table 6.1, the four source problems of each set were designed
so that problems with the same structure had different contexts and those
with different structures were of the same context. This is similar to the
cross-mapping condition used in other studies (e.g., Gentner & Toupin,
1986; Pierce & Gholson, 1994; Ross, 1987). The target problems in each set
(one multiplication and one division) were of similar structure to the source
problems but the isomorphism was not perfect. The target problems were
more inclusive than the source problems, that is, they contained all the
information needed to solve the source problems, plus some additional
information (Reed, Ackinclose, & Voss, 1990). This meant the child had to
adapt or extend the source solution procedure in order to use it to solve the
target problem. For example, the two-dimensional combinatorial procedure
(Xx Y; English, 1993) used in solving the Cartesian product source problems
of set 2 needs to be extended to a three-dimensional procedure (i.e., X x Y
x Z) to solve the target problem. That is, the members of a given set of items
must not only be matched with each member of a second set but also with
each member of a third set.
Each set of problems was administered to the children on an individual
basis, with each child's responses videotaped for subsequent analysis. The
following activities were conducted for each problem set:
Activity 1: The four source problems were placed randomly before the
child and it was explained that some of the problems could be solved in
ways that are alike. The child was then asked to sort the problems according
to similarity in solution procedure, and to explain and justify his or her
sorting method.
Activity 2: The children were then asked to describe each source problem
in their own words and to state how they might solve it. They were then
directed to solve it. The children were subsequently asked whether their
answer was a reasonable one.
Activity 3: Following the second activity, the two target problems were
administered, one at a time, with the order of presentation counterbalanced. The children were asked first, whether the target problem was
similar to any of the source problems they had just solved, and in what
way. They were then asked how the identified source problem might help
them solve the target problem, and were subsequently invited to solve the
target problem.
Activity 4: Mter the child had completed the third activity, the initial
4-card sorting task was re-administered. This was to determine whether the
children had developed more effective mental models of the problems as
a result of completing activities 2 and 3. A control group who had completed the initial card-sorting activities only, also repeated the task.

204

ENGLISH

Children's Responses to Activities 1 and 4:
The 4-Card Sorting Tasks

In addition to obtaining anecdotal data, I assigned association and justification scores to the children's responses for each of the 4-card sorting
tasks. The association scores were obtained by counting the number of
correctly matched problem pairs (a score of 2 for both pairs correctly
matched, a score of 1 for one pair, and 0 points for no pairs correctly
matched). Justification scores were given to children's explanation of why
they grouped the problems in their chosen way. These ranged from a
score of 2 for a clear, explicit, and appropriate justification for classifYing
both pairs; a score of 1 if this justification applied to only one pair, and
a score of 0 otherwise. The mean association and justification scores for
each problem set on both the initial and repeated 4-card sorting tasks
appear in Table 6.2.
As is evident from Table 6.2, the first problem set proved difficult for
the children to classity, especially for the experimental group (the considerable difference in association scores for the two groups was unexpected,
given that children were assigned randomly to these groups). The low
association and justification scores reflect the children's focus on contextual features. The children used these in three main ways to classity the
TABLE 6.2
Mean Association and Justification Scores for the 4-Card Sorting Tasks
for Problem Sets 1 and 2

Problem Set 1: Comparison Multiplication and Division
Association Scores (0-2)
Group
Experimental
Control

Justification Scores (0-2)

Initial

Repeated

Initial

Repeated

0.62
1.20

1.0
0.8

0.58
1.05

0.91
0.60

Problem Set 2: Cartesian Product and Partitive Division With Variable Remainder Use

Experimental
Control

1.2
1.3

1.38
1.40

Note. N(experimental group) = 55; N(control group) = 20.

0.89
1.05

1.15

1.05
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problems, namely, grouping according to common items (i.e., books and
kilometers), grouping according to common factors (i.e., "3 times" and "4
times"), and grouping according to the common operational term (i.e.,
"times"). Children who used the last criterion placed all of the problems
in the one group, "because they all have times." A few children also grouped
all the problems together "because they all say 'how many'." Not only did
the children experience difficulty in identifYing the structural properties
of the problems, but they also displayed misconceptions regarding problem
similarity. For example, Liam stated that "Problems are similar if they have
similar numbers," and Ryan commented that "Problems are the same when
they have the same numbers; that's all."
It is interesting to note the improvement shown on the repeated 4-card
sorting task of problem set 1 by the experimental group who completed
the intervening activities 2 and 3 (these are discussed in the next section).
ANCOVAs were conducted to control for the initial scores of the experimental and control groups. The results indicated a main group effect, with
the experimental children scoring significantly higher association and justification scores than the control group on the repeated 4-card task, F(l,73)
= 7.17, P < .01, and F(l,73) = 11.05, P < .01, respectively. It would seem
that the intervening activities, in which the children interpreted and solved
the problems, made them more aware of the important features.
As indicated in Table 6.2, the children were better able to classify the
problems of set 2. While the experimental children showed an improvement
in both their association and justification scores on the repeated 4-card task,
they did not perform significantly better than the control group. As discussed
in the next section, the Cartesian products and partitive division examples
with variable remainder use, proved to be considerably less difficult for the
children to interpret than the comparison problems of the first set.

Children's Responses to Activity 2:
Interpreting and Solving the Source Problems
The children's interpretation of each source problem was scored on a
3-point scale, as follows. A score of 2 was awarded for a clear and explicit
reference to structural features in the problem description (e.g., "It's a
division problem because she has to share them out evenly with her children" or "It's multiply because each of the 12 flavors has to go with a
small, medium, and large cone."). A score of 1 was assigned to a response
in which the problem was correctly identified as multiplication or division,
but a reason could not be given. All other responses received a score of
O. Children's solving of each problem was scored as either correct (1) or
incorrect (0). Their assessment of the reasonableness of their answer was
given a score of 1 ifit was an appropriate assessment and there was evidence
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of a clear understanding of why this was the case (as was evident in children's use of estimation), and a score of 0 othelWise. The mean scores
for children's interpretation, accuracy, and assessment of reasonableness
for each problem set appear in Table 6.3.
It is readily apparent from the data of problem set 1 (see Table 6.3) that
the children had greater difficulty with the comparison division examples
than they did with the comparison multiplication problems. Because the
children interpreted the term, times as denoting multiplication, they were
generally able to explain and solve problems 1 and 2. However, this limited
understanding proved to be their downfall in dealing with the comparison
division examples. These, likewise, were interpreted as multiplication cases
and solved as such. Needless to say, the children's interpretation and
accuracy scores for the comparison multiplication examples were signifiTABLE 6.3
Mean Response Scores for the Source Problems of Sets 1 and 2

Problem Set 1
Response Categories
Problem
Problem 1
Problem 2
Problem 3
Problem 4

Interpretation (0-2)

Accuracy (0-1)

Reasonableness (0-1)

1.56
1.49
0.98
0.95

0.93
0.91
0.53
0.49

0.35
0.38
0.15
0.20

Note. Problems 1 and 2: comparison multiplication.
Problems 3 and 4: comparison division.
Problem Set 2
Response Categories

Problem 1
Problem 2
Problem 3
Problem 4

1.02
1.09
1.73
1.67

0.67
0.78
0.93
0.78

Note: Problems 1 and 2: Cartesian product.
Problems 3 and 4: partitive division with variable remainder use.

0.22
0.29
0.42
0.22
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cantly higher than those for the comparison division, t(54) = 5.61, P< .001
(interpretation); t(54) = 6.87, P < .001 (accuracy). A calculator, which was
available for optional use, contributed to the children's high accuracy scores
on the multiplication problems, but of course, was of little help to those
children who misinterpreted the comparison division problems.
In contrast to their pattern of responses on set 1, the children were
more successful on the partitive division problems of set 2 than they were
on the Cartesian product examples (see data for problem set 2, Table 6.3).
A significant difference was recorded here, with the children better able
to interpret the two partitive division examples than the two Cartesian
products, t(54) = 5.61, P < .001, and better able to solve them, t(54) =
2.13, P < .05. The children were also more competent with these partitive
division problems than they were with the comparison division examples
of set 1, both with respect to their interpretation of the problems, t(54)
= 5.89, P < .001, and their accuracy, t(54) = 5.34, P < .001. This is not
surprising, given that the partitive examples directly convey a division operation, in contrast to the comparison division problems which suggest
the opposite operation. Likewise, the children found the comparison multiplication problems of set 1 easier than the Cartesian product problems
of set 2 because the former clearly imply a multiplication operation. The
children were better able to interpret the two comparison multiplication
problems than the Cartesian products, t(54) = 4.17, P < .001, and were
more accurate in solving them, t(54) = 3.17, P < .Ol.
The children demonstrated varied interpetations of the Cartesian product problems. A few children considered them to be subtraction problems
because of the word "different," whereas some viewed them as addition
examples. The children who identified the problems as multiplication
offered explanations such as the following:
"Because you can have one flavor with three different cones, so because
there's 12 flavors, it's 12 times 3."
"There's 12 different flavors and three different cones, so you'd have to try
every single flavor with every single cone, so you'd times."
''You can get wholemeal bread, but if you don't like it in round you can get
square and that's the same with each type of bread, so it's times."

It is worth commenting on the children's calculator use in solving the
source problems of set 2. Approximately half the sample showed a preference for the calculator, however it was of little use to those children who
could not interpret the problems correctly. This was also the case with
problem set I, as was evident in the children's poor accuracy scores on
the comparison division examples. Furthermore, the children who chose
to use the calculator to solve the fourth problem of set 2 had difficulty in
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interpreting their answer. They either gave the response, 7.125, or tried
dividing 8 by 57 (ending up in a worse predicament), or decided to discard
the calculator and draw a diagram instead.
The children had considerable difficulty in assessing the reasonableness
of their answers for all of the problems in both sets. They were better able
to determine whether their answers were sensible for the comparison multiplication problems than for the comparison division examples (t(54) =
2.47, P < .05), although their scores still remained low. Those who were
able to offer some form of assessment tended to rely on practical knowledge, such as, "Thirty-six is a sensible answer because ice cream parlors
usually have that many choices," and "Three ice creams for each child is
a sensible answer because if they had too many more than three, it would
make them sick." Occasionally a child would draw upon specific estimation
techniques taught in school, as was evident in Aaron's comment that
"Thirty-six (source problem 2, set 1) is sensible because a 'front-end estimate' is 30 and 36 is close to that."

Children's Responses to Activity 3:
Solving the Target Problems
As indicated previously, the children were presented two target problems for
each set of source problems (see Table 6.1). For each of the target problems,
the children were to identify a similar source problem(s), explain how it was
similar, and how it could assist in the solution of the target problem; they
then proceeded to solve the target problem. A correct identification of at
least one source problem was awarded 1 point; an incorrect identification,
including instances where an incorrect source problem was chosen along
with a correct one, was assigned a score ofO. If children made clear reference
to the structural components of the problems in their explanation of why
the source and target problems were similar, and also in their account of
how the source problem might help them solve the target problem, they
were given a score of 2. For instance, a child might comment, "They're all
multiply and I had to work out how many different combinations for each
of these (the source problems) so I'll try doing the same thing for this one
(target problem)." If children were only able to offer an appropriate
explanation for one of these two components (i.e., either how the source
and target were similar, or how the source might help solve the target), they
were given a score of 1. For example, children might state, "They're both
divide problems and this one (source problem) helps me because it has
similar numbers." All other responses were assigned a score of o. Children's
solution of the target problem was awarded 1 point if correct and 0 points
otherwise.
Table 6.4 displays the mean scores for children's responses to the target
problems of sets 1 and 2.
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TABLE 6.4

Mean Response Scores for the Target Problems of Sets 1 and 2

Problem Set 1
Response Categories
Problem

Problem 1
Problem 2

Identification of
Similar Problem (0-1)

Explanation (0-2)

Accuracy (0-1)

0.20
0.07

0.16
0.07

0.75
0.49

Note. Problem 1: comparison multiplication.
Problem 2: comparison division.

Problem Set 2
Response Categories

Problem 1
Problem 2

0.64
0.66

0.47
0.78

0.38
0.60

Note: Problem 1: Cartesian product. Problem 2: partitive division with remainder used.

The data of Table 6.4 clearly indicate the difficulties the children experienced in identifying a similar source problem and in seeing how it
could help solve the target problem. This was especially the case for problem set 1 where many children identified the two target problems as being
similar to each other, rather than to a source problem. The reasons children gave here included, "They both have money," or "They both have
'twice' and 'how much,''' or "They are both two-step problems." The last
reason was the most frequently given. In a similar vein, children who did
not consider the target problem to be similar to any of the source problems
focused on contextual features in their explanations, giving reasons such
as, "They don't talk about the same things" (i.e., library books or kilometers) and "It (target) says 'how much' and the others (source) say 'how
many'." Children who selected an inappropriate source problem also used
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contextual similarities. For example, they might match the first target problem of set 1 with the second source problem of set 1 because "they both
have a 12 in them." Alternatively, some of the children who were able to
identify an appropriate source problem nevertheless believed it could not
be of assistance because of the different numbers involved or the different
contexts ("They're about different things"). One child who was able to
point out the structural similarities stated that "This does not necessarily
mean the problems are ]olved in a similar way."
While the children had difficulty in dealing with the set 1 target problems, they did find it easier to identify a similar source problem for the
comparison multiplication target problem than they did for the comparison
division target problem, t(54) = 2.1S, P< .05. They were also more accurate
on the comparison multiplication target problem than on the comparison
division target problem, t(54) = 2.93, P < .01. There was no significant
difference in the children's explanations, however.
The set 1 target problems also proved more difficult for the children
than the set 2 target examples, with respect to identifying a similar source
problem and offering an appropriate explanation. For the multiplication
cases, the children found it more difficult to identify a similar source
problem on set 1 than on set 2, t(54) = -5.3S, P < .001, and also had
greater difficulty in offering an appropriate explanation on set 1 than on
set 2, t(54) = -3.79, P < .001. They were more accurate however, on the
multiplication target problem of set 1 than set 2, t(54) = 4.35, P < .001.
For the division cases, the children had greater difficulty in identifying a
similar source problem in set 1 than in set 2, t(54) = -8.67, P < .001, and
in offering an appropriate explanation, t(54) = -S.O, P < .001. However
there was no significant difference in their accuracy on the two division
target problems.
Whereas the multiplication target problem of set 1 was easier for the
children than the set 1 division target problem, the reverse was the case for
the set 2 target problems. The Cartesian product target problem of set 2 was
more difficult than the partitive division case, with respect to the children's
explanations, t(54) = -3.61, P < .01, and their ability to solve the target
problem, t(54) =-2.46, p< .05. Although the children were more competent
in identifying similar source problems on this second problem set, this was
not significantly correlated with their ability to solve the target problems.
Children frequently did not make effective use of their identified source
problem in solving the target problem. Eleven-year-old Clinton, for example,
recognized the similarity between the Cartesian product target problem and
the second source problem ("Crusty's Bakery") but did not utilize his source
solution procedure because "the problems are about dih'erent things." As
the data of Table 6.4 indicate, many children had difficulty in solving this
target problem because of the additional combinatorial procedure required.
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Not surprisingly, they were significantly less accurate on this target example
than on each of the Cartesian product source problems, t(54) =-3.43, P<
.01 (first), t(54) =-5.26, P< .001 (second).
There were however, a few children who were successful in utilizing the
Cartesian product source problems to solve the target example; they simply
extended the systematic matching or listing procedures they used in the
source problems. This can be seen in the samples of children's written
work, displayed in Figs. 6.3 and 6.4.
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FIG. 6.3. Evan's solutions to the Cartesian product problems.
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FIG. 6.4. Kelly's solutions to the Cartesian product problems.

Children who made use of the source problems in solving the partitive
division target problem (set 2) frequently had difficulty in making the
necessary modification when dealing with the remainder. This is not surprising, given that the target problem entails considerable extension beyond the
source problems. Some children simply discarded the remainder, that is,
they treated the problem as a quotient-only type, as they did with the source
problem. Those who used the calculator to determine their answer had
trouble interpreting the decimal remainder, as they did with the source
problem. As Clinton commented, "Oh man, you can't cut children in half!"
These children resorted to drawing a diagram to help them solve the problem. Only one child commented that "the remainder is used differently."
As with the first problem set, children who claimed there was not a
similar source problem for the target problems of set 2, explained that
the source and target problems "had different things" or "had different
numbers to divide," or that "there were more steps to solve." There was,
in fact, a significant correlation between children's ability to identify a
related set 2 source problem and the appropriateness of their explanations,
for both the multiplication target problem, r= .6 (two-tailed), p < .00, and
the division target problem, r = .84 (two-tailed), p < .001.
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The children's responses to the target problems of this second set support Novick and Holyoak's (1991) argument that the transfer of a solution
from a source to a target problem is not a natural consequence of a
successful mapping of problem structures. The adaptation of the source
procedure is a major source of difficulty, as I discuss in the next section.

MENTAL MODELS AND REASONING PROCESSES
IN COMPUTATIONAL PROBLEM SOLVING
There appear five main findings from the present study, which I review
in this section:
• The children's mental models of the problem situations generally
comprised surface elements, especially with respect to the comparison
problems;
• These mental models therefore, did not provide the appropriate relational structures necessary for analogical reasoning;
• The children tended not to spontaneously use analogical reasoning
to help them solve the target problems;
• When children did reason analogically, they experienced difficulty in
adapting the source solution procedure to meet the requirements of
the target problem;
• The children improved their understanding of the problems as a result
of the activities, that is, there was evidence of schema induction.
It was clear that the contextual aspects of the problems featured prominently in the children's interpretation of the problems. This would suggest
the construction of a weak problem-text model, or in some cases, no such
model. As a consequence, the formation of an appropriate problem-situation model, that is, one which attends to relational structure, would be
lacking. The mathematical model, representing the solution to the problem, would thus be derived from a weak knowledge base and mayor may
not, produce the desired solution. Children's responses to the comparison
source problems for example, suggest the construction of a problem-text
model whose referents would be "books/kilometers" and "times" (or "3
times/4 times"). When used as the basis for classifying the problems, this
model would likely lead to erroneous groupings, such as matching the two
problems that feature "kilometers." When applied to problem solution,
this problem-text model may produce a correct response for the comparison multiplication cases, because the operational term, times, would be
interpreted in a multiplicative sense. When applied to the division cases
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however, it would clearly not lead to the solution. An effective problemsituation model is essential here. Children's poor accuracy scores (see
Table 6.3) for these comparison division cases indicate the absence of such
a model. Likewise, children's difficulty in interpreting the remainder in
the partitive division examples, as well as their inability to adequately assess
the reasonableness of their answers to each of the problems, points to
their failure to construct an adequate problem-situation model.
Children's difficulty in forming this model would have inhibited their
use of analogical reasoning in solving the target problems. It would have
prevented them from selecting a suitable source problem, especially for
the comparison examples where children's reference to surface features
was common (e.g., "There isn't a similar one because they don't talk about
the same things," or "It is similar to this one because they both have a 12
in them."). Because children had trouble identifying the relational structure of the problems, they obviously could not make the required mappings
from source to target. Children who identified the target comparison problems as similar to each other, "because they are both two-step problems,"
were at least aware of the additional step entailed in solving the problems,
but could not see any similarity to the source problems.
There is also the issue of whether the children understood what is meant
by problem similarity and whether they knew what to look for when dealing
with the problems. Weaknesses here could have contributed to children's
poor performance, even though the notion of problem similarity was explained to them from the outset. Comments such as, "Problems are the
same when they have the same numbers," indicate a misconception of
problem similarity, as well as a lack of structural awareness.
The fact that the target problems were not strictly isomorphic with the
source problems would have contributed to children's difficulty in selecting
a similar source problem. The new features of the target problems, coupled
with children's focus on surface cues, inhibited not only their identification
of a suitable source, but also their mapping and subsequent adaptation of a
source solution procedure to the target pro blem. This is not surprising, given
that both salient surface differences and deeper structural differences have
an impact on transfer, and hence, spontaneous analogical transfer is most
likely to occur when the target problem shares multiple features with the
given source (Holyoak & Koh, 1987). The children might have performed
better had the target problems shared more features with the source
problems, that is, had they been completely isomorphic. This is being
addressed in a current study (English, 1997). However, even in these cases,
children still need to know how to reason analogically in solving a target
problem and also need to appreciate the value of doing so.
On a more positive note, the children's experiences with the source
and target problems did produce a significant improvement in their mental
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models of the problems, especially for the difficult comparison problems.
This highlights the importance of including such activities in the mathematics curriculum.

PROMOTING EFFECTIVE REASONING
IN COMPUTATIONAL PROBLEM SOLVING
As the findings of this study indicate, children will be unable to reason
effectively if their knowledge base is poor. We need to design classroom
experiences which foster children's structural understanding of mathematical concepts and processes. Such experiences should be interactive in
nature, where children discuss their interpretations of meaningful problem
situations and their different approaches to dealing with these.
In the domain of computational problem solving, children can be presented with problems like those addressed here and encouraged to debate
their reasons for why they consider some problems to be similar, and other
problems, different. Through shared negotiations with their peers and
teachers (cf. argument of Cobb, Yackel, & Wood, 1992), children can come
to an appreciation of why the contextual features of problems can be
misleading and why they need to consider the important structural properties in forming an effective mental model of a problem situation. When
this is achieved, children should be able to identify the important referents
in a problem, the relationships between them, the roles they perform, and
the goal to be achieved. Children require a range of experiences to help
them form meaningful problem models, ones that are both robust and
flexible in the face of misleading or changing circumstances. At the same
time, these models need to be generative in nature, that is, they should
provide a rich source for the construction of new problem models. Engaging children in problem-posing activities, in which they model or adapt
existing problem structures to generate their own problems (English, in
press-a; in press-b), can help foster this development.
Children will need guidance in reasoning with these models. We can
hardly advise children to use a related problem to help solve (or create)
a new problem if they do not know what to look for in the problems, do
not know how to utilize related structures, and do not appreciate the
benefits of doing so. We need to specifically target these issues in classroom
activities which encourage analogical reasoning. To help children form
the appropriate mappings between source and target problems, we can
introduce them to isomorphic cases where the structural correspondences
are directly apparent. These experiences will provide the basis for dealing
with the more difficult examples where there is not complete isomorphism
between source and target. Activities in which children need to adapt a
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source procedure to meet the requirements of a target problem should
enhance their ability to deal with new situations as well as increase their
confidence in doing so.
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Chapter

7

Two Types of Reliance on
Correlations Between Content
and Structure in Reasoning
About Word Problems
Miriam Bassok
University of Chicago

A common instructional practice in mathematics is to present students with
word problems that descri be various real-life situations involving apples, cars,
workers, and many other characters. Such problems are used both to exemplify certain properties of abstract mathematical concepts, and to provide
situations that can be meaningfully modeled by the abstract rules of mathematics (Nesher, 1989). In both roles, students are invited to relate mathematical concepts and rules with their semantic knowledge. For example, they
are told that addition is like a procedure for combining sets of marbles, that
the operation of division is analogous to partition of a set of cookies among
children, and that linear functions capture the properties of constant change
in temperature. However, because many aspects of the situations described
in the problems cannot or should not be mapped onto mathematical
concepts and rules, teachers warn students not to treat the analogies literally.
For example, students are told that addition is not specific to combining
marbles, that division is not confined to sharing cookies, and that linear
functions cannot capture many essential properties of temperature.
Without knowing which aspect of mathematical knowledge is exemplified by a given word problem, or which aspect of a given phenomenon
has to be modeled, the task of mapping between the situations described
in word problems and the relevant mathematical concepts and rules is far
from trivial. In fact, teachers' explanations about the correspondence between problem cover stories and their mathematical structures might be
quite confusing even to very intelligent novices. For example, a teacher
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might say that fractions are like slices of pizza, but she also says that it
does not matter which toppings are on the pizza, and that the child cannot
cut "a bigger half' for himself because the slices have to be equal in size.
The generality of the learned rules is similarly unclear. For instance, a
teacher might say that the operation of division can be applied to any two
arbitrary variables (A and B) and that the rules of mathematics do not
dictate whether A should be the numerator and B the denominator or
vice versa. However, she also says that in the pizza problem the correct
solution is "pizzas/children" and not "children/pizzas."
Many students are so confused by such conflicting messages that they
seem to give up on their attempts to understand the relation between
content and structure in word problems. They seem to learn that, while in
school, they will fare better if they completely ignore their world knowledge.
These students mechanically translate problem texts into equations, using
syntactic cues and key words in order to decide which solution procedure to
apply. For example, they learn that "altogether" implies that they should use
addition whereas "less" implies that they should use subtraction (Nesher &
Teubal, 1974), or that "times" implies multiplication rather than division
(English, chap. 6, this volume). As a result, they often come up with
meaningless solutions, such as 1.37 buses needed for taking children on a
school trip (Silver, Shapiro, & Deutsch, 1993). There are other students,
however, who seem to successfully learn the rules by which they should relate
their semantic and mathematical knowledge. These students carefully attend
to the semantic information implied by the cover stories (e.g., Hinsley,
Hayes, & Simon, 1977; Paige & Simon, 1966) and their solutions are both
mathematically correct and sensible; they readily notice that certain problems are anomalous (e.g., the value of four dimes cannot exceed the value
of six quarters) and spontaneously correct such anomalies.
What appears to be quite surprising is that the same students who ignore
the semantic meaning of cover stories often fail to apply learned solutions
to analogous problems that differ in content (e.g., Reed, Dempster, &
Ettinger, 1985; Ross, 1987). By contrast, the same students who carefully
attend to the semantic meaning of the cover stories reliably recognize
solution-relevant similarities between problems that differ in content
(Novick, 1988; Schoenfeld & Herrmann, 1982; Silver, 1981). How can one
explain the fact that the transfer performance of those who ignore content
is "content bound" whereas transfer performance of those who attend to
content is "content general"?
I propose that these two groups of students, which happen to be respectively those with poor and good understanding of mathematical concepts and rules, differ in the way they exploit the knowledge that content
and structure are often correlated. In particular, I propose that both groups
of students learn that there are nonarbitrary correlations between problem
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cover stories and problem solutions. However, poor students mainly exploit
such correlations directly, operating under the assumption that problems
with similar content and phrasing are likely to be solved in a similar way.
By contrast, good students use their semantic knowledge to understand such
correlations (i.e., why a particular cover story entails a particular solution).
They use content to interpret the structure of the problems, and their
transfer performance is mediated by similarities in the content-based "interpreted structures" of the learned and novel problems.
In this chapter I first present a brief summary of representative results
from studies on analogical transfer showing that differences in the cover
stories of analogous training (base) and novel (target) problems can impair
spontaneous retrieval and correct application of previously learned solutions. Then, I discuss two qualitatively different explanations for such content effects. The prevalent explanation, to which I refer as the interference
hypothesis, posits that people retain content in the representations of the
base and target problems. As a result, transfer is impaired by direct mismatches between the specific content of the problems (e.g., speed differs
from salary). Our explanation, to which I refer as the interpretation hypothesis, posits that people use content to interpret the structures of the base
and target problems. As a result, transfer is impaired by mismatches in
the content-based interpreted structures of the problems (e.g., speed implies continuous change whereas salary discrete change). Differences in
the transfer performance of poor and good students might reflect a higher
tendency of the former to retain content in problem representations and
of the latter to use content in order to interpret problem structures.
Because the correlations between content and structure are imperfect,
both strategies might lead to failures of transfer. To date, most studies
document that poor students are likely to be misled by similarities and
differences in content of analogous problems. Here, I report results from a
line of research conducted in our laboratory showing that because mathematically sophisticated students engage in content-based interpretations of
problem structures, they also might fail to apply learned solutions to
analogous problems that differ in cover stories for different reasons than
poor students. Because our goal was to document the existence of interpretative effects of content, and because we believe that interpretative effects of
content are more likely to occur when students attempt to understand
problem structures, our subjects were college students (i.e., University of
Chicago undergraduates) who generally have good understanding of school
mathematics. Of course, people might both retain content in problem
representations and use content to interpret problem structure. In many
studies, the interference and interpretation hypotheses predict similar
patterns of transfer failures and so are undistinguished. Our studies were
designed such that these two types of content effects could be separated.
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RETRIEVAL AND APPliCATION
OF ANALOGOUS SOLUTIONS
Gick and Holyoak (1980) presented subjects with a solution to a military
problem in which small army troops destroyed a heavily guarded fortress
by simultaneously attacking it from different directions. That is, subjects
learned that simultaneous convergence of weak forces on a central target
results in a powerful focal force. Mter learning this solution, subjects were
presented with an analogous medical problem (Duncker, 1945) in which
a doctor was to use X-rays in order to destroy a malignant stomach tumor.
The tumor could be destroyed only by strong radiation, but strong radiation
would destroy the healthy tissue surrounding the tumor. How could the
doctor destroy the tumor without hurting the healthy tissue? The medical
problem could be solved by applying the convergence solution learned to
the analogous military problem (i.e., making weak X-rays converge on the
tumor). However, the great maJority of subjects (about 70%) did not notice
that the problems were analogous. They transferred the convergence solution to the medical problem only after the experimenter explicitly
pointed out its relevance.
This study became a classic demonstration of the fact that superlicial
differences in cover stories impair spontaneous retrieval of analogous problems from memory, but have little impact on people's ability to apply
learned solutions once their relevance has been pointed out. Many studies
document similar effects with other problems, including mathematical
word problems (see Reeves & Weisberg, 1994, for a review). To illustrate,
Ross (1987) presented students with a medical problem to exemplify a
statistics principle. He found that without a hint from the experimenter,
college students were more likely to apply the learned solution to a structurally isomorphic medical problem than to a structurally isomorphic problem involving admission to graduate school. Mter receiving a hint, however,
students were as likely to apply the learned solution to either the medical
or graduate-admission problem.
Although differences between the cover stories of analogous problems
have a more pronounced impact on spontaneous retrieval than on correct
application of analogous solutions, similarities and differences between
the specific objects in the base and target problems can affect the way in
which people instantiate learned solutions (Bassok, 1990; Gentner &
Toupin, 1986; Ross, 1987, 1989). For example, children in Gentner and
Toupin's study (1986) learned a story in which a squirrel was the protagonist and a frog was the villain. Then they were explicitly asked to enact an
analogous scenario with a chipmunk and a toad. Children's performance
was much better when they could map the chipmunk to the role of the
squirrel protagonist and the toad to the role of the frog villain, than when
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they had to reverse the structural roles of the chipmunk and the toad,
that is, to put the toad in the role of the squirrel protagonist and the
chipmunk in the role of the frog villain.
Brian Ross (1987, 1989) obtained similar results with adults solving
probability problems. To illustrate, subjects in the 1989 study first learned
a permutation problem in which cars were randomly assigned to mechanics. Then they had to apply the learned solution to another permutation
problem in which scientists were randomly assigned to computers. The
subjects received the relevant equation and were asked to instantiate it
with the appropriate values (i.e., with the number of scientists and the
number of computers). Ross found that, although scientists had to be
placed in the structural role of the cars (because both served as the randomly assigned set) and computers in the structural role of the mechanics
(because both served as assignees), subjects erroneously solved the target
problem by placing scientists in the role of the mechanics (because both
were animate) and computers in the role of the cars (because both were
inanimate). Thus, there is empirical evidence showing that both spontaneous retrieval and informed application of previously learned solutions
depend on similarities and differences between the cover stories of the
base and target problems.

THE INTERFERENCE HYPOTHESIS
Effects of content on retrieval and application of analogous solutions are
currently explained in terms of feature-matching mechanisms by which
people attempt to align the representations of the base and target problems
(e.g., Falkenhainer, Forbus, & Gentner, 1989; Gentner, 1983, 1989; Gentner & Forbus, 1991; Holyoak & Thagard, 1989; Thagard, Holyoak, Nelson,
& Gochfeld, 1990). Proponents of such models posit that people include
in problem representations both aspects of content (e.g., object attributes)
and aspects of structure (e.g., relations that take these objects as arguments). For. instance, they might represent the military problem used by
Gick and Holyoak (1980) as "DESTROy(army troops, fortress}" and the analogous medical problem as "DESTROY (X-rays, tumor)." When people attempt
to retrieve or apply previously learned solutions, direct mismatches in
aspects of content (e.g., army troops differ from X-rays; a fortress differs
from tumor) compete with direct matches in the solution-relevant aspects
of structure (e.g., "DESTROY (forces, target)"}.
That is, the interference hypothesis posits that direct mismatches in
"undeleted" aspects of content interfere with people's ability to recognize
that the problems share the same or a similar structure. Of course, when
the content of the base and target problems is similar (e.g., two medical
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problems), matches in content support matches in structure. Because retrieval is assumed to be a more "mindless" process than application (e.g.,
Gentner, 1989), salient, irrelevant aspects of content have a more pronounced impact on retrieval than on application. At the same time, the
less salient, solution-relevant aspects of structure have a lesser impact on
retrieval than on application (e.g., Holyoak & Koh, 1987).
Why would people include content in problem representations if such
inclusion results in failures of analogical transfer? One reason could be that
people are uncertain about which aspects of the base and target problems
are, in fact, relevant to the solution. If so, inclusion of content in problem
representations could protect them from potentially misleading generalizations. Evidence that supports the "uncertainty" explanation comes from
studies in which transfer is substantially increased following training conducive to abstraction of structure from content (e.g., Bassok & Holyoak, 1989;
Brown, 1989; Catrambone & Holyoak, 1989; Gick & Holyoak, 1983; Gick &
McGarry, 1992; Needham & Begg, 1991; Reed, 1993; Ross & Kennedy, 1990).
As an example, Gick and Holyoak (1983) found that subjects who successfully summarized the relevant commonalties between two base problems
involving converging forces (i.e., schema abstraction) were very likely to
spontaneously apply the convergence solution to a novel analogous problem
(i.e., the radiation problem). Additional support for this explanation comes
from studies showing that experts, good students, and older children are less
affected by superficial differences in content than are novices, poor students,
and younger children (e.g., Chi, Bassok, Lewis, Reimann, & Glaser, 1989;
Gentner & Toupin, 1986; Novick, 1988). Thus, it appears that people who
understand learned solutions well form sharper distinctions between content and structure and/ or include in their representations fewer aspects of
content than people who do not understand the solutions.
Another reason for including content in problem representations could
be that knowledge is most likely to be applied in the context it was learned
(e.g., a procedure for solving distance problems is most likely to be applied
to distance problems). If so, inclusion of content could speed up retrieval
and application of learned procedures to the most relevant contexts. A
good illustration of such effects is provided by Hinsley et al. (1977). These
researchers found that after reading no more than a few words of an
algebra word problem mathematically sophisticated subjects could correctly
identify the problem's category (i.e., a work problem, a distance problem),
thereby accessing information relevant to the problem's solution. That is,
even experts who can correctly distinguish between solution relevant aspects of structure and superficial aspects of content rely on similarities in
content and phrasing to speed up retrieval of learned procedures, but are
more likely than novices to recognize situations in which they were "misled"
by similarities and differences in problem cover stories (Novick, 1988).
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To summarize, the interference hypothesis posits that direct matches
and mismatches in aspects of content interfere with people's ability to
recognize that the base and target problems share the same or analogous
structures. Such effects are especially likely to occur when people fail to
abstract solution-relevant aspects of structure from their superficial content
covers (e.g., poor students). Because appearance and essence are often
correlated (e.g., arithmetic word problems that include "altogether" often
require addition), people can rely on direct matches and mismatches in
content to identify the contexts in which specific knowledge can be reliably
applied (Medin & Ortony, 1989; Medin & Ross, 1989) .

THE INTERPRETATION HYPOTHESIS

There is little doubt that poor transfer performance sometimes reflects
interference from direct mismatches in aspects of content, context, and
phrasing that people retain in problem representations. However, differences between the representations people construct for isomorphic problems are not limited to different proportions of solution-irrelevant aspects
included in them. That is, abstraction (i.e., understanding) is not equivalent to deletion of content from problem representations. Rather, people
who differ in their expertise classify and solve the same problems using
very different principles (e.g., Chi, Feltovitch, & Glaser, 1981; Larkin,
McDermott, Simon, & Simon, 1980). Also, several studies document that
people solving structurally isomorphic problems that differ in their cover
stories employ qualitatively different solution strategies (e.g., Cheng &
Holyoak, 1985; Duncker, 1945; Hayes & Simon, 1977; Kintsch & Greeno,
1985; Kotovsky, Hayes, & Simon, 1985; Maier & Burke, 1967). That is,
different cover stories might lead people to infer that structurally isom'orphic problems differ in their structure.
To illustrate, Kotovsky et al. (1985) found that some content instantiations of isomorphic problems are more difficult than others because people
infer structural constraints from knowledge about the attributes of the
specific objects that serve as arguments in such problems. They presented
subjects with two isomorphs of the Tower of Hanoi problem. In both
problems subjects had to place disks of different sizes on top of each other
according to a prespecified set of rules, but in one of the problems the
disks represented acrobats. Subjects had little difficulty placing a big disk
on top of a small disk, but they refrained from placing a big acrobat on
a small acrobat. The authors explained greater difficulty of the acrobats
version by the structural constraint inferred from people's knowledge that
a big acrobat cannot jump on the shoulders of a small acrobat without
hurting him. That is, the acrobat problem differed from the disks problem
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in what we call its interpreted structure. It involved inherently asymmetric
relations between participants that could not be reversed (i.e., small acrobats can jump on the shoulders of big acrobats but not vice versa). By
contrast, the disks problem involved relations between inanimate objects
whose roles could be determined in an arbitrary way (i.e., a small disk can
be placed on a big disk or vice versa).
Such results suggest that differences in content impede transfer not
only because people retain content in their representations (as proposed
by the interference hypothesis), but because different contents lead people
to infer that structurally isomorphic problems differ in their structure (as
proposed by our interpretation hypothesis). By this account, failures of
transfer occur because of differences between the interpreted structures
of the base and target problems. Of course, such semantic interpretative
effects are more likely to occur when people try to understand the situation
described in the problem than if their processing is syntactic, that is, limited
to the specific wording and phrasing of the problem's text. Note that when
people try to interpret problem structures in terms of their semantic knowledge, they operate under the assumption that there are nonarbitrary constraining dependencies between content and structure which they can
exploit. For instance, knowing that big and small acrobats are likely to
play functionally asymmetric roles, people infer that the problem's structure involves asymmetric relations between its arguments.
Although researchers agree that a cover story might induce inferences
about the problem's structure, and although existing models of transfer
explicitly acknowledge that interference effects have to be established relative to the subjective representations people construct for the base and
target problems, the possibility that such interpretative effects might affect
transfer performance has not been tested. Even studies that relate transfer
to understanding (e.g., Bassok & Holyoak, 1989; Novick, 1988) did not
examine whether differences in content affect transfer because they lead
people to construct different interpreted structures.
Next, I describe results from a line of research conducted in our laboratory documenting the existence of interpretative effects of content that
cannot be explained by the interference hypothesis. The studies used mathematical word problems in which different objects (i.e., content) served as
arguments in structurally isomorphic or homomorphic word problems.
Subjects were college students with extensive experience with school mathematics. The first two studies show that people use object attributes to distinguish between (a) cases of continuous and discrete change and (b) symmetric and
asymmetric mathematical structures. Another study shows that (c) such objectbased interpretations reflect students' belief that, in most cases, teachers and
textbook writers choose word problems in which semantic constraints
implied by the cover stories are compatible with mathematical constraints.
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Interpreted Structures of Change
Consider a high-school or college student who studies a physics chapter
about constantly accelerated motion. In the context of this chapter the
student learns a "distance" equation, which states that distance is the product of average speed and travel time, and successfully applies this equation
to distance problems such as the following:
The speed of a car increases at a constant rate during a period of 10 seconds
from 5m/s to 25m/s. What distance, in meters, will the car travel during
the 10-second period?

Mter a short break, the student is asked to solve an arithmetic-series problem, such as the following, as a pretest to an algebra training session:
Over the last 6 years, Juanita's salary increased every year by a constant
amount, from $21,000 in the first year to $24,000 in the seventh year. How
much money did she earn during this 6-year period?

Would the student notice that this problem is analogous to the physics
problem and use the distance equation to find Juanita's salary?1 The answer
is "no" for about 90% of subjects who participated in our studies (Bassok,
1990; Bassok & Holyoak, 1989; Bassok & Olseth, 1995).
Our initial explanation for such results (e.g., Bassok & Holyoak, 1993)
was based on the assumptions of the prevalent interference hypothesis.
We explained lack of transfer by mismatches in undeleted aspects of context (physics vs. algebra), content (speed vs. salary), and phrasing (a constant amount vs. constant rate). Moreover, consistent with the assumptions
of the interference hypothesis, we found that instruction conducive to
abstraction of structure from content substantially increased the frequency
of transfer. We contrasted transfer of the same solution procedure learned
either in physics (i.e., a distance equation) or in algebra (i.e., a series
equation). Unlike physics training, which embeds the formal mathematical
structures in domain-specific concepts (e.g., initial and final speed, acceleration, distance, time), algebra training is domain-general (e.g., initial
and final term, constant difference, sum, number of terms). Indeed, we
found an overwhelming asymmetry in transfer between physics (domainspecific) and algebra (domain-general). Specifically, transfer from physics
to algebra was very rare (about 10%), but almost all subjects (90%-100%)
'The distance equation is J) = (Vi + v,)t/2 , where J) = distance covered during a period
of constant acceleration, Vi = initial speed, v,= final speed, and t = time of travel. The solution
to the physics problem is (5m/s + 25m/s) IOs/2 = 150m; and to the salary problem is
(21,OOO$/yr + 24,000$/yr)7yr = $157,500.
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who first learned to solve arithmetic series problems (algebra) spontaneously applied the learned equation to solve the distance problems (physics).
Although the interference hypothesis can account quite well for this
pattern of transfer results, in a more recent series of studies (Bassok &
Olseth, 1995) we found evidence suggesting that such effects could have
been mediated by interpretative effects of content. Moreover, we found
evidence for interpretative effects that cannot be explained by the interference hypothesis. Consider again a student who learns to solve physics
problems involving constant change in speed. After finishing the physics
training, the student is asked to solve either a "population" or an "attendance" problem:
Population: The rate of population growth in a certain country has increased
steadily during the last 12 years from 3,000 people/year to 15,000
people/year. How many people total were added to the population during
the 12-year period?
Attendance: An annual art fair is held on November 1st every year. The
attendance rate at the annual fair has increased steadily during the last 12
years from 3,000 people/year to 15,000 people/year. How many people total
attended the fair during the 12-year period?

The two nonphysics problems appear to be equally similar (or dissimilar)
to the distance physics problems. For example, both problems use the
same quantities (people/year) and the same phrasing (e.g., "increased
steadily"). However, 71 % of college students who participated in this study
spontaneously used the distance equation to solve the population problem,
while only 27% applied it to solve the attendance problem.
Differential transfer to the population and attendance problems cannot
be explained by direct mismatches between the attributes of the changing
entities in the base and target problems (meters/second vs. people/year)
because such mismatches would have similar effects on both target problems. Rather, they demonstrate that people use object attributes to interpret the situations described in problem cover stories. Their interpreted
representations of the target problems either match or do not match the
representation constructed for the base problems. Specifically, it appears
that people spontaneously distinguish between situations that are cases of
continuous and discrete change.
We obtained evidence for such object-based interpretations of problem
structures by asking another group of college students to choose between
a "line" (continuous) and a "dots" (discrete) graph as best depicting the situations described in the base and target problems. Subjects chose the line
graph as best depicting the situations in both the speed and the population
problems, but chose the dots graph as best depicting the change in the
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attendance problem. Evidence that such inferences occur spontaneously
during problem solving comes from a related study (Ali bali, Bassok, Olseth,
Syc, & Goldin-Meadow, 1995). This study documented that people produce
continuous gestures (e.g., swipes) when solving problems in which the
entities change continuously, but produce discrete gestures (e.g., beats)
when solving problems in which the entities change discretely. Because
people seem to understand that both speed and rate of population growth
change continuously, they solve the problems in the same way. However,
because they understand that the rate of attendance at an annual fair
changes discretely, they refrain from applying the distance equation (continuous) to the attendance problem (discrete).
Mismatches in the interpreted structures of the base and target problems
affected both spontaneous retrieval and informed application of the learned
solutions. In particular, subjects trained in physics (continuous) often
rejected the possibility of applying the learned solution to problems involving a series of discrete changes even when they initially thought that the
problems were similar. For example: "This looks very similar to the physics
problem, but I know that it's different because it seems like this is not
continuous, this is more discrete, it's not like a steady increase." Moreover,
they had difficulties in aligning novel discrete situations (e.g., consecutive
deposits to a savings account) with the learned continuous situations even
when the experimenter explicitly asked them to do so. For example: "Uhh,
all right, then initial payment would correspond to initial speed and final
payment to final speed ... but wait, I was thinking whether I should use each
month as an initial payment ... In other words, apply this 12 times."
Interestingly, our subjects had little difficulty in either retrieval or application of solutions learned for economics problems describing discrete
change (e.g., consecutive monetary investments in $/month) to either
continuous problems (e.g., ice melting off a glacier in lb/week) or discrete
problems (e.g., ice delivered to a restaurant in lb/week). In particular,
contrary to laborious mappings in the continuous-to-discrete direction,
there was no evidence for explicit mapping when going in the discrete-tocontinuous direction: 'This is just like the money transaction thing. 50 +
106 = 156 times 8 over 2 = 624 lbs." It appears that people can readily
parse a continuous phenomenon into discrete slices such that it fits into
the learned discrete model (e.g., continuous change in melting ice results
in a series of discrete values changing by a constant every consecutive unit
of time), but refrain from "filling in" nonexisting values in a discrete
phenomenon in order to fit it into the learned continuous model (i.e.,
ice is not delivered to a restaurant between consecutive deliveries).
To summarize, our results document that people can transfer domainspecific procedures to solve problems that differ in cover stories (e.g., from
speed or money to melting ice). Their transfer performance was not
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mediated by direct interference from mismatches in aspects of content, but
rather by mismatches in the interpreted stmctures of the base and target
problems. Specifically, our subjects used their semantic knowledge to
distinguish between problems involving continuous and discrete change.
The interpreted discrete stmcture could accommodate continuous change
(high transfer in the discrete-ta-continuous direction) but the interpreted
continuous stmcture could not accommodate discrete change (low transfer
in the continuous-to-discrete direction). Note that this asymmetry in transfer
between continuous and discrete problems is consistent with the previously
described asymmetry in transfer between algebra and physics. The physics
training was both content-specific and involved problems describing continuous change, whereas algebra training was both content-general and
involved problems describing discrete change. Hence, in the Bassok and
Holyoak (1989) study, both interference and interpretation could have been
responsible for the asymmetry in transfer following algebra and physics
training.
Our results document that people consider the distinction between
continuous and discrete change to be pragmatically important (Holyoak,
1985). However, the origins of this distinction are not clear. It is possible
that our subjects were guided by knowledge that in solving mathematical
problems this distinction is often important (e.g., it determines whether
it is appropriate to use fractions or to report a remainder). Interestingly,
the typical instmctional sequence in mathematics is consistent with the
asymmetry in transfer in our studies: Discrete cases are almost always taught
before their continuous counterparts (e.g., first arithmetic progressions,
then linear functions) and continuous cases are often explained by transformation into discrete cases (e.g., in calculus). Thus, it is possible that
our subjects respected the continuous-discrete distinction knowing that
this distinction is important in mathematics. However, the continuous-discrete distinction is also important outside of school (e.g., people parse a
year into months, weeks, or days). Thus, it is possible that subjects' schooling experience merely emphasized a semantic distinction that people naturally consider to be important.
Interpreted Symmetric and Asymmetric Structures
In another set of studies we found that college students with many years
of mathematical schooling engage in object-based interpretations when
reasoning about the mathematical stmcture of probability word problems
(Bassok, Wu, & Olseth, 1995). We presented subjects with permutation
problems involving a person who randomly assigned three elements from
one set (n prizes) to three elements from a different set (m students) and
asked for the probabilities of such random assignments. All problems had
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the same mathematical structure but differed in the object sets that served
as the assigned set and as the set of assignees. In some problems the two
sets of elements bore a functionally asymmetric relation to each other
(e.g., students get prizes rather than vice versa). In other problems the two
sets bore a symmetric relation to each other (doctors from Chicago work
with doctors from Minnesota). Below are two examples of permutation
problems used in our studies, one asymmetric and one symmetric:
Asymmetric sets (Computers and Secretaries)
In a big publishing company, some secretaries will get to work on new
personal computers. The company received a shipment of 21 computers,
with serial numbers in a running order: from 10075 through 10095. There
are 25 secretaries in this company that would like to work on a new computer.
The names of the secretaries are listed in order of their work experience,
from the most experienced secretary to the least experienced one. The
manager of the company randomly assigns computers to secretaries
according to the work experience of the secretaries. What is the probability
that the three most experienced secretaries will get to work on the first
three computers (10075, 10076, and 10077), respectively?
Symmetric sets (Children and Children)
In a certain after-school program, kids from Sweety nursery school will get
to work in pairs with kids from Paradise nursery school. There is a list of
18 kids from Paradise, arranged in order of the kids' height: from tallest to
shortest. There are 22 kids from Sweety that would like to work with the
kids from Paradise. The names of the Sweety kids are listed in order of their
age: from oldest to youngest. The director of the after-school program
randomly assigns kids from Paradise to kids from Sweety according to the
age of the Sweety kids. What is the probability that the three oldest kids
from Sweety will get to work with the three tallest kids from Paradise,
respectively?

We were interested in finding out how subjects spontaneously interpret
these unfamiliar probability problems. We asked subjects to solve such
problems as best they could, excluded the solutions of subjects who constructed correct equations (due to prior training), and analyzed only the
incorrect equations that subjects spontaneously constructed to solve these
problems.~ Consistent with the interpretative hypothesis, which posits that
subjects use their semantic knowledge to interpret problem structures, we
''The general equation for solving pemllltation problems is 1/[n(n - l)(n - 2) ... (n r + 1)], where n = number of elements in the assigned set, and r = number of random
assignments. In the problems used in our studies there were always three assignments (r =
3). Hence, the correct equation was always 1/[n(n - l)(n - 2)]. The solution to the
computers-secretaries problem is 1/[21 x 20 x 19], and to the children-children problem
~ 1/[18 x 17 x 16].
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found that the incorrect equations subjects formed to solve these problems
reflected the semantic symmetry or asymmetry between the two element
sets that served as arguments in the permutation problems. Specifically,
although the problems had isomorphic mathematical structures, when the
specific objects bore an asymmetric semantic relation to each other (e.g.,
m secretaries get n computers), 87% of subjects constructed equations in
which the two sets played asymmetric structural roles (e.g., m 3 /n!; 1/n3 ),
but when the objects bore a symmetric semantic relation (e.g., m children
work with n children), 78% of subjects constructed equations in which the
two sets played symmetric structural roles (e.g., (m + n)/(mn)3; 3/(m +
n)!). That is, students inferred either symmetric or asymmetric interpreted
structures for formally isomorphic problems (e.g., "get," "work with").
Mter their initial attempt at solving the permutation problems, subjects
studied a short chapter that introduced the relevant probability concepts
and the equation for solving such problems (see again note 2). Then, they
received a worked-out solution to the problem they had initially attempted
to solve on their own. We examined how subjects applied this learned
solution to an isomorphic problem with object pairs that implied either a
similar interpreted symmetry structure to that of the training problem or
a different interpreted structure. The correct equation was presented together with the target problem, and subjects were asked to instantiate the
equation with the appropriate numerical value (i.e., number of elements
in the randomly assigned set).
The pattern of transfer results indicates that object-based interpretations
affected how students understood the training problems. For example,
after learning a worked-out solution to an asymmetric problem in which
computers were assigned to secretaries, most subjects (89%) solved correctly an asymmetric problem in which prizes were assigned to students,
but only 60% solved correctly a symmetric problem in which children from
one school were assigned to children from another school. That is, the
correctness of the solution depended on the similarity between the interpreted structures of the training and transfer problems.
Interestingly, some subjects were so confident that the computers-secretaries training problem differed in structure from the children-children
transfer problem that they crossed out the "asymmetric" equation presented with the transfer problem (i.e., an equation that took only the
assigned set, n, as a variable) and constructed a "symmetric" equation
instead (i.e., an equation in which both sets, m and n, played symmetric
roles). For example, one subject combined the two sets of people that
served as the assigned set (n) and as the set of assignees (m), made a joint
set of people (m + n), and sampled pairs of people from the combined
set. Following is an excerpt from this subject's verbal protocol: "What's
that have to do with 16 kids from 20 kids? ... So you have to take all the
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kids from one and all the kids from the other ... Sum of elements is 36,
... 36, 34, 32 ... Every time you do this you take out 2." Thus, just as
they constructed incorrect symmetric equations for problems with symmetric object sets before training, subjects constructed symmetric equations
for the transfer problems.
In addition to the inferred discrepancy between the symmetric and
asymmetric interpreted structures of formally isomorphic permutation
problems, subjects' semantic knowledge affected their decision about which
of the two asymmetric object sets should be the assigned set and which
should be the set of assignees. For example, after learning a worked-out
solution to a permutation problem in which caddies were randomly assigned to golfers, 94% of subjects correctly solved an isomorphic permutation problem in which prizes were randomly assigned to students, but
only 17% of subjects correctly solved an isomorphic problem in which
students were randomly assigned to prizes. Note that although the person
who performs random assignments (e.g., a manager, a teacher) is free to
decide which objects will serve as the assigned set and which as the set of
assignees, subjects understood that the direction of assignment in the
training and novel problems is compatible with the outcome of assignment.
Because golfers get caddies and not vice versa, and because students get
prizes and not vice versa, subjects understood that the direction of assignment must be from prizes to students.
In another experimental condition we showed that such object-based
interpretations cannot be explained by the interference hypothesis. Mter
receiving a worked-out solution to a problem in which caddies were randomly assigned to golfers, some subjects received a target problem in which
caddies were randomly assigned to carts and others received a target problem in which carts were randomly assigned to caddies. The interference
hypothesis predicts that people prefer to place similar objects in similar
structural roles (see evidence for such effects mentioned earlier; i.e., Gentner & Toupin, 1986; Ross, 1987, 1989). Because in the base problem
caddies were the assigned set, the interference hypothesis predicts better
performance on the "caddies assigned to carts" than on the "carts assigned
to caddies" target problem. However, consistent with the interpretation
hypothesis, our subjects understood that the direction of assignment is
compatible with the outcome of assignment. Because in the base problem
golfers got caddies and in the target problems caddies got carts, subjects
understood that carts were assigned to caddies. Hence, contrary to the
prediction of the interference hypothesis, 94% of the subjects solved correctly the carts assigned to caddies problem but only 24% of the subjects
solved correctly the caddies assigned to carts problem.
To summarize, the foregoing studies show that semantically symmetric
and asymmetric pairs of object sets (e.g., doctors-doctors; prizes-students)
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lead people to construct either symmetric or asymmetric interpreted structures for formally isomorphic probability problems. Similarities and differences between such interpreted structures, in turn, affect analogical transfer between formally isomorphic problems that differ in their cover stories.
As was the case with the continuity-discreteness distinction, subjects spontaneously inferred that the symmetric-asymmetric distinction is pragmatically relevant to the solution of permutation problems. In both cases, their
interpretative assumptions led them to systematic failures of transfer and
errors of application.
Why would mathematically sophisticated students use their semantic
knowledge to interpret problem structures? Didn't they learn that problem
cover stories are superficial to problem solutions? Such behavior is justified
if people believe that, in most cases, those who present them with word
problems (i.e., teachers, textbook writers) choose semantically sensible
cover stories in which salient semantic constraints are compatible with the
mathematical structure of the problems (e.g., melting ice implies that the
solution applies to cases of continuous change, prizes and students imply
that the problem's structure is asymmetric). If indeed people hold such
generalized expectations, they should exhibit them not only when trying
to understand unfamiliar word problems, but when they reason about
word problems involving familiar and well-understood mathematical rules
and procedures. In the next section I describe results that support this
prediction.
Semantic Compatibility in Arithmetic Word Problems
In order to test the hypothesis that interpretative effects of content are
not limited to students who learn novel mathematical concepts, we examined how mathematically sophisticated college students reason about arithmetic word problems (Bassok, Chase, & Martin, 1996). In particular, we
examined whether University of Chicago undergraduates expect to find
compatibility between their semantic knowledge (i.e., semantic symmetry
and asymmetry between object sets) and the familiar arithmetic operations
of addition and division.
There is little doubt that these intelligent college students know that any
two arbitrary sets of elements can be directly related either by the operation
of addition (A + B) or by the operation of division (AlB). They also know
that the result of addition does not depend on whether elements of A are
added to elements ofB or vice versa (A+ B=B+A), but the result of division
depends on which of the two element sets is in the numerator and which in
the denominator (AlB "# BIA). That is, they know that added sets play
structurally symmetric roles whereas divided sets play structurally asymmetric
roles. If indeed students believe that problem cover stories are generally
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semantically compatible with problem structures, they should expect that
the symmetry in the roles of added sets and the asymmetry in the roles of
divided sets will correspond to the semantic relations between the specific
objects in the added and divided sets. In particular, they should expect that
functionally symmetric object sets from the same taxonomic category (e.g.,
A = apples, B = oranges) be added rather than divided, but functionally
asymmetric object sets from different taxonomic categories (e.g., A = apples,
B = baskets) be divided rather than added.
To test this prediction, we constructed 16 pairs of animate and inanimate
object sets: eight symmetric (e.g., priests-ministers, crayons-markers) and
eight asymmetric (e.g., priests-parishioners, crayons-boxes). Subjects were
asked to imagine that they encountered the paired sets in an arithmetic
word problem. For each pair, they had to judge the likelihood that the
paired sets would have to be added and the likelihood that they would
have to be divided. They were provided with two 7-point rating scales, with
1 indicating very unlikely and 7 very likely. Each subject rated 8 of the 16
pairs of object sets: four symmetric and four asymmetric pairs.
As predicted, we found a very strong interaction between the type of
paired object sets (symmetric vs. asymmetric) and the likelihood ratings
for addition and division. Symmetric pairs were rated more likely to be
related by the operation of addition (m = 5.57) than by the operation of
division (m = 2.67). By contrast, asymmetric pairs were rated less likely to
be related by the operation of addition (m = 3.93) than by the operation
of division (m = 4.95). This asymmetry in subjects' addition and division
ratings held true for 15 of the 16 object pairs, and all subjects contributed
to the overall differences in likelihood ratings.
It is important to note that our subjects did not expect semantic compatibility to be an obligatory constraint for adding and dividing the paired
object sets. The average likelihood ratings for the semantically incompatible
pairs, 3.93 for addition of asymmetric pairs and 2.67 for division of symmetric pairs, were well above the lowest possible rating of 1 (i.e., were far
from being considered very unlikely). Nevertheless, despite their recognition of the theoretical possibility that any pair of element sets can be
related by either addition or division, subjects expected that someone who
presents them with word problems will choose cover stories in which semantic relations between the objects that instantiate the variable roles will
correspond to the mathematical relations between the variables. Indeed,
an analysis of word problems in one textbook series (Eicholz et ai., 1987)
strongly suggests that mathematics educators tend to respect semantic distinctions implied by the specific content of word problems and teach their
students to respect such distinctions.
In another task, we asked a different group of undergraduate students
to construct their own word problems for the same symmetric and asym-
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metric pairs of object sets used in the previous study. Subjects were asked
to construct simple word problems involving the paired sets. Half of them
were asked to construct simple addition problems and received a numerical
example in which m cars were added to n trucks (m + n). The other half
were asked to construct simple division problems and received a numerical
example in which m books were equally divided among n shelves (m/ n).
The examples had the simplest possible mathematical structure that satisfied the two task requirements of instantiating the requested arithmetic
operation and including both object sets.
In principle, subjects could fulfill the task requirements by constructing
simple problems for all pairs of element sets (e.g., m muffins + n brownies;
m muffins/ n brownies). Given that people tend to choose a "satisficing"
solution (Simon, 1955) and their strong tendency to rely on examples (e.g.,
Chi & Bassok, 1989; LeFevre & Dixon, 1986; Pirolli & Anderson, 1985; Ross,
1984; Van Lehn, 1986; Zhu & Simon, 1987), generating word problems
structurally isomorphic to the sample problem should be their preferred
default strategy. Indeed, a majority of the problems constructed by subjects
(69% of the 628 addition and division problems) exhibited the minimal
default structure like that of the sample problems. 3 An example of a default
addition problem constructed for the pair "doctors-lawyers" (m + n = k) is:
"If there are two doctors and three lawyers in a room, how many people are
there altogether?" An example of a default division problem constructed for
the pair "boys-teachers" (m/ n = k) is: "Three teachers want to evenly divide
a class of 60 boys. How many boys should go with each teacher?"
Although our subjects could readily relate both symmetric and asymmetric object sets either by the operation of addition or by the operation
of division, the constructed problems were much more likely to have a
simple default structure when the symmetry of the item was compatible
with the requested operation (81 % for symmetric addition and asymmetric
division) than when it was incompatible with the requested operation (58%
for asymmetric addition and symmetric division). That is, despite the ease
of constructing simple addition and division problems, subjects often refrained from constructing problems in which the arithmetic operation was
incompatible with the semantic symmetry and asymmetry of the paired
object sets. Instead, when the paired object sets were semantically incompatible with the requested arithmetic operation, they employed a variety
of escape strateg;ies to satisfy their preference for semantic compatibility.
One semantic escape strategy was to relate the paired sets by the semantically compatible operation rather than by the requested incompatible
~e did not distinguish between addition problems involving the complementary
operations of addition and subtraction (m + n = k and m - n = k), or between division
problems involving the complementary operations of multiplication and division (nk = m
and min = k).
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operation. For example, when asked to construct an addition problem
involving the pair muffins-trays, rather than adding muffins and trays (m
+ n) a subject would construct a problem in which muffins were divided
among trays (m/ n). Similarly, when asked to construct a division problem
involving the pair muffins-brownies, rather than dividing muffins among
brownies (m/ n) a subject would construct a problem in which muffins
were added to brownies (m + n). Note that this perfonnance violated the
task instructions. In order not to violate the instructions, subjects often
invented an extra variable that made the problem's structure more complex. For example, the following "division" problem was constructed for
the pair tulips-daffodils: "Wilma planted 250 tulips and 250 daffodils and
it took 20 days to plant them. How many did she plant per day?" The
solution to this problem involves adding tulips (m) to daffodils (n) and
dividing the resulting set of flowers by the number of days (p), i.e., (m +
n)/p. This more complex problem involves the requested operation of
division and at the same time preserves semantic compatibility between
the arithmetic operations and the objects that are added or divided.
Another semantic escape strategy was to include the paired sets in the
problem, but not relate them to one another by either addition or division.
An example of such an "unrelated-sets" problem constructed for the symmetric pair peaches-plums in the division condition (maxlm/p, n/q)) is:
"Every year Grandma's plum tree produces 45 less plums and her peach
tree produces 110 less peaches. If she had 220 plums and 330 peaches
this year, how long will it be before she has no produce?" Other unrelated-sets problems, such as the following problem constructed for the
asymmetric pair peaches-baskets in the addition condition, used one of
the given sets as a count (mnl + mn2 + mn3): "There were 12 peaches in one
basket, 16 peaches in another, and 20 in a third. How many peaches were
there in all?"
Mter excluding nondefault problems that could not be safely classified
as semantic escapes (e.g.,jokes, such as: "One priest plus 2000 parishioners
= one very stressed-out priest"), we found that escape problems were four
times as frequent for semantically incompatible than for semantically compatible pairs of object sets. Escape problems were generated for all the
items, and 74% of the subjects generated at least one escape problem.
Thus, even though our subjects were clearly capable of constructing simple
problems for semantically incompatible pairs, they had a strong preference
not to do so. Striving for semantic compatibility, these sophisticated subjects
instead resorted to various escape strategies.
In addition to semantic escapes that were reflected in the problem
structures, we found that subjects respect their semantic knowledge in
their choice of numerical values for the paired object sets (i.e., set size).
Our stimuli were designed such that one set (the "common set") appeared
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either in an asymmetric pair (muffins-trays) or in a symmetric pair (muffins-brownies). Different subjects received the common set either in the
context of symmetric or asymmetric pairs. In constructing addition and
division word problems subjects were free to decide which of the sets (if
either) should be the larger one. We found that subjects made the common
set the larger one in 81 % of the problems they constructed for asymmetric
pairs (e.g., more muffins than trays) but in only 51 % of the problems they
constructed for symmetric pairs (e.g., more muffins than brownies).
Making the functionally asymmetric semantic relation between object
sets (e.g., muffins on trays) correspond with the quotient (muffins per tray)
constrains the structural roles of the paired sets in division problems (e.g.,
muffins/trays rather than trays/muffins). By making the common set the
larger one, the outcome of division is larger than 1. This preference is
consistent with people's general tendency to avoid fractions and make the
result of a division problem larger than 1 (Fischbein, Deri, Nello, & Marino,
1985). Interestingly, however, subjects' tendency to constrain the relative
numerosity of the paired sets semantically was not limited to division problems. Rather, the common set was the larger irrespective of whether subjects constructed division or addition problems. Thus, even when subjects
constructed a problem with an incompatible simple structure (e.g., adding
muffins to trays), they preserved at least one aspect of semantic compatibility by making muffins more numerous than trays: "If there are 60 muffins
and 8 trays, how many muffins and trays are there altogether?"
To summarize, this set of experiments documents that mathematically
sophisticated adults expect that the mathematical structures of word problems and the numerical values of the specific variables will be compatible
with the semantic relations between the objects that instantiate these
structures. They expect semantic compatibility in problems presented to
them by teachers and textbook writers, and they themselves construct
semantically compatible problems. Such generalized expectations about the
semantic compatibility of word problems can explain why mathematically
sophisticated students use their semantic knowledge to interpret word
problems that exemplify novel mathematical concepts and rules. Although
their application of formal rules was very sensible (e.g., refraining from
adding m muffins to n trays), considerations of semantic compatibility led
them to systematic errors in interpretation of novel problems (e.g., failing
to solve correctly a permutation problem in which students were assigned to
prizes) .
CONCLUSIONS AND IMPLICATIONS

In this chapter I described two ways in which similarities and differences
between problem cover stories affect analogical transfer. Both types of
content effects reflect people's knowledge that content and structure are
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correlated. This knowledge enables them to use content as a useful cue by
which they can identify problems that share a similar structure and therefore
can be solved in a similar way. The prevalent interference hypothesis posits
that people rely on direct matches in content because they assume that
similar books are likely to have similar covers. Our interpretation hypothesis
posits that people exploit their knowledge about possible reasons for the
correlations between content and structure. That is, people rely on their
semantic knowledge to judge each book by its cover, and then establish
matches between the interpreted structures of the problems. Because the
correlations between problems' content and structure are not perfect, both
types of reliance on content can result in incorrect classification of target
problems. However, by and large, both strategies can be efficient heuristics
(consistent with the general claim of Medin and Ortony, 1989).
Although both types of content effects exploit people's knowledge about
the existence of nonarbitrary correlations between content and structure,
there are two important differences between reliance on direct matches in
content and reliance on matches in the interpreted structures of base and
target problems. First, direct matches in content result in a more restricted
range of application (e.g., change in speed) than matches in interpreted
structures (e.g., continuous change). Moreover, direct matches in content
appear to be relatively mindless, that is, an automatic response to a history
of particular associations between content and structure. By contrast,
matches in interpreted structures seem to involve more mindful inferential
processes that lead to substantial abstraction from the specific content and
phrasing. Thus, although people might use content both as a direct
reminder (Ross, 1984) and as a source of information for interpreting
problem structures (Bassok et aI., 1995), one would expect that poor
students would mainly rely on direct matches in content whereas good
students would frequently rely on similarities in interpreted structures.
The subjects in our studies were quite advanced in their mathematical
understanding. Hence, the possibility that poor and good students differ
in their tendency to engage in content-based interpretation of problem
structures has to await future research that would compare the performance
of students who differ in their mathematical ability. Yet, the work of Hinsley
et aI. (1977) mentioned in the introduction seems to support this conjecture by showing that better students are more sensitive to the meaningfulness of word problems than poor students. Similarly, Chi et aI. (1989)
found that successful students are more likely than unsuccessful students
to engage in self-generated explanations when they study worked-out solutions to physics problems. Interestingly, such explanations included object-based inferences of the sort described in this chapter. For example,
one training problem presented a schematic diagram depicting a block
hanging from a ceiling, supported by three strings tied by a knot. The
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opening statement of the worked-out solution read: "Consider the knot at
the junction of the three strings to be the body." One of the more successful
learners asked: "Why is the knot the body? And I thought that W (the
block) was the body." Evidently, this statement did not fit her expectations
about the functional roles of knots and blocks.
Of course, it is possible that people's default reasoning about problems,
regardless of whether they attempt to understand texts, figures, or physical
displays, is affected by structural inferences implied by attributes of the
specific objects that serve as arguments in such problems (e.g., Anderson
& Ortony, 1975; Greeno, Moore, & Smith, 1993). However, conflicting
messages from teachers about the appropriateness of their spontaneous
inferences might discourage many students from bringing their semantic
knowledge to the classroom. These students might learn to suppress their
spontaneous tendency to engage in semantic interpretation of word problems. As a result, only the better students might permit themselves to use
their semantic knowledge in the context of doing mathematics "in school."
It appears that the interpretative effects of content documented in our
studies reflect the achievement of good students who learned the rules by
which one is supposed to interpret word problems. They learned that when
teachers warn them not to rely on their semantic knowledge, it is to prevent
misinterpretation of general mathematical concepts and rules (e.g., addition is not specific to sets of marbles). However, when the rules of mathematics are used as modeling tools, semantic constraints dictate which rules
should be applied (e.g., it is more reasonable to add two sets of marbles
than to add a set of marbles to a set of chairs). Because teachers and
textbook writers typically choose situations that can be meaningfully modeled by mathematical rules, and because teachers and students typically
share similar semantic knowledge, the more successful students learn that
they can safely rely on their own semantic knowledge to interpret the
structure of word problems.
An important challenge for future research is to identity how people
induce semantic constraints from object attributes and how they decide
which semantic constraints are likely to be reflected in the structure of
word problems. So far, we examined only two general semantic distinctions
(continuity-discreteness and symmetry-asymmetry), and even these two
might need further qualification. For example, people believe that tulips
are likely to be subtracted from flowers but not from vases (Bassok, 1993;
Bassok et aI., 1995), even though both tulips-vases (i.e., container schema)
and tulips-flowers (i.e., part-whole schema) are functionally asymmetric
sets. Thus, different schemas might interact with general distinctions such
as symmetry-asymmetry. Many aspects of this bridging process between
semantic and mathematical knowledge remain unclear. However, there is
little doubt that people can and do treat content as an important source
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of information for interpreting problem structures. In particular, they are
very sensitive to the attributes of the specific objects that serve as arguments
in word problems. Hence, in order to enhance transfer oflearned solutions,
it is important to examine how people use semantic knowledge to interpret
the structures of formally isomorphic word problems.
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Chapter

8

Commentary: Mathematical
Reasoning and Analogy
Mary Jo Rattermann
Hampshire College

Analogy presents us with a dilemma: A good analogy conveys large amounts
of information with very little explanation, it inspires scientific discovery,
and it provides new information about unfamiliar domains. But, despite
all these benefits, analogy is very hard to do. For example, you are trying
to explain the physics of heat flow to a (very) young scientist and want to
use an analogy. Can you think of a domain in which the principles that
apply to heat flow also hold true? This domain must be simple enough
for a child, familiar enough that it will not have to be taught, and complete
enough to provide useful information. This is the dilemma faced by educators trying to teach complex topics such as physics, biology, chemistry,
and of course, mathematics, to students at various levels of knowledge. In
the preceding chapters, researchers from different domains of inquiry and
different theoretical viewpoints have described the many ways in which
analogies can help, or in some cases, hinder the learning process. My goal
for this commentary is to provide a context for their work, discussing its
place within the study of analogy and within the interdisciplinary viewpoints
espoused by the authors.
Hopefully my challenge to find an appropriate analog to heat flow has
highlighted some of the difficulties inherent in the use of analogy. A classic
set of experiments performed by Gick and Holyoak (1980) provides empirical evidence to support this intuition. They presented subjects with a
problem: A patient has an inoperable brain tumor that must be treated
with radiation, but enough radiation to kill the tumor would also kill the
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surrounding flesh. What does the surgeon do? This is a very difficult problem, and only 10% of the college students tested by Gick and Holyoak
could solve it. If, however, prior to seeing this problem the students were
told about a general who attacked a fortress by dividing his large army
into several smaller ones, the percentage of correct responses increased
to 30%. This increase in performance was brought about through the use
of analogical reasoning; the general's solution, to divide his army and
converge upon the fortress, is analogous to the solution of the radiation
problem-divide up the radiation into several weaker beams that will not
kill the surrounding flesh, but will converge upon the tumor with enough
strength to kill it (Gick & Holyoak, 1980).
Note, however, that while 30% of Gick and Holyoak's subjects did successfully transfer the relation of convergence, 70% of the subjects did not.
Both the successful and unsuccessful subjects read and understood the
fortress problem, but only a minority transferred this knowledge to the
radiation problem. Why were some subjects able to transfer the convergence solution, while others were not? To answer this question it is necessary to understand the processes that underlie analogical reasoning.

TIlE PROCESSES OF ANALOGICAL REASONING

There are many different processes which have been proposed to have a role
in analogical problem solving, but researchers have traditionally focused on
five: representation, retrieval, mapping, adaptation, and learning (Anderson &
Thompson, 1989; Gentner, 1989; Holyoak, 1985; Holyoak,Junn, & Billman,
1984; Novick, 1988a, 1988b; Reed, Ernst, & BaneIji, 1974; Ross, 1984, 1989;
Thagard, 1988). When presented with a problem the solver must first
construct a representation of the problem and the problem domain. Next, the
solver must try to retrieve any represen tations of stored si tuations that she may
have encountered in the past that could be relevant to the present problem.
Once the potential solution is retrieved, the solver must then map the
relations between the potential solution and the problem to be solved. If the
correct solution is retrieved, the solver must then adapt it for use in this
particular problem. Finally the solver may learn from the solution of this
particular problem, possibly acquiring new rules or techniques or modifying
the conceptual representation of her knowledge (Novick, 1988a).
Each of the components of analogical reasoning has been extensively
studied, and at each of these stages difficulties in the use of analogy have
been observed. For instance, incorrect representation of the base or the
target can thwart an analogical mapping (Clement & Gentner, 1991).
Assuming that the base and target are correctly represented, if the relevant
representation of a previous expelience is not retrieved mapping cannot
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proceed (Gentner, Rattermann, & Forbus, 1993). Finally, even when the
problems have been correctly represented and retrieved, the mapping
process may still go awry (Novick, 1988a, 1988b).

ANALOGY AND TRANSFER

The previous analysis of analogical reasoning suggests that the processes
underlying analogy are well understood. And yet, despite our empirical
knowledge of analogy, there is still confusion regarding its exact nature.
As the philosopher of science Mary Hesse (1966) stated, the answer to the
question "what is analogy? ... is taken to be either obvious or unanalyzable."
Thus, we recognize that "heat flow is like water flow" (which, by the way,
is the answer to my initial challenge) is a good analogy, but we are often
unable to overtly analyze exactly why this is a good comparison, while "heat
flow is like air flow" is not.
One aspect of the confusion surrounding analogy may stem from the
relationship between analogy and other types of transfer. According to
Ellis (1965), transfer oflearning occurs when "experience or performance
of one task influences performance on some subsequent task" (p. 3).
According to this definition, transfer includes many different ways to learn,
from something as simple as improving each time you ride a bike to
learning about the atom by comparing it to the solar system. All analogy
is an example of transfer-during analogical reasoning knowledge gained
from a previous experience influences performance on a subsequent taskbut not all transfer is an example of analogy.
Discerning between analogy and transfer is not always simple. For instance, it is very easy to transfer the skills and knowledge learned when
playing baseball to the similar activity of softball. This transfer between
highly similar domains and situations is called near transfer (Detterman,
1993). The domains involved in near transfer often display surface similarity,
that is, they share common objects or common attributes, as in the example
of transferring knowledge from baseball to softball. This similarity makes
it easy to notice the commonalities shared by the two situations and then
apply the knowledge gained in one situation to the other. Analogy, in
contrast, is an example of far transfer, as in the example of transferring
knowledge from baseball to the world of business. This type of transfer
involves noticing relational similarity (e.g., that business and baseball are
both team efforts) and then mapping the common relationships and causal
structures. Most would agree that a comparison between baseball and softball is an example of near transfer, whereas a comparison between baseball
and business is an example of far transfer. But what about a comparison
between baseball and chess? Is this near transfer or far transfer? It is this
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type of comparison that has led to the proposal that the conceptual area
between near transfer and far transfer is a continuum of situations that
differ in the degree of similarity shared between the base and the target
(Detterman, 1993). As these examples illustrate, deciding where a comparison falls along this dimension can present quite a challenge.

SlRUCTURE MAPPING AND SlRUCTURAL
ALIGNMENT
Given the complexity of the conceptual space between analogy and other
types of transfer, theories that only explain analogical reasoning will address only half of the spectrum. One theory which proposes a unifying
view of analogy and similarity comparisons is the structure-mapping theory
of analogy (Falkenhainer, Forbus, & Gentner, 1990; Gentner, 1983, 1989).
Structure-mapping theory proposes that when comparing two different
domains, either on the basis of common objects or common relations, we
compare mental representations via a structure-mapping process of alignment (Falkenhainer et aI., 1990; Gentner, 1983, 1989; Gentner et aI., 1993;
Markman & Gentner, 1993a, 1993b). If these representations are aligned
based on common relational structures, they form an analogy. If, however,
the representations are aligned based on common objects or object characteristics, they form either literal similarity matches (when both objects and
relations align) or mere appearance matches (when only the objects and some
simple relations align; Forbus, Gentner, & Law, 1995; Gentner et aI., 1993).
The basic processes underlying similarity as alignment apply to analogy,
mere-appearance, and literal similarity comparisons. However, given that
the focus of the current discussion is analogy, I will describe the structuremapping process as it applies to this type of similarity comparison. Structure
mapping begins when the learner forms representations of the base and
the target domains. These representations contain a set of elements which
can be either object descriptions (formed by entities and the attributes used
to describe them) or relations (links between entities, attributes, and other
relations).1 The process of structural alignment begins when the representations of a base and a target are aligned based on common objects
and relations, forming many different local matches. At this point in the
alignment process the set of correspondences contains many matches that
are structurally inconsistent and consequently will not be mapped in the
analogy. There are, however, several matches that are grounded, that is,
based on a complete set of relational correspondences. These matches are
'Note that these representations are assumed to be mnce/llual strut"lu,-ps, not verbal formulas.
For convenience words are often used to label the nodes and predicates.
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combined to form global interpretations based on structural consistency. A
structurally consistent match conforms to the one-to-one mapping constraint
(i.e., an element in one representation corresponds to at most one element
in the other representation) and to the parallel connectivity constraint (i.e.,
if elements correspond across the two representations, then the elements
that are linked to them must correspond as well). There may be many
different alignments of the two representations being considered, but based
on the principle of systematicity the mappings with the richest and deepest
relational matches are preferred. Objects and object attributes are dropped
and the most systematic mappings are used to make potential inferences
from the base representation to the target representation. Finally, the
potential interpretations are evaluated for their adherence to the systematicity principle, with those interpretations that map the most systematic
relational systems valued more highly than those that map less systematic
relational systems.
The alignment process described earlier begins with all the elements
in the representation, both objects and relations, being aligned. Consequently, different types of similarity comparisons can be described by structure mapping. For example, literal similarity comparisons occur when objects, object attributes, and relations playa role in the final mapping, while
mere-appearance comparisons occur when only objects, object similarity,
and some simple relations playa role in the final mapping. Thus, structure-mapping theory can describe the entire continuum between far and
near transfer, providing a complete model of the similarity comparison
process. Because the structure-mapping theory can provide such a complete
description of the various types of similarity involved in analogy and transfer, I will use its underlying concepts to discuss different aspects of the
authors' work presented in these chapters.

ANALOGY AND MATHEMATICS

When describing the usefulness of analogy, researchers will often cite two
domains: scientific discovery and mathematics. Although there is a large
body of work examining the role of analogy in science (Clement, 1989;
Gentner & Jeziorski, 1989; Holyoak & Koh, 1987; Oppenheimer, 1956),
there is very little work on the role of analogy in mathematics (see English,
chap. 6, this voL). This lack of research into what is obviously a common role
for analogy adds to the value ofthe work described in the preceding chapters.
The authors of these chapters cover many different aspects of analogical
reasoning and its role in mathematics, but one common theme is the
importance of encoding and representation of the problem domains. This
particular process is integral to successful analogical reasoning; an incom-
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plete or incorrect representation of either the base or the target makes
analogical transfer difficult, if not impossible. Each chapter addresses
different aspects of representation; both Bassok and Davis and Maher
examine the effect of previous knowledge on problem representation,
Gholson, Smither, Buhrman, Duncan, and Pierce explore the modification
of representations during the process of problem solving, Alexander, White,
and Daugherty discuss the relationship between analogical reasoning and
mathematical reasoning, and English describes the interplay between mental models and similarity.
The authors explore these different aspects of representation in analogy
from several theoretical perspectives, ranging from classic informationprocessing approaches, to a Vygotskian sociocultural view of development.
These different perspectives influence every aspect of the work described
in these chapters, including the type of questions asked, the experimental
methods used, and the conclusions drawn from the results. Because these
theoretical perspectives so greatly influence each author's work, I discuss
each chapter in the context of the greater theoretical framework in which
the research was performed. I begin by discussing the work performed
from an information-processing perspective.

INFORMATION-PROCESSING THEORY
The information-processing theory of human cognition is based on the
metaphor of the human mind as a computer: Information comes into the
system, various cognitive processes/mechanisms are applied to it, and then
information comes out of the system. The information-processing approach
is currently the predominant view in the field of cognitive development (Kail
& Bisanz, 1992). Within the general framework of information-processing
approaches the variety of representational formats, cognitive processes, and
behavioral responses proposed is staggering. All of this work, however, has
several underlying assumptions in common: (a) Cognitive phenomena can
be described and explained in terms of mental processes and representations that intervene between observable stimuli and responses; (b) a
relatively small number of elementary processes underlie all cognitive
activity; (c) individual processes operate in concert; and (d) cognitive
development occurs by means of self-modification (Kail & Bisanz, 1992).
Although every aspect of an information-processing system influences
every other aspect, for this discussion the crucial assumption is that cognitive
processes can be described in terms of mental processes and representations
that intervene between stimuli and responses. If the representation of the
domain is not accurate, the mental processes will be operating on incorrect
information, causing their output to also be incorrect. Put succinctly, the
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quality and substance of the output relies on the quality and substance of
the input. In the context of analogy, if the representations of the base and
target domains are incomplete, erroneous, or ill-formed, analogical transfer
will not occur.
An example of the information-processing approach applied to the study
of analogy can be seen in the chapter by Miriam Bassok. Bassok proposes
the interpretation hypothesis: that is, when mapping between two analogous
mathematical story problems, subjects will use the content of the stories
to aid in forming the representation of the base and the target. This
representation will include aspects of the subjects' own knowledge base
which bear on the topic of the problem. Bassok illustrates this point by
citing an experiment performed by Kotovsky, Hayes, and Simon (1985).
They found that subjects in a Tower of Hanoi problem would not place
a big disk on top of a small disk when these disks represented a small
acrobat and a big acrobat, fearing that the big acrobat would hurt the
small acrobat.
Bassok contrasts this with the interference hypothesis, which proposes that
people retain the specific content of the base and target problems in their
representation. According to this hypothesis all aspects of the base and
target, including unnecessary objects and object attributes, will be represented by a learner during the encoding process. There is no role for
previous knowledge in this hypothesis; if the information is not present
within the base and target problems, it will not be represented by the learner.
These hypotheses propose different outcomes when there are mismatches
between the representations of the base and the target. According to the
interference hypothesis, a mismatch occurs because the learner's representational alignment of the specific content of the problems does not lead
to a correct analogical mapping. Bassok's interpretation hypothesis, in
contrast, proposes that a mismatch occurs because the learner's representational alignment of the interpreted content of the problems does not
lead to a correct analogical mapping. According to this hypothesis people
fail to transfer analogically because they apply their knowledge of the
domain to aid in interpreting the problem and sometimes this knowledge
is misleading.
In her experiments Bassok cleverly exploits the potentially misleading
nature of a "mismatch" between the learner's interpreted representation
and the actual base and target. She also suggests, however, that the addition
of knowledge from an interpreted representation can be beneficial when
performing an analogy. She describes good students as those whose interpreted structures aid them in understanding the information present in a
problem, and poor students as those whose lack of knowledge about the
problem allows them to be misled by nonessential similarities of content or
phrasing (Bassok, chap. 7, this vol.). The important role of knowledge that
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is inherent in the interpretation hypothesis parallels the role of knowledge
in current views of analogical reasoning in children (Gentner & Rattermann,
1991; Gentner, Rattermann, Markman, & Kotovsky, 1995; Goswami, 1989,
1991; Rattermann, Gentner, & Campbell, submitted). This knowledge-based
view proposes that the inability to perform an analogy is due to a lack of
specific knowledge about the relations which form the analogy, not to a lack
of cognitive competence. The focus of this view is on the effects of the
knowledge that children do not possess; Bassok's work shifts to the effects of
the knowledge that they do possess. Her work further suggests that, under
the right circumstances, children's previous knowledge can be beneficial to
the performance of an analogy. An example of this comes from research
examining children's ability to map relative size, that is, "big," "medium,"
and "little" (Rattermann & Gentner, in prep.; Rattermann, Gentner, &
DeLoache, 1989). When presented with two sets of toys displaying monotonic increase in size (a steady increase in relative size from left to right)
3-year-old children were unable to correctly map the relative size of an object
between the two sets of toys. However, simply labeling the objects "Daddy,"
"Mommy," and "Baby," greatly improved the 3-year-old's ability to perform
this mapping. This labeling manipulation took advantage of a relationship
that is well-known to children, that of a family, and helped the children to
use their previous knowledge to represent the monotonic increase in size
which existed within the set of toys.
Rattermann and Gentner (in prep.) propose that the substantial improvement in the performance of the 3-year-olds is brought about through
a process of representational change. Specifically, we propose that a process
of augmenting of relational structures occurs when the knowledge provided
by the family labels is added to the child's incomplete representation of
monotonic increase in size. Bassok makes a similar point when she proposes
that "abstraction (i.e., understanding) is not equivalent to deletion of content from problem representations" (p. 227). In fact, the interpretation
hypothesis proposes that it is the addition of information to a representation that can lead to understanding. Just as the 3-year-olds in the
labeling studies used their knowledge of the Daddy, Mommy, and Baby
relationship to augment their representation of monotonic increase in
size, Bassok's subjects are using their contextual knowledge of a particular
class of story problems to augment, and change, their representations of
the base and target.
This augmenting of a relational structure through the use of a familiar
relationship is an example of the type of reasoning that Lakoff (1987)
refers to as "embodied" and "imaginative" and English (chap. 1, this vol.)
describes as emerging from our experiences as we interact with our environment. When presented with a new, abstract problem, both children
and adults will pull information from structures they are familiar with,
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whether it is the size relationship between a Daddy, Mommy, and Baby,
or how many muffins can easily be divided among a set of muffin trays,
and use this knowledge to aid in successful problem solving.
Bassok presents compelling evidence for the effect of the learner's interpretation of the base and target domains, and indeed, her experiments
show quite persuasively that the interference hypothesis does account for
her subjects' performance. However, while Bassok states that both interference and interpretation can be influencing subjects' performance, she
places most of her emphasis on the interpretation of the representations.
I suggest placing more emphasis on the interaction between interference
and interpretation; learners represent the information present in the base
and the target while also interpreting the situation in light of their knowledge and experiences.
In summary, Bassok presents a persuasive account of the interaction
between knowledge and representation in analogical reasoning. Her work
reveals that learners do not passively encode and represent information,
rather, they actively combine information from their own knowledge of
the domain, as well as information from previous experiences with this
type of problem, to form their representations. Bassok's work also has
implications for educational practice, suggesting that it is important to
consider the possibility that interpretive information added by the learner
is leading to a mismatch between the base and the target.
Chapter 5 by Gholson, Smither, Buhrman, Duncan, and Pierce is also
an implementation of the information processing approach. Gholson et
aI. present a series of studies designed to compare structure-mapping theory and case-based reasoning. Again, these authors are examining issues
of representation, namely whether children represent a base domain in a
series of propositions reflecting the relationship between objects and relations (structure-mapping theory) or whether they represent the base as
a set of operators which can be transferred from the base to the target
(case-based reasoning). To test this, they used isomorphic and nonisomorphic transfer problems, cleverly modifying the classic "missionaries and
cannibals" problem used in several studies based on the information-processing approach (Kotovsky et aI., 1985; Reed et aI., 1974). Specifically,
Gholson et aI. used the 'Jealous Husband" problem, which, although it is
quite similar to the missionaries and cannibals problem, has one crucial
difference: The husbands and wives are paired, while the missionaries and
cannibals are not. Consequently there is one less constraint on the movement of the missionaries and cannibals than there is on the movement of
the wives and husbands. This slight difference leads to very different solution paths for the two problems.
Using this problem and several other analogs Gholson et aI. contrasted
structure-mapping theory and case-based reasoning. As with the other chap-
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ters in this section, Gholson et aL are concerned with representation,
specifically, the representation of the move problem as a series of "procedures" arranged temporally according to a particular solution path. They
are also concerned with the modification of these procedures in response
to nonisomorphic analogies.
Based on predictions from case-based reasoning, Gholson et aL were
able to predict with remarkable accuracy the type of errors a child will
make as well as the exact point in the solution path the error would occur.
This evidence argues very persuasively for the role of stored scripts in
analogical reasoning. The accuracy with which the authors could predict
the children's performance suggests that at some level children are storing
these solutions as a series of operations to be carried out in sequence.
However, the experiments performed by Gholson et aL present children
with a situation in which they are asked to transfer the solution of one
problem to another, very similar, problem. This similarity between the
base and the target suggests that the task presented by Gholson et aL is
actually a good example of near transfer; the domain of the transfer being
that of "move problems." Thinking of this experiment as near transfer also
sheds light on the role of case-based reasoning in analogy; case-based
reasoning does account for some forms of analogical reasoning, however
it appears to be able to explain near transfer, rather than far transfer. This
intuition is supported by Nelson, Thagard, and Hardy (1994) who described case-based reasoning as "analogy in workaday clothes, with a restriction to single domains" (p. 181). This suggests that case-based reasoning may be best applied to types of transfer that fall within a common
domain, as was demonstrated by Gholson et aL
Gholson et aL also provide some very interesting evidence regarding
the role of object similarity in the mapping of an analogy. Object similarity
plays an important role in structure-mapping theory; the initial mappings
formed during the alignment process are often based on common objects.
In fact, if the object similarity is salient, and the relational structure is
weak, structure mapping predicts that learners will map the analogy based
on common objects and/or object attributes. This prediction has been
supported by a series of experiments that use cross mapping, or the process
of placing object similarity and relational similarity in conflict (Gentner &
Toupin, 1986; Markman & Gentner, 1993a, 1993b; Rattermann et aI., 1989).
Gholson and his colleagues also used the cross-mapping paradigm to test
the predictions of structure-mapping theory. Specifically, in Study 3 they
presented children with a cross mapping between the color of the characters and their role in the mapping of the solution path. They found that
when color was a salient characteristic of the stimuli the children performed
a mapping based on common object properties, not common relational
roles. This result was obtained in a particularly clever manner; due to the
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nonisomorphism which exists between the jealous husband and the missionaries and cannibals problems, the cross mapping actually led to the
correct solution path. Consequently the children in the cross mapping
condition solved the problem correctly more often than the children in
the direct mapping condition.
It is important to note that while the object similarity in this experiment
led to the correct solution path, in many experiments the result of pitting
object similarity against relational similarity is that the learner will fail to
transfer; the object similarity will overwhelm the relational similarity and the
learner will be led astray (Markman & Gentner, 1993a; Rattermann et aI.,
submitted; Rattermann & Gentner, in prep.). In this experiment, however,
Gholson et aI. created a situation in which object similarity actually directs
the learner to the correct solution. It has been proposed that a situation in
which object similarity guides the learner to correct mapping is not the
exception as much as it is the rule; things that look alike often act alike and
play the same roles in relational structures (Medin & Ortony, 1989).
This research makes a valuable contribution to the study of analogical
reasoning by providing a rigorous comparison between two of the predominant views of analogy. As with many comparisons of different theoretical positions, the best description of the truth often contains aspects
of both. In this case, as Gholson and his colleagues state, "it seems quite
likely that during acquisition the children in all three studies encoded
salient surface features, a scripted solution path, and the higher-order
structure of the problem into the base representation" (p. 182). As in
other experiments, children have shown that they are very adaptive learners, using the best aspects of both case-based reasoning and structure-mapping theory.
Chapter 6 by Lyn English is also an example of research from an information-processing perspective. English presents a series of experiments
that explore children's ability to classify and solve computational word
problems. She takes as the basic premise for her work the proposal that
children use mental models, defined as representations that are active
when solving a problem and which are highly correlated with the state of
the environment, when performing an analogical mapping.
The results of the experiments described in English's chapter raise an
issue that I have alluded to in my comments on both Bassok's and Gholson
et aI.'s chapters, that is, the role of domain knowledge in analogical reasoning. English proposes a three-step model of mathematical competency,
with each step building upon the previous. In this model the first step is
building a problem-text model from the initial presentation of the problem.
The next step is the formation of an appropriate problem-situation model
derived from the mapping of the problem-text model onto an analogous
situation whose structure is known. This is then mapped to the actual
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mathematical expression of the problem, the mathematical model. Consider
the situation in which the learner attempts to form a suitable problemsituation model in a domain with which she is unfamiliar and lacks the
appropriate analogous situation. This lack of domain knowledge will lead
the learner to form an incomplete or inappropriate model, which subsequently leads to a faulty mathematical model.
The lack of appropriate domain knowledge has ramifications for all of
the processes proposed to playa role in analogical transfer, but it is particularly crucial during the representation and mapping stages. Without a
familiar domain to seIVe as the base, analogical transfer will not succeed.
Conversely, if a child possesses the appropriate knowledge of the base
domain, very complex analogies can be performed (Gentner & Rattermann, 1991; Gentner et aI., 1995; Goswami, 1989, 1991). Although it seems
sensible to attribute children's inability to perform an analogy to a lack
of domain knowledge, this has not always been the predominant view in
the field of cognitive development. In fact, Piaget and his colleagues proposed that children were unable to perform even simple analogies prior
to the formal operations stage (Piaget, Montangero, & Billeter, 1977).
The importance of a complete knowledge base bears directly on another
important issue; the completeness of the problem representation. If the
leamer's representation of the problem contains gaps, it will be difficult,
if not impossible, to map the relational structure between two domains.
This is particularly true in the model proposed by English: If there are
gaps in the learner's representation of the problem-text, the mathematical
model will also be incomplete, resulting in the leamer's inability to solve
the problem.
My comments on the previous two chapters have focused on the representational issues involved in analogical reasoning; English's work, however, also addresses the process of analogical retrieval. Specifically, English
provides new information regarding the effects of object similarity on
analogical retrieval. She found that the children in her experiments often
referred to common objects when describing why they paired a particular
base and target, suggesting that it was the common objects, and not the
common relations, that brought about the pairing of the two problems.
This is not an unusual result, having been found in adults (Holyoak &
Koh, 1987; Reed et aI., 1974; Ross, 1987, 1989) and children (Holyoak et
aI., 1984; Rattermann et aI., 1996). This finding reveals another side of
object similarity; in addition to presenting a tempting alternative to relational similarity during the mapping process, object similarity can also
promote the retrieval of the wrong base.
Another interesting aspect of English's work, which also addresses processes outside of representation, is her subjects' justifications for the source
and target problems they chose to group during the card sorting task. She
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found that the limited understanding of the domain exhibited by her
subjects often led to unreasonable justifications for their responses; for
example, one subject responded "because they all have times" when asked
why he grouped a particular set of problems together. This is in marked
contrast to the ability of adults. In a study of analogical retrieval and
judgment of analogical goodness, adult subjects were able to accurately
judge the "goodness" of an analogical mapping, despite that fact that their
retrieval of the same stories was driven by the object similarity present
between the base and the target (Gentner et aI., 1993). One possible
explanation for English's finding is that children do not fully understand
what analogy is; this explanation, however, is undermined by research
showing that children can correctly use an analogy when it is available
(Brown, 1989; Brown & Kane, 1988; Crisafi & Brown, 1986; Gentner, 1977a,
1977b; Holyoak et aI., 1984; Inagaki & Hatano, 1987). An alternative explanation, which again resonates with previous discussions, is that the children simply do not have the domain knowledge necessary to judge the
goodness of an analogical mapping.
CONSTRUCTIVIST APPROACHES
In their Chapter 3, Davis and Maher describe the constructivist approach
to learning, summing up their views by stating that "we take old knowledge
and transform it into new knowledge" (p. 94). As they point out, this
seemingly simple statement reflects a very complex process. To describe
this process Davis and Maher have combined aspects of several different
traditions within psychology. First, their view of the child as an active
participant in his own development is in accord with Piagetian constructivist
views which propose that children actively seek out knowledge rather than
passively absorb information from the environment (Ginsburg & Opper,
1988; Piaget, 1937) Their constructivist theory also contains aspects of
Vygotsky's sociocultural theory of development (Wertsch, 1985). The Vygotskian influence is particularly evident in the conception of teachers as
guides who lead students to their own knowledge rather than as experts
who impart their knowledge to passive children.
Davis and Maher provide many wonderful examples of children forming
new knowledge out of old. One of the most interesting, particularly in the
context of this book, is the example of children using "pebbles in a bag"
to understand positive and negative numbers. The teacher skillfully guides
the children to the correct conclusions, using as props common objects
that are well within the children's domain of knowledge. By using familiar
objects to instantiate an abstract concept the teacher is providing a "bridging" analogy (Clement, 1989) between the concept of positive and negative
numbers and the children's knowledge of the properties of physical objects.
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Thus, at the end of this lesson the children have come to understand an
abstract principle, but have grounded this abstraction in familiar objects.
The lesson designed around the "pebbles in a bag" exemplifies the main
premise of Davis and Maher's constructivist approach; build upon the
learners' existing representations to help them acquire new knowledge.
This is also the essence of analogy-using the old to learn about the new.
Davis and Maher, in their classroom examples, are taking many of the
principles we have proposed in the field of psychology and are actually
applying them, with great success, in the classroom setting.
The final point to be made from the Davis and Maher chapter is that,
on the whole, children are very good at successfully using analogy. This is
exemplified by the child Brandon and his use of an ingenious representational system to calculate the number of different pizzas he could
form out of a limited number of toppings. In a previous problem Brandon
devised a representational system to successfully determine the number of
different four cube towers that he could build using cubes of two different
colors. Upon being presented with the pizza problem, Brandon notices
the similarity between the two problems and proceeds to use the same
representation system to determine how many different pizzas he could
order by combining four different toppings. This analogy between the
tower and pizza allows Brandon to quickly and accurately solve what could
have been a very difficult problem. The point of this example is simple;
children are very good at using analogy when they are placed in situations
that promote the use of analogy.
I end this review with the work of Alexander, White, and Daugherty
because in their research they combine all three approaches discussed
previously, performing experiments which benefit from information processing, constructivism, and Vygotskian sociocultural theory. One strength
of this approach lies in the additional information that can be gained by
widening the scope of possible experimental measures. For instance, Alexander et al. drew from Vygtosky's studies of children's speech to include
the analysis of their subjects' social and private verbalizations. The inclusion
of this variable added to the experimenters' understanding of the children's thought processes.
A further benefit, also taken from the Vygotskian approach to cognitive
development, is the concept of the "zone of proximal development," or
"ZoPed" (Wertsch, 1985). Alexander et al. use this concept when discussing
the need to look beyond what a child can typically do to what the child
can do in an optimal environment. Part of an optimal environment, I
would propose, is the frequent use of analogy to expand the child's understanding of both the familiar and the unfamiliar. In this way analogy
can be used as a mechanism which moves the child forward through the
zone of proximal development.
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Alexander et ai. also took advantage of children's use of social and
private speech to make some interesting observations regarding the interaction between language and thought. They noticed that their more proficient reasoners were also those who used social or private speech to guide
their reasoning. Further, they noted that the proficient reasoners were
able to state the higher-order relations which linked the objects, while
non proficient reasoners focused on color as the most salient aspect of the
stimuli. One possible explanation for this finding is that the proficient
reasoners had a full representation of the relations in question, while the
non proficient reasoners had a partial representation of the relations and
where thus swayed by the presence of object similarity.
In keeping with the information-processing framework, Alexander et al.
support the view that knowledge plays a vital role in analogical reasoning.
They suggest that children's abilities are often underestimated because
their domain knowledge was not considered when designing analogical
reasoning tasks. They note that when domain knowledge is controlled for
children show remarkable analogical abilities. Although I agree with Alexander's position regarding the need to consider children's knowledge base,
it is also crucial to consider other aspects of the task that may have an
effect on the children's performance, most notably, the presence of competing or supporting object similarity. As shown by the research of Gholson
et aI., when object similarity is in accord with the underlying relational
structure, children can perform very complex analogical mappings. When,
however, objects and relations are in conflict children will often map based
on object similarity. Whereas one determinant of analogical ability in situations such as this is the child's knowledge, we have found that the presence
of competing object similarity can often overwhelm a relatively complete
representation of a domain (Gentner et aI., 1995; Rattermann & Gentner,
in prep.). Evidence for this can also be found in the data of Alexander et
al.; the children who showed limited evidence of mathematical reasoning
often failed to correctly use the attribute blocks, suggesting that they allowed the object properties of these tools to interfere. Thus, I would suggest
making an addition to the list of things to consider when designing an
analogy offered in their chapter-"Make sure that object similarity and
relational similarity don't conflict."

SUMMARY

The authors contributing to this volume have presented work from several
different theoretical viewpoints. Yet, despite the differences in their theoretical stances, they all agree on the importance of analogy and analogical
reasoning in mathematics. They also agree that analogy is hard-and have
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demonstrated this difficulty in their empirical work. Finally, they have
provided evidence suggesting that the relationship between object similarity and relational similarity is not a simple one; while the presence of
relational similarity is the crux of a good analogy, the presence of object
similarity often determines whether the analogy will even be noticed and
represented.
Where does this leave us as educators?-with both a great deal of enthusiasm and a great deal of trepidation regarding the use of analogy to
teach mathematics. A good analogy can do all of the things I mentioned
in my introductory paragraph-inspire new insights, make complex concepts understandable, and impart new knowledge about unfamiliar domains. However, a bad analogy can lead to confusion and frustration.
Chapters such as those presented by these authors help to ensure that all
analogical reasoning is successful analogical reasoning.
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MATHEMATICAL REASONING:
METAPHORS, METONYMIES,
AND IMAGES

Chapter

9

Reasoning With Metaphors
and Metonymies in
Mathematics Learning
Norma C. Presmeg
The Florida State University

In the first section of this book, various aspects of the use of analogy in
the processes of children's reasoning in mathematics were discussed. Metaphor is a specific form of analogy which is often central in the construction
of meaning during mathematical reasoning (Presmeg, 1992). In this chapter, metaphor and another literary figure, metonymy, are described together with examples of their use in high school mathematics. The
theoretical framework of semiotics is used to elaborate on how metaphors
and metonymies are implicated in the systems of signification which underlie mathematical reasoning. Finally, the use of metaphor and metonymy
in teaching and learning mathematics is related to some potential pitfalls,
which are the obverse side of the power of these forms in reasoning.

METAPHOR

A mathematician, in making sense of a saturated mode~ sees this mathematical construct as a fat man, a "padded guy" (Sfard, 1994). A high school
student, Allison, in working out the key acute angle she needs in tligonometry, reminds herself of the principle that she must use 180° or 360°,
not 90° or 270°, by imagining a "water level" with a ship sailing on it
(Presmeg, 1986). These metaphors are personal, idiosyncratic. Metaphors
may be implicit in all areas of human understanding, even in reasoning
itself (Johnson, 1987; Lakoff, 1987; Lakoff & Johnson, 1980). Thus it is
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no surprise that mathematicians and high school students alike use these
"literary" forms in making the connections with other domains which help
them to make sense of mathematical constructs, and to remember them.
Some metaphors are so much a part of school mathematical culture that
we may no longer see them as metaphors (e.g., an equation is a balance).
This culture underlies a "working interim" or "consensual domain" which
is interactively constituted by teacher and students (Voigt, 1994). In this
process, some metaphors which originate in personal comparisons of domains may be accepted into the "taken-as-shared" understandings of the
classroom too, by negotiation, to become part of the classroom culture
alongside the deeper, perhaps invisible metaphors that are taken for
granted (e.g., more is up-Johnson, 1987).
When Jakubowski's (1990) teachers analyzed their beliefs about teaching
mathematics, some of the implicit metaphors were as follows:
•
•
•
•

a
a
a
a

teacher
teacher
teacher
teacher

is
is
is
is

a policeman;
a mother hen;
an entertainer;
a gardener.

The metaphors created a ground which influenced the teachers' decisions
and actions in their classrooms. The two domains that are linked by this
ground are called in much of the traditional literature (Leino & Drakenberg, 1993), the tenor (the teacher in this case) and the vehicle (e.g., mother
hen). The vehicle contributes to the structuring of beliefs about the tenor.
"Teaching metaphors" such as these are often not stated as directly as
these, or remain completely unstated and unconscious, but they may nevertheless implicitly influence decisions and actions. Thus metaphors influence and are implicated in the teaching and learning of mathematics in
private and in public ways, and on many levels.
The noun metaphor is defined as "Application of name or descriptive
term to an object to which it is not literally applicable" (Concise Oxford
Dictionary). The word is derived from the Greek, metaphora, meaning transfer or carry over. Leino and Drakenberg (1993) in the course of a survey
of theories of metaphor which are relevant to education, point out that
metaphor can be considered to be an implicit form of analogy, while simile
is an explicit form. Both of these forms of analogy involve a comparison
of two domains of experience, but while simile would specify, "domain A
is like domain B," metaphor would state that "domain A is domain B." In
both cases it is understood that the analogy refers only to some elements
of the two domains: These similar elements constitute the ground of the
comparison, while the dissimilar elements constitute the tension. The
ground and the tension are both essential elements of a metaphor.
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Metaphors are thus implicit analogies. The tenor and the vehicle correspond respectively to the target and the base or source which have been
analysed as components of analogies in this book (see English, chap. 6).
The vehicle (or source) contributes in some way to beliefs about the tenor
(or target). In some of the previous examples, the structure is as shown
in Fig. 9.1.
It is the recognition of simultaneous similarity and dissimilarity which
gives metaphor its special power to structure new experience in terms of old,
and which allows for the ambiguity which is an unavoidable element of
mathematical symbol systems (Goldin, 1992). Sfard and Linchevski (1994)
demonstrated clearly this ambiguity which is present in all mathematical
symbolism. They used the example of the algebraic expression 3 (x + 5) + 1
to show how context and individual construction determine whether this
expression is understood as a concise description of a computational process,
a certain number, a function, a particular member of a family offunctions, or
merely a string of symbols. This ambiguity is revisited in connection with
semiotics and reification later in this chapter. For now, the point is that the
subtleties of interpreting mathematical symbolism, which may mean various
things in different contexts, are comparable to the subtleties of knowing what
is ground (similar) and what is tension (dissimilar) when a mathematical
construct is compared with something from a disparate domain, in a
metaphor. Both these sets of subtleties may underlie pitfalls in teaching and
learning situations, a topic that will also be revisited later.
Another example of a metaphor used in high school mathematics is the
following, taken from data collected in an imagery project with high school
students in Florida in Fall, 1991. Mark had been asked to find the sum of the
first 30 terms of the sequence 5, 8, 11, ... After some dialog with the
interviewer, he solved the problem correctly by adding the first and 30th
terms, then the second and 29th terms, and so on, until he realized that there
would be 15 of these sums. He obtained the answer by multiplication, and
explained when questioned, "First I saw, like, a dome, where it's going like
this, and it's continuing" (drawing concentric arcs) "until we got down to
the two very middle terms. And I just deducted that if we have 30 terms, and
we're taking two each time, then it has to be 15. So I multiplied by 15"
(Presmeg, in press). Incidentally, this example also illustrates the efficacy of
Vehicle

Tenor
A saturated model
A teacher

is
is

a padded guy
a gardener

ground
FIG. 9.1. Examples illustrating the structure of metaphor.
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alternating use of visual imagery and logic (Pallascio, Allaire, & Mongeau,
1993; Presmeg, 1986). A different student in the same project saw Mark's
"dome" as a "rainbow." In these cases, the dome or rainbow image was the
vehicle of a metaphor in which the tenor was the process of finding the sum
of a number of terms of an arithmetic sequence the "Gaussian" way. For both
of these students, the metaphoric image was an idiosyncratic way of representing a mathematical principle. An image often accompanies a metaphor,
al though the image alone is not the metaphor. Such images from the vehicle
or source domain seem to give force and memorability to the comparison
of domains, which constitutes the metaphor.
There is a radical asymmetry between the tenor and the vehicle of a
metaphor. As Holyoak and Thagard (1995, p. 222) point out, it is the
source domain (vehicle) which has to "give" in its association of meaning
with the target (tenor). The example they give is "The acrobat is a hippopotamus," which describes a clumsy acrobat, whereas "The hippopotamus
is an acrobat" describes an agile hippopotamus. In their words,
The source provides the basic relational structure, without which the expression would be meaningless. This structure provides a mapping to the
target, yielding new inferences about the target. However, these inferences
are immediately screened for conformity with what is known about the target.
In the aftermath of understanding the metaphor, the mapping may be generalized to form a schema, which may ultimately create a new literal meaning
for the source. (p. 223)

In this manner, Mark's dome and Allison's water level images, as well as the
mathematician's padded guy, may come to encapsulate the mathematical
principles (each a tenor or target) with which they were associated metaphorically.
Another literary figure which uses one construct to stand for another,
and which is ubiquitous in mathematical symbolism, is metonymy.
1WO lYPES OF METONYMY

The noun metonymy, from the Greek metonymia denoting change of name, is
defined as "a figure by which one word is put for another on account of some
actual relation between the things signified" (Webster). The dictionary
example is "We read Virgil," that is, his poems or writings. We say, "Washington is talking with Moscow," meaning that the governments centered in those
two cities are communicating. Once again, ambiguity is an unavoidable
element in the representation, an ambiguity which is resolved by experience
with the context and conventions of the metonymy. The foregoing are
examples of what Johnson (1987) called "metonymy proper," in which a
salient or related attribute or entity is taken to stand for another entity.
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A second type of metonymy is the figure of speech, synechdoche, in which
a part is made to represent the whole or vice versa. One element of a class
may be taken to stand for the whole class. Leino and Drakenberg (1993, p.
31) quote Eisner's well-known example in the field of education, "the
enlightened eye." It seems to me that this example goes beyond synechdoche
to metonymy proper, because "eye" is representing "mind" rather than the
body of which eye is a part (Presmeg, in press). In mathematics, examples
of synechdoche abound: An illustration of a triangle or circle is taken to
represent respectively the classes of all triangles or circles; a variable is taken
to stand for all or for some of the elements of a class of numbers, for instance,
the reals, and so on. In these examples, too, the signification may go beyond
synechdoche to metonymy proper, since the signifier (a drawing of a
triangle, or a letter of the alphabet such as x) is not an element of the class
which is represented: these elements of classes are mental constructs (signified) and an act of interpretation is involved in setting up the metonymy.
According to Walkerdine (1982), Jakobsen "referred to the process of
combination, contextualization and contiguity as metonymy and those of
selection, substitution and similarity as metaphor" (p. 136; Walkerdine's
italics). Jakobsen claimed that these processes comprise two basic axes,
combination and selection, which characterize language. I suggest that in
mathematics, too, both of these axes are essential to an understanding of
context and structure. The combination of a symbol and its referent (e.g.,
a numeral such as 5 and the abstract idea of the number five) belongs to
the metonymic or combination axis. Combination, contextualization and
contiguity are all implicated in this complex relationship. Metonymy is the
basis of all mathematical symbolism. For instance, "Let x be an integer
... ," "Let ABC be any triangle ... ," any mathematical statement in which
a symbol stands for a class, a principle or some mathematical concept, is
a statement which uses metonymy. As for the selection or metaphoric axis,
this may be used in giving meaning to mathematical structures or principles
by selection of a source or vehicle to which the structure or principle may
be compared in a search for similar elements, as in the examples of metaphor in the foregoing, such as "A saturated model is a padded guy."
As Walkerdine (1982, in press) pointed out, it is when signifiers (such as
algebraic symbols in mathematics) change their contextual signification to
"the internal relations of combination of the metonymic axis" (1982, p. 138)
that formal reasoning becomes possible. She continued, "To reflect on the
internal relations alone we have to ignore the metaphoric content of a
statement which might distract from the focus on the logical relations
entailed in the statement, namely by directing attention to the practice to
which the statement refers" (p. 138). I would add that discerning a structure
in these internal logical relations of the metonymic axis might involve in
itself the construction of new metaphors which give meaning to this
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structure. Mark's dome image was the vehicle of a metaphor to help him
make sense of a relation on the metonymic axis, namely, the sum of a list of
numerals which signified evenly spaced integers. In this way, metaphoric
signification (for meaning) and metonymic signification (for sym bolism) are
both essential components in the apprehension of mathematical structure.

AMBIGUITY, SEMIOTICS, AND REIFICATION
Several kinds of ambiguities were referred to in the previous section, and
in this section the theoretical framework of semiotics is used to cast further
light on how metaphors and metonymies may be useful in processes of
mathematical reasoning where ambiguity is involved. Semiotics is chosen
for a framework within a theory of mental models, because semiotics bridges
the Cartesian dualism of separation between reasoning and imagination.
Driscoll (1994) wrote, "One advantage of this semiotic analysis is that it
provides a theoretical foundation for the integration of all forms of knowledge, including thoughts, actions and emotions" (p. 3). In metonymies
and metaphors, as in more explicit analogies, the imagination is actively
employed in reasoning with, and in processes of interpretation of, structures and symbols (i.e., in using Jakobsen's axes of combination and selection). Creation of structural analogs is at the heart of the construction
of mental models (Halford, 1993).
As English (chap. 6, this vol.) points out, the notion of mental models of
various kinds (e.g., problem-text, problem-situation, and mathematical models)
provides a useful construct for making sense of children's mathematical
knowledge and understanding. The theoretical framework of semiotics, and
particularly the theory of chaining of signifiers, suggests ways in which these
three kinds of mental models may become chained together in semiosis,
which is defined in Whitson (1994, p. 36) as "sign-activity," and by Charles
Sanders Peirce (Driscoll, 1994, p. 1) as "interpretaton of signs." Semiotics,
the study of signs and activity with signs in sign mediated processes, may be
thought of as providing "an under-arching theory of basic elements and
principles by which cognition, learning and teaching-within the broad rich
universe of sign-mediated processes-may be understood to operate" (Whitson, 1994, p. 37). According to Whitson, "Semiotics begins with the rejection
of the naive understanding of the 'sign' as something that simply denotes
another object in the world" (p. 38, his emphasis). Both the triadic model
developed by C. S. Peirce (1955) in the United States, and Lacan's variation
on the binary approach initiated by the Swiss linguist, Ferdinand de Saussure,
have relevance in a discussion of metaphor and metonymy in mathematical
signification. Peirce's model is described briefly first.
Peirce's formulation of a semiotic model has three components that
are somewhat reminiscent of Karl Popper's (1983) three "Worlds."
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• Firstness is a primary object (0), "existing independently of anything
else" (Driscoll, 1994, p. 1)-cf. Popper's World l.
• Secondness involves a relation between the object and some sign or
symbol ofit, called representamen (r) in Whitson's account--cf. Popper's
World 3.
• Thirdness is the interpretation of the sign or symbol, called the interpretant (i)-cf. Popper's World 2.
The comparison with Popper's Worlds may be thought of as a metaphor
in itself, since the correspondence is not complete but partial. The analogy
is quite close in the case of World 1 and the firstness of physical objects;
World 2, the realm of mental construction and interpretation, is still quite
close to thirdness and the interpretant. But World 3 is the world of reified
objects, such as mathematical concepts or language, which have an existence in a particular culture; the analogy with secondness, a relation of
sign or symbol with an object, is more tenuous. However, the comparison
with Popper's Worlds does highlight that the sign is also a human construction, as are the reified objects of World 3, and not a given which is
later interpreted. Firstness in this semiotic model may also differ from
Popper's World 1 as follows. By using two examples, namely, learning how
to sew, and understanding the ramifications of the question, "Is the majority
always right?", Driscoll (1994) made it clear that the object (firstness) may
be an abstract idea or a physical object-which is not the case in Popper's
World 1. Driscoll's two examples and Whitson's (1994) example of the
possibility of rain, are outlined in Fig. 9.2.
Whitson (1994) pointed out that the object is not known or apprehended directly, but through the mediation or interpretation of r, the
sign. There are also various kinds of relationships between the three components of this semiotic model, for instance, indexical (causal), iconic
(pictured), and symbolic (convention) relationships between object and
sign (Driscoll, 1994), any or all of which may be appropriate in mathematical signification, but which are not developed further here.
Let us return for a moment to the example Sfard and Linchevski (1994)
gave to illustrate the ambiguity of mathematical symbolism. The expression
3(x + 5) + 1 is a sign (secondness), which may stand in a semiotic relationship with a variety of inferred mathematical objects (firstness), corresponding to various interpretants (thirdness) which individuals construct.
The context is also influential: delicate shifts in the focus of attention
(Mason, 1994) would result in the construction of different interpretants,
and hence in the inference of different mathematical objects for the same
sign, for example, whether the expression is seen as the product of a
computation, or as the process of computation itself. Thus the model takes
into account the ambiguity inherent in all symbolism, and allows for pcr-
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Firstness

Secondness

Thirdness

object

sign r

interpretant

1. Sewing machine itself
(design, function, mode
of operation)

picture of sewing
machine or part of it

apprehension of picture
to reveal its function

2. Idea "Is the majority
always right?"

multiple signs, e.g.,
verbal description in
textbook, example of a
person whose minority
religious views are a
source of discrimination

interpretation that the
majority is not always
right

3. Rain

falling barometer

decision to take an
unbrella

0

FIG. 9.2. Examples in a triadic semiotic model.

sonal and idiosyncratic constructions. Two of the mathematical metaphors
from the previous section might appear in a semiotic model as follows
(see Fig. 9.3).
Peirce's triadic model in the United States had its counterpart in the
Swiss structural approach of Saussure, who defined the sign as a combination of a "signified" together with its "signifier" (Whitson, 1994). This
constitutes a diadic model, but "thirdness" seems to be implicit in the
interpretation of the sign. Lacan inverted Saussure's model, which gave
priority to the signified over the signifier, to stress the signifier over the
signified, and thus to recognize "far ranging autonomy for a dynamic and
continuously productive play of signifiers that was not so easily recognized
when it was assumed tacitly that a signifier was somehow constrained under
domination by the signified" (Whitson, 1994, p. 40). This formulation
sign r

interpretant i

1. Quadrant II
sin (1800 - 9) = sin 9
sin (90 0 + 9) = cos 9
etc.

Water level with ship
sailing on it

Subtract the measure of
the given angle from
1800 (use 1800 and
3600 , not 900 or 270 0 )

2. In an arithmetic
sequence sum of n terms

Rainbow image

Add the first and last
terms, and multiply the
result by half of n

object

0

FIG. 9.3. Mathematical metaphors in a semiotic model.
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allows for a chaining process in which a signifier in a previous sign combination becomes the signified in a new sign combination, and so on. I
see this chaining process as involving metonymy-as indeed all signifiers
are metonymic in a semiotic model, since they are "put for" something
else-and also reification, since each signifier in turn is constructed as a
new object. Chaining thus casts light on both processes as they are implicated in the construction of mathematical objects. An example illustrates
this chaining, as follows.
Walkerdine (in press) described an illuminating case of semiotic chaining
(reported also in Whitson, 1994). In the reported dialog, "one mother gets
her daughter to name people they are pouring drinks for and to work out
how many drinks by holding up one finger to correspond with each name"
(Whitson, 1994, p. 40). Here, the names start as signifiers, but they quickly
become signified in relation to new signifiers, the fingers. Later the fingers
become signified in turn, as spoken numerals become the signifiers. The
same "sign vehicles" (e.g., fingers, numerals) may be related to many
different signifieds, accompanied by a "discursive shift" when the role of
these signifiers changes. "In such cases, the same sign vehicles are conveying
different signs, with different semiotic values, when employed in different
discourses" (Whitson, 1994, p. 41). Figure 9.4 illustrates one possible
semiotic chaining process in which names, fingers, and numerals are
signifiers in turn.
In each step of the chaining process, metonymy is involved. The structure
is reminiscent of the repeated processes of reification described by Sfard
(1991), in which a mathematical process becomes reified as a mathematical
object, so that it can be used as a unit in a further process at a higher level
of abstraction, until this process in turn becomes reified as a mathematical
object, and so on. However, Sfard's (1991) example of the historical
construction of number systems, from natural numbers to integers to

Numerals I through 5

Fingers of one hand

Names of the people

Five people
signified 1

signifier 1
signified 2

signifier 2
signified 3

FIG. 9.4. An example of semiotic chaining.

signifier 3
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rationals to reals to complex numbers, is a different illustration of semiotic
chaining in mathematics, and its structure is not isomorphic to that illustrated in Fig. 9.4. At each link in the chain, characteristic mathematical
symbolism provides the new signifier which signifies the new reified object
in a metonymic relationship, which constitutes the sign (e.g., a + ib, the
signifier, and the complex number which is signified, as the final sign to be
operated on in the complex system). But the links are provided by the
process aspects of Sfard 's model, not by the sliding of signifier into signified
as in Walkerdine's illustration. In reification, at each node in the chain a new
process is encapsulated as an object which stand in a signified-signifier
relationship with its characteristic symbolism.
To return briefly to the three kinds of mental models used by English
in chapter 6 of this book, a semiotic formulation might cast light on the
importance of creating links between the models (which English designates
"mappings"). Each individual who makes these constructions will do so in
a way that makes sense for that individual. For example, the arithmetic
sequence problem solved by Mark using his metaphoric dome image may
be analysed as follows.
1. Mark's problem-text model was constructed in making sense of the task,
"find the sum of 30 terms of the sequence 5, 8, 11, . . . ," which
involved seeing a structure in the sequence of numbers.
2. His problem-situation model included a metaphoric image of a dome.
3. His mathematical model was his constructed method of solving the
problem, which involved adding the first and last of the 30 terms,
then multiplying the result by 15.

In Peirce's semiotic framework, these three mental models constitute object,
sign, and interpretant respectively, as in Fig. 9.3. However, the sliding of
signifier into signified in a semiotic chaining framework, emphasizes more
emphatically the links constructed between these three mental models. As
English's analysis indicates, the construction of relationships between the
three kinds of mental models is just as important for success in mathematical problem solving as is the construction of the models themselves.
Figure 9.5 illustrates a possible semiotic chaining.

USE OF METAPHOR AND METONYMY IN TEACHING
AND LEARNING MATHEMATICS
In the previous section, some links were explored between metaphors,
metonymies, and other constructs and frameworks. Because this was a first
exploration, no attempt was made to work out a comparison of the struc-
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Method: (first + last) times 15

Dome or rainbow image

Find the sum of
30 terms which
are regularly
structured

Arithmetic series
5+8+11+ ...
signified I

signifier I
signified 2

signifier 2
signified 3

signifier 3

~
Problem-text
model

Problem-situation
model

Mathematical
model

FIG. 9.5. Semiotic chaining using metaphor.

tures of various models in fine detail. However, the broad brush strokes
of the comparisons do suggest some conclusions for the use of metaphors
and metonymies in the teaching and learning of mathematics.
It is clear that one cannot prevent students and teachers alike from using
these ubiquitous forms of signification in mathematics. In this regard, both
metaphors and metonymies may be constructed as very private, personal,
and ripe with meaning for an individual. But the processes of classroom
discourse will also involve metaphors and metonymies that are public and
open to negotiation. If all symbolism in mathematics involves signifiers and
signifieds in various relationships, then all of mathematics must involve
metonymy, as there is no branch of mathematics where a system of signification is not used. Successive chaining of signs involves reification, and
progressive levels of abstraction. Metaphors may also be implicated in a
mathematical semiotic chaining process, in both idiosyncratic and "shared"
forms.
One might ask, then, what pedagogical benefits might accrue if teachers
are aware of the presence of these "literary" forms in mathematics. In
addition to gaining a heightened understanding of some of the processes
involved in learning and in doing mathematics, teachers might enhance
their apprehension of the difficulties which their students might be experiencing in these processes. As Whitson (1994) stressed, it is no mean
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achievement to understand that a signifier (such as numerals or fingers
in his example) may stand for many different signifieds. The abstraction
involved in such a metonymic relationship is at the heart of all mathematical signification. Walkerdine (1982) analyzed this abstraction in terms of
social practices and discourse patterns. She gave an illuminating account
of a nursery school teacher who introduced young children to the union
of sets by successively changing her discourse from the context of combination of piles of blocks, to the form "... and ... makes . . ." as she slid
the different piles of blocks together. This teacher also introduced a metonymic diagram (which then became the form for subsequent signification) in which two circles were linked to a lower, larger circle by lines. In
this example, Walkerdine (1982) illustrated
how teachers manage in very subtle ways to move the children from utterance
to text by a process in which the metonymic form of the statement remains
the same while the relations on the metaphoric axis are successively transformed, until the children are left with a written metonymic statement, in
which the same metaphors exist only by implication. It is this process which
is crucial to the production of abstract thinking. (pp. 153-154)

Difficulties that may be experienced arise from the ambiguity inherent
in all metaphors and all metonymies. The ground that links the vehicle
and the tenor of a mathematical metaphor may be construed differently
by different individuals. Together with the ambiguity inherent in mathematical symbolism, this highlights the need for communication and negotiation of mathematical meaning in classroom discourse which involves all
the members of a classroom culture. Many of these difficulties experienced
by students in mathematical signification may arise from the metonymic
use of a diagram-which by its nature illustrates one case-to stand for a
general class. This difficulty is discussed more fully in chapter II.
For teachers, then, to foster effective reasoning with metaphors and
metonymies in mathematics classrooms, heightened awareness of the role
of these forms of analogy in mathematical discourse and reasoning is
required. This chapter has done no more than scratch the surface of the
topic, which has potential for contributing to sound pedagogy and more
effective problem solving in mathematics.
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Reasoning With Images In
Mathematical Activity
Grayson H. Wheatley
Florida State University

In his 1991 plenary address to the International Group for the Psychology
of Mathematics Education, Dreyfus urged mathematicians and mathematics educators to give increased importance to visual reasoning-not to
elevate it above analytic reasoning but on an equal level with it. Visual
reasoning plays a far more important role in the work of taday's mathematicians than is generally acknowledged (Hadamard, 1949; Sfard, 1994).
He cited examples of mathematicians actually hiding the diagrams and
visual arguments in presenting their lectures and proofs. Other research,
for example, Battista, Wheatley, and Talsma (1989), Brown (1993), Brown
and Wheatley (1989, 1990, 1991), Clements and Sarama (this vol.),
Reynolds and Wheatley (1992), Wheatley, Brown, and Solano (1994), has
shown the power of image-based reasoning in mathematics problem solving. Students who used images in their reasoning were more successful in
solving nonroutine mathematics problems than those who approached the
tasks procedurally.
In recent years a strong case has been made for the view that imagistic
processing is central to mathematics reasoning (Brown & Wheatley, 1991;
Dorller, 1991; Lakoff, 1987; Lakoff & Nunez, this vol.; Wheatley, 1991;
Wheatley & Brown, 1994). Indeed, Lakoff argued that understanding abstract structure is understanding structure in terms of image schemas.
However as Pres meg (1992) commented, few mathematics educators are
aware of the importance of different types of imagery in mathematical
reasoning. This chapter looks at the nature of image schemata as well as
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"rich" images and how reasoning with images contributes to mathematical
learning. The complex processes of image construction and transformation
are examined and illustrated with reference to particular mathematical
activity. The characteristics of students who are particularly successful in
constructing, re-presenting and transforming images are discussed.
As used in this chapter, an image is a mental construction (Wheatley
& Brown, 1994). Images are constructed out of the flow of experience and
may be re-presented in the absence of sensations and they may also be
transformed. Images may be what Lakoff called rich images and what Presmeg (1992) called concrete images as well as image schemata (Lakoff,
1987). According to Presmeg (1992; see chap. 11 this vol.) , images may
be of several types, for example, concrete, dynamic, pattern, or even abstract. In a task discussed in this chapter, individuals constructed an image
of a 6 x 6 x 6 cube of cubes. The nature of the image each person
constructed was idiosyncratic as inferred from their comments and actions.
To stress the active nature of imagery, it may be useful to think in terms
of imaging rather than imagery.
When an individual looks at a drawing of a geometric figure such as a
rectangle and then the drawing is no longer present, the person may be
able to re-present a previously constructed image ofa rectangle. The nature
of a person's mathematical schemes and prior experience with "rectangle"
will greatly influence the nature of the image formed. For some it may
simply be an undifferentiated whole or what van Hiele (1986) called level
1 activity. On the other hand, the concept of rectangle may be sufficiently
rich that the image includes sides, right angles, and parallelism. Some
individuals can dynamically transform their prototypical image of a rectangle so that the ratio of length to width is quite large while for others
the ratio of sides may be relatively "fixed." As another example, a child
may have constructed an image of 20 that is sufficiently elaborated that it
can easily be transformed to 9 + 11 or 8 + 12.
Cobb (1995) used the word imagery in quite a restricted sense. For
Cobb, an image is a mental picture of a specific nature in contrast with
the use of imagery by Johnson (1987), Reynolds (1993), Sfard (1994), and
Wheatley (1992) in which imagery can be abstract. In characterizing children's number constructions, Cobb classified them as image-supported or
image-independent. This usage seems to parallel the distinction made by
Lakoff (1987) between rich images and image schemata and seems to have
similarities with the phrase, concrete imagery, as used by Presmeg (1986,
1992). By image-independent, I infer that Cobb means numerical activity
that does not depend on imaging a particular array of dots or set of coins.
That is not to say that imaging in the way Wheatley (in press) uses it is
not inherent in the child's activity of using, say, ten as an iterable unit.
Steffe uses a metaphor of "laying down ladders" in using iterable units.
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Image-supported reasoning can be viewed as a bridge to developing image
schemata, which Cobb calls image-independent: The mental activity does
not rely on images of particular materials.
In discussing the role of different types of imagery in mathematical
activity, Presmeg (1992) cautioned that a concrete image, say of a triangle,
may limit an individual's reasoning. Students may have constructed an
image of a triangle which has its base horizontal and not have built an
image scheme in which orientation is irrelevant. According to Presmeg,
such concrete imagery may have a negative effect on an individual's reasoning. Underlying Presmeg's study of "visualizers," was the stated assumption that while the use of types of imagery might be identified, the essential
aspect of mathematical reasoning is verbal-logical thought.
It is essential that children move beyond image-supported reasoning to
image-independent reasoning. We can say that children have developed
powerful ways of thinking with number when they have an interrelated
network of schemes upon which to draw. Students who use only imagesupported reasoning will be limited in their mathematical activity. Pirie
and Kieren (1994) cited an example of a 12-year-old who had built up an
understanding of fractions as physical pieces which could be covered rather
than as mathematical objects. Because of the limited nature of her imagery
(concrete imagery to use Presmeg's term and image-dependent using
Cobb's language) she could not determine the sum of one half, one third,
and one fourth. She had not developed image schemata which allowed
her to give meaning to one half, independent of any particular visual aids.
Friedman (1995) argued that spatial ability and mathematics achievement are not closely related. She stated, "Overall correlations of spatial
and mathematical ability are no higher, and are often lower, than correlations found between mathematics achievement and other apparently
unrelated skills-social studies and sports information, for example" (p.
27) and "Meta-analytic results show that when space-math correlations are
combined and compared to other correlations, they are not convincing
evidence that spatial skill is related to mathematical ability" (p. 40).
In this chapter, I argue that the ability to construct, re-present, and
transform images is highly related to mathematics problem solving. Friedman's meta-analysis would seem to contradict this assertion but a more
careful analysis shows that the differences may lie in the meaning of the
terms used. Several issues must be considered in interpreting Friedman's
results before accepting her conclusions. First, spatial skill was measured
by a variety of instruments which purport to assess spatial ability. However,
high scores on some of these tests such as the Differential Aptitude Test
and the Cubes Comparison Test can be obtained by using analytic reasoning. I gave a battery of such tests to students and asked them to explain
their method and the students reported analytic methods as often as spatial
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methods, especially on the two tests named earlier. So there is some question whether the ability to form and transform mental images is being
assessed by the tests used in Friedman's study. Second, on many of the
mathematics achievement tests used in the studies selected by Friedman,
computational skill is a major factor. Even on the subtests labeled applications, many items are of a routine nature to which straightforward computational procedures can be applied. In my work, I consider mathematics
to be the activity of constructing patterns and relationships. Thus mathematics is a meaningful activity and cannot be judged by assessing memorized facts and procedures. It can be assessed in a problem-solving setting.
This is not the definition used by the writers of the standardized tests
available when the data used by Friedman were collected. There is no
reason to believe that there is any relationship between students' ability
to carry out computational procedures, and the use of mental images.
Thus Friedman's results are not surprising and are in no way contradictory
to the thesis of this chapter.

IMAGING AND MATHEMATICAL ACTIVIlY
In three studies, Brown and Wheatley (1989, 1990) and Wheatley, Brown,
and Solano (1994), a strong relationship between the use of imagery and
success in problem solving was found. In each of these investigations the
Wheatley Spatial Ability Test (WSAT) was administered to Grade 5 students.
The WSAT is a lOO-item test of the ability to mentally rotate geometric
shapes and compare them to a standard. The test has high internal consistency (r = .92). Clinical interviews showed that the students who scored
high on the WSAT were making sense of mathematics and were quite
good at solving nonroutine mathematics problems while students who
scored low were generally not successful in mathematical problem solving.
The finding of these studies may be different from those reported by
Friedman in that a test of mental rotation was used and the measure of
"mathematics achievement" was obtained in clinical interviews on problem
solving rather than using scores on paper-and-pencil tests.
Imaging plays a major role in mathematics problem solving. Although
certain problems may be solved by logical reasoning, others require imaging. In some cases, a solution based on images may be more comprehensible and elegant. Krutetskii (1976) wrote, "In many cases we found that
a definite functional dependency or formula became properly clear and
convincing for an examinee only when he could give it a geometric interpretation" (p. 325). Individuals differ in their preferred mode of reasoning
(Krutetskii, 1976; Presmeg, 1986), some preferring logical reasoning and
others preferring spatial reasoning. Krutetskii identified three "castes of
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mind" which he called analytic, harmonic, and geometric with the harmonic being a blend of the two types. Imagistic thinking was most closely
associated with the geometric type. Although there is great variation in
the nature of thought from one person to another, imagery is fundamental
to making sense. In interviews with mathematicians, Sfard (1994) found
that they all relied heavily on imagery. Imagery has not been recognized
as playing an important role in mathematics in large part because much
of what has been called mathematics has been learning and using rules
which make little sense to the learners. It is when emphasis is placed on
meaningful activity that imagery becomes particularly important.
Reynolds (1993) described a fifth-grade girl's solution to the problem,
"On a Rubik's Cube (3 x 3 x 3), how many small cubes have exactly two
faces showing?" Whereas at first Elaine answered 24 (4 on each of 6 faces),
once she looked at a Rubik's Cube she quickly revised her answer and
confidently said 12. The nature of the image constructed was crucial in
her solution. Her first image of a 3-D array of cubes as six faces is a
frequently reported image. The second is more sophisticated and, in this
case, more useful in solving the problem posed. Her initial image of a 3-D
array, from which she had obtained 24, was six uncoordinated faces. Her
subsequent image of a cube was three layers of nine small cubes each.
Battista and Clements (1996) reported that 60% ofthe fifth-grade students
in their study constructed a similar layer image of a 3-D array. They argue
that constructing an image of a rectangular arrangement of cubes in layers
facilitates determining how many small cubes there are altogether. They
provide strong evidence that the images children form greatly influence
their mathematical activity (see also Clements & Sarama, this vol.).

Diagrams
Diagrams are often made in the act of solving a problem. They allow the
individual to free up more mental space for new imaging and to construct
new relationships. There is a recursive nature in the use of diagrams in
that an image is formed, a drawing made, and this drawing then makes
possible new imaging, which is often symbolized in a new and elaborated
drawing. Diagrams do not communicate, they evoke. In fact, communication is not a process of transmission but one of evocation. In mathematics
when we look at a picture, diagram, or sketch it is not that information is
"communicated" by the ink marks but that thoughts are evoked. These
thoughts are often of an imagistic form. Of course, any diagram will evoke
a wide variety of responses in different persons as influenced by their
personal experiences. One person may look at y = x 2 - 5x and image a
curve on a coordinate axis opening upward in the shape of a parabola
while another may think of the factored form of the right side and identify
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the zeros of the function. Others may see only a set of symbols. One young
student immediately asked, "When will x stop outnumbering y?" Rather
than getting information from the equation, he gave meaning to his experience with it.
Nonokawa (1994) provided an example of sophisticated problem solving
by an adult. His focus is on the implications of the diagrams drawn and
the way they are drawn for the structure of the problem situation. Nonokawa identified three different types of diagrams used by this person in
solving a geometry/measurement problem. In one case the solver drew a
pentagon as a trapezoid with a "cap" on it while in another case he drew
the pentagon with each diagonal parallel to a side, considering the areas
of the overlapping triangles formed. These two drawings and accompanying
comments suggest that the solver had quite different images in drawing
these two diagrams. Nonokawa refers to the way the solver saw the situation.
It is clear that images played a major role in the solver's activity. In some
instances the image was based on parallelism and in other cases it was
influenced by area considerations. There was strong evidence of transforming of images as the solver described and drew diagrams of the different
shapes the pentagon could take. It would seem clear that this student was
constructing and reasoning from [mental] images.

WHEN WILL Y OUTNUMBER X?
In a year-long teaching experiment with Michael, a highly precocious 7year-old, extensive evidence for the use of images in mathematical reasoning was gathered. Early on he described how he added 21 and 19 by saying,
"I moved one from the 21 to the 19 to make 20 + 20, which I knew."
On another occasion he was trying values in an interval and, with an
upsweep of his hand said, "It has to be high up." Much of Michael's
mathematical reasoning was image-based. By image-based I mean he used
image schemata (Johnson, 1987). For him, algebraic notation was more
than symbols to be manipulated-on some occasions they evoked images
of graphs. However, his imaging was usually of an abstract nature (schemes)
rather than images of particular materials of objects. He looked at a set
of symbols and instantaneously constructed a mental image of a relationship. For example, on 12/31/94 he looked at y = x 2 - 5x and immediately
"saw" a parabola. He indicated this by a sweeping of his arms, verbal
description, and a sketch of the curve. As he considered y = x 2 - 5x, he
asked the question, when does y outnumber x? This question suggests that
he had constructed a dynamic relationship between two variables, x and
y, and he was considering the interplay. The use of the term outnumber is
noteworthy. This was Michael's language; the phrase had not been used
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by any of us in previous sessions. His question also suggested that he
realized that in certain ranges, x was larger and at other times y was larger.
Further, it indicated that he knew that as x became large, y would increase
faster (rate of growth). Because he had constructed an image of a parabola
associated with equations of the form y = ax 2 + bx + c, it also acknowledged
that he first focused on the right half of the curve, knowing that the other
side would mirror it. His image of the graph of y = x 2 - 5x was more than
a picture in his mind of a parabola. He chose to focus on the interplay
between two variables. He was thinking holistically rather than sequentially.
There is a sense in which he conceptualized a dynamic relationship between x and y. He obviously has constructed the coordinate plane (imagebased) as a symbol system useful in thinking about interrelationships. Mter
trying only two values, (1, -4) and (5, 0), he confidently announced that
when x became greater than 6, y would outnumber x. This episode is an
example of image-based mathematical reasoning.
On January 31, 1995, when Michael looked at the graph of a function
defined by a fifth-degree polynomial equation, he immediately focused on
the largest "dip" in the curve, which occurred at the right (see Fig. 10.1).
He looked at the equation to determine which terms caused it. Rather

y

=

15xS - x4 -2x 3 + 13x2 + lOx - 9

FIG. 10.1. Graph of a fifth-degree polynomial equation.

288

WHEAlLEY

quickly he concluded that it must be -x4 and -2x 3 because those terms
were negative and relatively high powers of x. It is clear that he was parsing
the fifth-degree polynomial into components (terms) and considering the
relative contribution of each term to the value of the polynomial and
visualizing associated changes in y values.
The following transcript illustrates the essential role of imaging in
mathematics. Sarah, a bright Grade 3 student, failed to solve the next
problem because she had not constructed powerful enough images to aid
in her reasoning.
Problem: How many cubes would be needed to make a block three high,
four wide and three deep?
W:

(Showing a 2 by 3 by 4 array formed from interlocking plastic cubes)
There are 24 here. If I wanted this to be, let's see, this one is two high,
three wide and four deep, now suppose it were three high and three
wide ... I better write this down so we don't forget it. We are going
to make one now that is three high and four wide and

S: Two deep.
W: Let's make it three deep.
S: OK (cheerfully).
W: Now how many cubes would we have if we build a block like this, three
high, four wide, and three deep?
S: You would have ... let me think (looking at the block) three high,
four wide ... (pause)
W: What are you thinking?
S: I'm thinking, . . . just imaging (places her hand in the back of the
prism) we would, there would be ...
W: Three high, ...
S: 24 (with a smile and a question in her voice).
W: Let's see, three high ...
S: No.
W: Four wide and three deep.
S: 24
W: How many here (holding the prism)? I believe you said there were 24.
S: Yeah.
W: Now three high, four wide and its only two deep (pointed) and we want
one that's three deep.
S: That would be ... Oh! Hmm ... 28.
W: There are 24 here and we want to make it three deep.
S: Yeah, you have to add four more.
W: Where would those four more be?
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(Pause) Right here. (indicating with her hand a row of cubes at the
back of the prism visible from her vantage point.)

W: Let's do it. Let's make it three deep.
S: (placing a row offour cubes at the top back) Oops! (immediately began
making two more rows of four cubes and placing them in the back
forming a new layer of 12 cubes) Oh yeah, (softly) another 12, ...
W: Ah, so what are you making there?
S: I was thinking of something else.
W: As soon as you started to make it you saw exactly what you needed.
There it is. So now how many cubes do we have altogether?
S: We have 36.

In this episode I first showed Sarah a 3D array of interlocking cubes
which was 2 by 3 by 4 and asked her how many cubes would be needed
to make a block just like it. She determined that 24 would be needed, "12
on the top and 12 on the bottom." I then asked her how many would
need to be added to make a 3 by 3 by 4 array. She oriented the prism
with the 3 by 4 face towards her and indicated that four more cubes would
be needed at the back (along the top row, visible from her vantage point).
I asked her to build it and she made a four-cube block and tried to put
it in place. She then said "Oh, ... ," indicating something was wrong. She
then made two more four-cube blocks and put them in place, completing
the back layer. Until she tried to put the blocks in place, she had not
constructed a layer in the back; she did not initially anticipate the need
for the additional eight cubes.
The crucial role of imaging in mathematical activity is seen in this
example. A person could logically reason that another 12 cubes would be
needed but this assumes that the individual has constructed the initial
prism as an abstract composite of two 12 unit layers. Being able to image
a three deep prism was not possible for Sarah with the constructions she
had made. Even though Sarah said there were 24 cubes in the prism, 12
on top and 12 on the bottom, for her, top and bottom were not the same
as layers. Further, the 12 cubes on her top were not constructed as an
abstract composite unit. Logical reasoning is often dependent on prior
imaging. Only by holding the four-cube block at the top behind the prism
did Sarah realize that more cubes were needed.
The following episode provides further information on the key role that
imaging plays in reasoning mathematically. Katy is a bright Grade 6 student.
(I built a corner of a 5 x 5 x 5 cube as shown in Fig. 10.2.) "Imagine a 5
by 5 by 5 cube. Paint is poured down over the top and the four sides. How
many cubes would have paint on them?" The entire transcript from this
episode is included so the reader can see the subtle and not so subtle role
of imaging in Kay's thought.
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FIG. 10.2. The arrangements of
cubes in Katy's task.

K: (Long pause)
W: What are YOll thinking?
K: Probably about 20 or 15. First you have to know how many cubes there
are. 20 [5 + 5 + 5 + 5], five up ... around 100. five times ... probably
... probably ... 5 x 20 cause five up.
K: There are some in the middle. (pause) 12 in the middle.
(Katy could not visualize the interior cubes on the bottom layer.)
W: Let's go ahead and fill in that middle [3 x 3].
K: (confidently) Probably about 9. 45 cause it is five up.
W: Tell me about that again.
K: There's five up on top of every cube. 5 + 5 + 5 + 5 = 20 then times 5
all the way lip. Probably around 150 (thinking 100 + 45)
W: If we finish out the bottom layer with cubes (we complete the bottom
layer.) ...
K: 25 on the bottom layer.
W: How many layers of that would you have?
K: What do you mean? (Obviously she was not seeing the cube in horizontal
layers of 25.)
W: There is a layer of 25 and another layer on top and on top and on top.
K: The answer is 5 times 25 or 125 (uses a calculator).
W: Now that's a little different. You came out with 150 before. Which of
the answers do you like best?
K: I think I like the 125.
W: (Restates the problem.)
K: (Now attempts to determine how many have paint on them). Four times
five is 20 (Katy thinks there are 20 around the outside of the bottom
of the cube).
W: Where's that 4 x 5?
K: On the bottom.
K: And then there would be the nine more we put on the top.
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W: Looks like 109. (100 + 9) would have paint on them. There is a way we
could check our answer. Count how many do not have paint on them
and add to the 109.
K: 4 x 9 is 36 in the middle which don't have paint on them. (Adds 109 and
36 and gets 145). Our first guess was more right than we thought it was.
W: If we add 109 and 36 we should get 125. Let's think about this again.
There certainly are 9 on the bottom layer that would not have paint
on them.
K: Right.
W: One, two, three, four layers, 4 x 9 = 36. I understand how you got 36.
The other way you said 5 by 5 by 5 by 5. I'm going to take these cubes
off (the four cube stacked vertically). Now actually count by one the
number of cubes that would have paint on them.
K: (counts) 16
W: What happened to those 20?
K: I don't know. (counts again, looks puzzled, then smiles) pretty close.
W: (laugh) Yes, it's pretty close but let's see ... you said 5 plus 5 plus 5
plus 5.
K: Correct.
W: Why doesn't that work?
K: Because I counted some of them twice.
W: Which ones?
K: Probably the corner ones.

Katy attempted to determine how many cubes there were around a 5
5 square made of cubes. She counted 5 on a side and said there are 20
cubes (5 + 5 + 5 + 5). She mentally constructed the square of cubes as
having five cubes on each of four edges without coordinating these fiveunits. When she is asked to count the number of cubes and gets 16, she
became puzzled. She recounts them and becomes convinced there really
are 16 rather than 20 cubes. At this point she recognizes that the adjacent
sides share corner cubes. As she says, "I counted some cubes twice." and
touches the four corner cubes. Kay's image of the 3-D array of cubes did
not include the unit constructions necessary to determine the number of
cubes accurately. It was only when she counted the cubes and found there
were 16 rather than 20 did she revise her image. She remarked that she
had counted the corner cubes twice.
A particularly interesting part of the interview was her determining how
many cubes there were on the bottom outside square of cubes. In obtaining
20, she failed to coordinate nondisjoint composite units of five. Near the
end of the episode, she was STILL thinking in terms of four sides of five.
She had not yet coordinated the composite units of five-she had just
developed a strategy for resolving her perturbation.
X
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At one point, Katy saw the cube as a bottom with four cubes stacked on
top of each cube in that set. For her, the 3D-array of cubes was composed
of five-cube stacks. When I spoke of layers, she said looking puzzled, "What
do you mean?" She did not think of them as forming layers stacked on
top of each other. Her image was one of individual "posts" set against each
other but not necessarily taken as a unit.
At times students will quickly opt for a computational procedure based
on a limited conceptualization. Consider the following problem statement
and Fig. 10.3: A large cube six feet on an edge is to be made from boxes
one foot on an edge. There are 216 boxes in all. Each small box on the
top, front and left side have an X marked on them. How many small boxes
have an X on them? (Wheatley & Reynolds, 1993)
Even experienced high school mathematics teachers have approached
this task analytically by saying there are 36 cubes on each of three faces so
there are 108 cubes with an X on them. The limitations of this procedural
solution are obvious. Too often, students attempt to recall a formula rather
than using imagery. As individuals constructed a meaningful composite
image of this figure, they were able to develop viable solutions. For example,
many individuals have been observed using the following solution methods.

Method One
There are 36 cubes on the top which leaves 30 on the front and 25 on the
side for a total of91 cubes with Xs on them. Persons using this method have
explained that they could see that some cubes were in two or more faces.
Their image of the cube was sufficiently elaborated so that they could
partition the units of 36 cubes into disjoint sets of cubes for counting
purposes.

Method Two
If the cubes with Xs on them are "lifted off," a 5 x 5 x 5 cubes remains.
Thus 216 - 125 = 91. It is clear that an individual using this solution was
able to image the cube and decompose it in a useful way.

"
"

.....

.......

FIG. 10.3. A cubic array of cubes.
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Other methods for solving this problem have been reported by Wheatley
and Reynolds (1993). This task is presented as a setting rich in potential
for inferring the use of imaging with a wide range of individuals from
Grade 3 to adults. It illustrates the essential nature of image construction
and what can happen when one does not build those images.

ENCOURAGING TIlE USE OF IMAGES
There are many mathematical activities that provide rich opportunities for
students to enhance their use of imagery. Two are described in this chapter.
Other spatial activities are described in Wheatley and Reynolds (1991).

(btick Draw (Yackel & Wheatley, 1990, 1996; Wheatley & Reynolds, 1991).
The Quick Draw activity has proven to be effective in helping students
build flexible and dynamic images. A geometric diagram is shown briefly
(1-3 sec) and the students are asked to draw what they saw (see Fig. 10.4).
When all students seem to have drawn a figure, the diagram is shown a
second time and students are encouraged to modify their drawing or make
a new drawing if they wish.
Following this, the diagram is uncovered and the class is asked to describe
what they saw and, in some instances, how they drew it. For Fig. 10.4, students
have reported seeing a box, a hall, a pyramid with the top cut off, a kite, a
recessed window, and a small square in a large square. As students explain
what they saw, others often remark, "Oh, I see that now." When asked to
describe how they drew the figure, some report drawing the large square first
while others drew the small square and diagonal segment and then completed the figure with segments to form the large square. The activity

FIG. lOA. Quick Draw example.
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encourages students to construct dynamic and flexible images. More importantly, it encourages students to think imagistically rather than procedurally.
Because of the way the task is presented and the many interpretations
reported, students are encouraged to think in terms of images rather than
always relying only on words, and analysis. Because of the variety of
interpretations reported students are unlikely to treat the diagram as a
wholistic and static icon. Instead, the figure takes on dynamic qualities and
promotes flexibility of thought.

Tiling (Wheatley & Reynolds, 1993). Wheatley and Reynolds (in press)
have reported on a study of children's tiling activity with particular attention to the construction of abstract composite units. In the tiling activity
as described by Wheatley and Reynolds, students are provided square dot
paper and a particular shape such as the one shown in Fig. 10.5a. The
students are then asked to create a tiling pattern using copies of just that
shape. Many opportunities for imaging were identified. In considering the
placement of a shape to create a pattern students would anticipate the fit
for a position of the figure next to another. This would often require a
mental rotation and imaging of the configuration with the tile in the
planned position. At times attention shifted to patterning. (This shifting
of attention and constructing a pattern is what Mason [1989, 1992] called
"noticing.") Some students initially focused so intently on covering (leaving
no holes) that there was no patterning. Others focused only on patterning
and left holes. A significant act of imaging was the construction of units.
For example, some students put four of the tiles together to form a square,
which became a unit with which they could then easily tile the plane (see
Fig. 1O.5b). Some students were observed making the squares first and
later subdividing them into tiles. As students began drawing their tilings
and constructing units, the power of imaging was apparent.
Just as students can memorize arithmetic facts that have little meaning
for them, students can memorize geometric figures. For example, students
can learn to associate a name with geometric figures without having developed image schemata of the figures. Such activity can be counterpro-

a

b

FIG. 10.5. A tiling shape and tiling pattern.
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ductive in mathematics learning in that the figure may have little meaning;
it may not be part of scheme in the Johnson (1987) sense. Presmeg (1992)
pointed out the limitations of such disjoint images. It is crucial that activities
to promote imaging be so designed that students are encouraged to develop flexible and dynamic images which they can transform.

SUMMARY
In this chapter the case is made for the essential nature of imaging in
mathematics. If mathematics were viewed as instrumental activity (Skemp,
1979), then it is unlikely that any relationship between spatial ability and
mathematics achievement would be found. However, if mathematics is
thought about as reflected in "On the Shoulders of Giants" (Steen, 1990)
and imaging is defined as mental activity, then the evidence is strong that
imaging plays a central role in learning and doing mathematics. In the
reform movement of the 1990s, emphasis is placed on problem solving
and sense making. Our research program suggests that encouraging imaging can result in greater success in mathematics for students at all grade
levels. Imaging seems just as important in numerical settings as in geometric
(Wheatley & Lo, 1989; Wheatley & Reynolds, in press). Although propositional reasoning is often useful in doing mathematics, we would do well
to heed the recommendations of Dreyfus (1991) and recognize the essential nature of imaging. The difference between good and poor problem
solvers is often the extent to which they use imagery. Battista and Clements
(1996) wrote that
It would seem, therefore, that students' mental constructions of such arrays

[3D-arrays of cubes] involve a complex interaction between numerical and
spatial structuring, supported by various manifestations of the coordination
and integration operations.

That is, constructing viable mental images is an essential part of determining the number of cubes in a 3D-array of cubes.
A powerful use of imagery is demonstrated by Michael in the two tasks
previously described. He had constructed a dynamic and flexible image of
graphs in the Cartesian plane and he could use these images to solve
complex tasks rapidly. In contrast Sarah, although quite bright and highly
motivated, had not constructed images necessary to visualize a third layer
of cubes behind an existing solid. Katy also did not demonstrate the imaging necessary to structure a 3D-array of cubes in such a way that she
could determine the number of surface cubes. Finally, a task requiring the
construction and coordination of unit images was described. These exam-
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pIes, together with other evidence cited in the literature, show the central
role that imagery plays in mathematical reasoning.
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Generalization Using
Imagery in Mathematics
Norma C. Presmeg
The Florida State University

ROOTS
I begin with a few narratives that set the scene. On a personal level, these
accounts describe the origins of my interest in imagery in the learning
and teaching of mathematics, starting in about 1979. On a global level,
these accounts show why imagery is of vital concern in fostering mathematical creativity in school students and mathematicians alike. I include a
brief history of visual imagery as it developed in the psychological literature,
and in its relation to a sister construct, spatial ability. The account starts
with the story of Anton and two other boys, in the South African high
school where I taught mathematics for a number of years.
Anton scored 96% on a mathematics test in his first year of high school
(the equivalent of Grade 8 in a 12-grade system), when he was 13 years
old. His grades were regularly in the 90s for mathematics and he was
usually near the top of his class, which was the first of six sets. Robin, in
the same class, usually scored in the 80s. (A passing grade was 40%, and
anything above 80% was an A.) Both Anton and Robin were also achieving
well in Science. Anton wanted to study engineering when he left school,
and Robin engineering or architecture. It looked as if they would experience no obstacles to their aspirations. After teaching Anton and Robin in
this first year unified mathematics course, which included algebra and
geometry, I left the school to study further.
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Three and a half years later, when I was once again teaching in this school,
I noticed that An ton, in the equivalent of Grade 11 with another mathematics
teacher, had obtained the following end-of-year grades: algebra 29%, geometry 38%, trigonometry 13%. His chosen career was obviously in jeopardy.
Robin, in the same class, had done better but was also not fulfilling his
potential. Table 11.1 shows the grades of these two boys and another who
was identified subsequently, as well as the mean grades for the class.
There was apparently a problem! These classes were about to do the
Senior Aptitude Tests battery of the Institute for Psychometric Research
(Human Sciences Research Council, PretOlia), for their vocational guidance, and I offered to assist with the task of scoring these tests. I found
that the battery included four tests which loaded on SR-O (spatial relations
and orientation) and Vz (visualization), namely, Pattern Completion, Figure
Series, Spatial2Dand Spatial 3D (van derWesthuizen, 1979). Anton obtained
stanine scores of 8, 8, 9, 8 and Robin 8, 9, 9, 9 respectively, for these four
tests. Only 7% of the population obtained a high stanine score of 8, and
only 4% scored 9 (Lindhard, 1983). I did the same tests and scored 8, 7,
7, 6. Another boy, Mark, also in Anton and Robin's mathematics class,
had scored 8, 9, 9, 9 and his examination results followed the same pattern
as did those of the other two boys (Table 11.1), with geometry results
relatively higher than algebra and trigonometry, while algebra and trigonometry were well below the class means. Their mathematics teacher at
that time obtained excellent results from some other students; the question
arose why this was not the case with these three. From conversations with
my colleague, I knew that her preferred cognitive style was distinctly algebraic and nonvisual. In contrast, I preferred visual methods of solving
mathematical problems, finding that these frequently suggested shortcuts
that the algebra missed.
Anton was not allowed to continue with higher grade (college preparation) mathematics, and was moved to a standard grade class. He gave
up his aspirations to study engineering, which would have required higher
grade mathematics, and subsequently joined the Merchant Marine. Mark
TABLE 11.1

Mathematics Grades as Percentages

Anton
Robin

Mark
Class mean

Algebra

Geometry

Trigonometry

29
49
32

38
60
55
40

13
40
28
47

56
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and Robin both had extra mathematics lessons and a year later finished
their high school careers each with a higher grade C for mathematics.
Robin was accepted in the department of electrical engineering at the
University of Natal, while Mark entered a course for technologists at the
Technikon.
The following year I started PhD research at Cambridge University with
the following central aim:
To understand more about the circumstances which affict the visual pupil's operating
in his or herpreferred mode, and haw the teacherfacilitates this or otherwise. (Presmeg,

1985)
In addition to this classroom thread, there is a second strand that was
woven into my interest in use of imagery in mathematical reasoning. I had
completed a Master of Education thesis on the subject of Albert Einstein's
thought, creativity, and implications for mathematics education (Presmeg,
1980). The heart of Einstein 's creativity was his imagery, and he was not alone
in this proclivity. Shepard (1978) described visual thinking in more than 100
eminent thinkers who had furthered knowledge in original directions: These
were men such as Michael Faraday, Sir Francis Galton, Nikola Tesla, James
D. Watson, Rene Thom, and Buckminster Fuller. Shepard (1978) called
Einstein "that thinker of unsurpassed vision" (p. 158). What stood out in
Einstein's thinking was not only the central role of imagery-mainly visual
(Hadamard, 1945; Schilpp, 1959) but also muscular (Einstein, 1973, p. 26)
and auditory (Shankland, 1963, p. 50)-but also the special quality of his
visual imagery. This imagery was "marked by an interplay between concrete
perceptual visualization, on the one hand, and a relentless drive toward
abstract, aesthetic principles of symmetry or invariance on the other"
(Shepard, 1978, p. 135). The abstract principle of symmetry that was evident
time and again was itself rooted in an aesthetic appreciation of a more
concretely visual kind of symmetry (Holton, 1973, 1978).
Einstein displayed no particular gift for school subjects generally, but
he excelled in mathematics. It is significant that much of his appreciation
for and mastery of mathematics originated in his own private studies, not
in his school experiences with mathematics. He mastered calculus largely
on his own between the ages of 12 and 16 years (Seelig, 1956). In geometry,
he constructed an original, purely geometric proof of the Pythagorean
theorem before the age of 10 (Holton, 1973). In his mature years he wrote,
"When I examine myself and my methods of thought, I come to the
conclusion that the gift of fantasy has meant more to me than my talent
for absorbing knowledge" (Arieti, 1976, p. 281). The quality of Einstein's
"fantasy" hinted at the efficacy of the kind of imagery that I call pattern
imagery; this is described in a later section, after a brief overview of imagery
and spatial abilities in historical context.
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PSYCHOLOGICAL PERSPECTIVES ON IMAGERY
AND SPATIAL ABILITIES
Most of the early research on imagery and spatial abilities was reported in
the psychological literature. The following words, in 1880, of Galton, who
asked his "subjects" to visualize their breakfast tables, have a current ring
to them:
An over-readiness to perceive clear mental pictures is antagonistIc to the
acquirement of habits of highly generalised and abstract thought and if the
faculty of producing them was ever possessed by men who think hard, it is
very apt to be lost by disuse. The highest minds are probably those in which
it is not lost, but subordinated, and is ready for use on suitable occasions.
(Galton, 1880, cited in Bishop, 1980, p. 1)

With the rise of behaviorism in the early years of this century, research
on imagery fell into disrepute, and it was only in the 1970s that interest
in this ubiquitous mode of thinking began to revive. It is noteworthy that
during these "dark" decades, literature on imagery still flourished in the
areas of psychotherapy and behavior modification (Singer, 1974), thus
highlighting the personal importance of this mode for individuals. Singer
(1974) considered imagery to be the most central of human capacities.
The "affective coloring" which imagery imparts to experience was noted
by Bartlett (1977).
Imagery may occur in anyone, or more, of six modalities, namely, visual,
auditory, gustatory, tactile, olfactory, and kinesthetic. Much of the early
research on imagery (e.g., by Betts, as described in Neisser, 1967) was
concerned with typologies based on modality, and with relationships between modalities, as in synesthesia (Sheehan, 1972). Synesthesia is the
experiencing of imagery from more than one modality at the same time,
for example, the imagined sight and sound of an orchestra, or the simultaneous smelling and tasting of a visual image of cooked bacon. The modalities that are used in mathematics are the auditory and kinesthetic, and
particularly the visual (Presmeg, 1985), and it is visual imagery that is the
focus of this chapter. Definitions of imagery have been controversial (Pylyshyn, 1973), but it is important to try to define this construct. Arnheim
(1969) wrote, "Perhaps they did not report the presence of images because
what they experienced did not correspond to their notion of what an
image is" (p. 102). Clements (1982) saw no reason to depart from the
"picture-in-the-mind" definition of imagery. However, he included in this
mental picture category the theories of researchers such as Kosslyn (1980)
and Paivio (1971), whose formulations of imagery seem already one step
removed from the traditional picture-in-the-mind idea, which dates back
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to Aristotle (mind is a tabula rasa), and which appeared in the writings
of philosophers such as Aquinas, Descartes, Spinoza, Leibniz, Locke,
Berkeley, Hume, and Mill (Casey, 1976). The definition used in my research and in this chapter is as follows:
A visual image is a mental construct depicting visual or spatial information.

This definition is deliberately broad enough to include more abstract forms
of imagery such as the pattern imagery that is described more fully in the
next section. But in closing this overview of imagery in broad historical
context, I shall summarize in a few paragraphs the links of imagery with
a sister construct, spatial ability, and another more recent construct called
spatial sense (Wheatley, 1990), or spatial visualization (National Council of
Teachers of Mathematics, 1989).
In their comprehensive summary article, Eliot and Hauptman (1981)
pointed out that spatial ability was an ambiguous term used to describe a
wide range of global to specific behaviors. Estimations, predictions, and
judgements (all very germane to mathematics) may be about physical space
but they concern the psychological space of individuals. Spatial abilities
generally involve the apprehension of large-scale and small-scale space.
However, the tests used by the psychologists of the 1970s typically measured
small-scale aspects. Eliot and Hauptman (1981) believed that "the ambiguity surrounding the term spatial ability might be reduced if we were to
consider spatial ability both as an intrinsic aspect of thinking and as a set
of mental operations for solving particular kinds of problems" (p. 63). It
is the former of these two aspects that has been designated spatial sense,
although the latter aspect is still involved, for instance in tests such as the
Wheatley Spatial Ability Test (WSAT) which is a timed paper-and-pencil
test involving rotation of two-dimensional figures (Wheatley & Brown,
1994). Ability to construct, re-present, and transform images is implicated
in Wheatley and Brown's research, suggesting a link between the constructs
of spatial ability, spatial sense, and imagery (Wheatley, this vol.).
Many of the early studies of spatial ability (England) or spatial abilities
(U nited States) were factor analytic in nature. Lohman, in 1979, re-analyzed
data from major factorial studies and reported that "despite the seemingly
inconsistent descriptions of spatial factors by different analysts, when a
common theoretical and methodological perspective is assumed, there is
a remarkable consistency in structures since 1938" (quoted in Clements,
1983, p. 11). Lohman's re-analysis provided "the strongest possible support"
(p. 11) for the existence of three spatial factors which he called spatial
relations, spatial orientation, and visualization. However, there is convincing evidence in the literature that spatial tests may be solved using analytic
strategies (Clements, 1983; Guay, McDaniel, & Angelo, 1978). Further,
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individuals who have the ability to use spatial methods involving imagery
may prefer not to do so when they solve mathematical problems (Krutetskii,
1976; Moses, 1977). It is for these reasons that I developed an instrument
to measure preference, rather than ability, for use of imagery in mathematics
(Presmeg, 1985), following research of Suwarsono (1982) who had developed a preference test and questionnaire for use with Grade 7 students.
My instrument, designed for Grade 11 students and their mathematics
teachers, was used to choose visualizers for my studies, that is, individuals
who prefer to think visually when they do mathematics.
In my research on imagery, I take the position of Piaget and Inhelder
(1971a, 1971 b) that imagery is implicated when individuals draw a diagram
or a figure. Thus I consider visualization to be the processes involved in
constructing and transforming visual mental images, as well as those used
in drawing figures or diagrams or constructing or manipulating them on
computer screens (which is the usage in Zimmermann & Cunningham,
1991). The distinction is apparently between internal and external imagery.
For me, visualization involves both of these aspects, although it needs to
be remembered that diagrams as well as graphics on a computer screen
are not apprehended ready-made, but meaning for these must still be
constructed by individuals-a mental process in which imagery is likely to
be involved (Clements & Sarama, this vol., provide examples of this).

INDMDUAL USES OF IMAGERY IN MATHEMATICS
In my research I adopted the theoretical position of Krutetskii (1976) that
all mathematics involves reasoning and logic in some form. Thus the distinction is not between logic and the use of imagery in mathematics. Within
the logic and reasoning of mathematics, imagery may be used to a greater
or lesser extent, and this imagery may assume various forms. Elsewhere
(Presmeg, 1994) I have examined the mathematical use of imagery in
terms of Paivio's (1971) three functional distinctions, which are as follows:
concrete-abstract;
static-dynamic;
holistic-sequen tial.

Imagery as it is used in mathematics is functional at both poles of each
of these dichotomies, although in the case of the third one particularly,
imagery seems better adapted to use at one pole rather than the other-the
holistic one. In situations where sequential thinking is required, a series of
images may serve this purpose, or a sequential aspect may be imposed, as
in the "memory walk" through the rooms of a house, which supported the

11. GENERALIZATION USING IMAGERY

305

speeches of orators of ancient Greece and Rome (Paivio, 1971). Mter a
brief comment on static and dynamic use of imagery in mathematics, I
concentrate on the concrete-abstract distinction insofar as it is relevant
to use of imagery in high school mathematics.
In my 1985 study, analysis of interviews with 54 visualizers in their final
year of high school, as they solved mathematical problems in algebra,
geometry, trigonometry, and vectors, suggested that use of imagery is
widespread in the mathematical reasoning of these students, although it is
often of a private nature, and they are sometimes not initially conscious of
its presence and role in their reasoning (Presmeg, 1985). On the basis of
these interview transcripts, five kinds of mathematical imagery were identified, namely, concrete, pattern, kinesthetic, dynamic, and memory images
of formulas. Descriptions and examples have been reported elsewhere
(Presmeg, 1986). This classification is by no means exhaustive: I found no
instances of the "number forms" described in the psychological literature on
imagery (e.g., Neisser, 1967), although this does not of itself indicate that
these images of sequences of numbers were not used by my students.
There were only two instances of dynamic (moving) images in 188
transcribed interviews. However, these dynamic forms were especially powerful in facilitating the mathematical problem solving of the students who
used them (Presmeg, 1986). Dynamic imagery is apparently more prevalent
in the problem solving processes of elementary school students working
on the kinds of spatial tasks used by Wheatley and Brown in their interviews
(Brown & Presmeg, 1993), which also testify to the power of this kind of
imagery (see also Clements & Sarama, this vol.).
With regard to the uses of imagery in concrete and abstract ways, the
issues are of vital importance in the teaching and learning of mathematics.
A picture or a diagram is by its nature one concrete case, yet for any but
the most trivial mathematical thinking it is necessary to abstract and to
generalize (Presmeg, 1992). The "one-case concreteness" of an image or
a diagram is the source of many of the difficulties experienced by visualizers
in their learning of mathematics. Descriptions and examples of these difficulties have been given in Presmeg (1986). Students would take lines to
be parallel if they looked parallel in a diagram. Prototypical images of triangles, or of circle theorems, would prevent students from recognizing
cases which did not conform to their prototypes. These difficulties were
prevalent not only in geometry. Prototypical images that were uncontrollable were particularly troublesome in their persistence in the face of
contrary evidence, in all school branches of mathematics, including calculus (Aspinwall, Presmeg, & Shaw, 1995). Controllability and vividness of
imagery in mathematics are discussed further.
Enormous diversity exists not only in individual ability to form visual
images (Bartlett, 1977; Kosslyn, 1980), but also in the use made of visual
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imagery when different individuals do mathematics (Presmeg, 1985). Controllability is one aspect of these individual differences. Richardson (1969)
suggested that if imagery is to be useful in problem solving, it needs to be
controllable. In Presmeg (1992), I described several cases in which vivid
imagery was not a help but rather a hindrance when high school students
solved mathematical problems. In one such case, Paul had a prototypical
image of a parabola symmetrical about the y axis, which persisted for the
duration of an entire interview and hindered his ability to work with a
parabola which did not conform to his image. Such images are uncontrollable both in the sense that they appear to rise unbidden in an individual's thought, and also in their persistence even in the face of contrary
evidence. An uncontrollable image, then, is one that is beyond the volition
of the cognizing individual.
My position resonates with that of Wheatley and Brown (1994), who
believe that images are constructed, re-presented, transformed, and maintained according to Kosslyn's model. However, in the case of uncontrollable
imagery the individual does not appear to have control over these processes. The students in my (1985) research experienced uncontrollable
imagery as a hindrance in algebra, analytic and synthetic geometry, trigonometry, and vectors; Aspinwall et al. (1995) described the case of Tim,
for whom uncontrollable imagery constituted a hindrance in College level
calculus.
Difficulties experienced as a result of an uncontrollable image appear
to arise from the tendency for thought to be riveted to an image that is
inappropriate or that prevents mathematical generalization (Presmeg,
1992). A "natural question" was posed by Krutetskii (1976) as follows: "If
an ability and a need to generalize mathematical material, a generalized
memory, is in the nature of mathematically capable pupils, then is it an
obstacle for representatives of the geometric cast of mind to be 'riveted'
to visual-pictorial schemes, to tend to think by using visual-pictorial patterns?" (p. 325). The geometric cast of mind referred to here is one of
the four types of mathematical problem solvers in Krutetskii's model. Because this model was influential in my theoretical framework, before returning to Krutetskii's question, his model is described briefly.
The division of schoolchildren into types with respect to mathematical
abilities antedates Krutetskii's 2-year case studies in Russia. However, the
importance of his research lies in its distinction between level of mathematical abilities, determined largely by a verbal-logical component of thinking, and type, determined largely by a visual-pictorial component. In the
case of the visual-pictorial component, it is not only the ability to use it,
but preference for its use, which characterizes the mathematical type of
an individual. Krutetskii (1976, p. 318) distinguished between four different
types of mathematical giftedness (at school level), as follows.
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1. Analytic: very strong verbal-logical component predominating over
a weak visual-pictorial component; spatial concepts weak; cannot use
visual supports in problem solving, but feels no need.

2. Geometric: very strong visual-pictorial component, predominating over
an above average verbal-logical component; spatial concepts very good;
can use visual supports in problem solving, and feels a need.

3. Harmonic: strong verbal-logical and strong visual-pictorial components in equilibrium; spatial concepts good.
Subtype a (abstract harmonic): can use visual supports in problem
solving, but prefers not to.
Subtype b (pictorial harmonic): can use visual supports in problem
solving, and prefers to do so.
Krutetskii's classification was based on studies of mathematically talented
individuals, the verbal-logical components being respectively very strong,
above average, and strong, in the three main types. He suggested, however,
that his classification would extend to all ability levels, with the strength of
the verbal-logical component determining the level. This suggestion was
confirmed in my research (Presmeg, 1985).
In reply to his question of whether it is an obstacle for representatives
of his "geometric cast of mind" to be riveted to visual-pictorial schemes,
Krutetskii (1976) wrote as follows:
To a certain extent, of course, it is a hindrance ... But only to a certain
extent! The fact is that the graphic schemes used by these pupils are a
unique synthesis of concrete and abstract. As M. E. Botsmanova has pointed
out, a graphic scheme is quite an abstract form of visuality-the graphic
expression of mathematical relationships is abstracted and generalized. Although it does constitute a definite type of visuality, its visuality and concreteness are still specific and relative. Botsmanova has shown convincingly that
in a drawing-a graphic scheme-a schematization and a certain generalization of a visual image occur. Supporting thought by, and even "binding"
it to, such a generalized visual image cannot prevent generalized thinking.
In such a case, this image is in a certain sense the "bearer" of the sense and
content of an abstract concept. The "geometer" pupils feel the need to
interpret a problem on a general plane, but for them this general plane is
still supported by such images. In this they differ from pupils of little ability-for whom visual images really bind thinking, push it onto a concrete
plane, and hinder the interpretation of a problem in general form ....
Of course, not all the visual-pictorial schemes used by capable "geometer"
pupils are relatively generalized. There are also very particular and concrete
visual images. In this case, of course, they can exert a negative influence on
the generalization of thinking. (pp. 325-326)
Krutetskii's conclusions were borne out by my interview data. There are
apparently two different ways in which high school students use imagery
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in mathematical generalization. First, a concrete (pictorial) image may
become the bearer of abstract information, as Krutetskii described in the
case of a diagram, or in cases such as Mark's "dome" image or Allison's
"water level" image, described in chapter 9. These cases are essentially
metonymic or metaphoric, as discussed in chapter 9.
A second way of generalizing by means of imagery in mathematics is
through the use of pattern imagery, a type of imagery that captures structure
without detail. By its nature, pattern imagery is difficult to pin down in a
diagram, because it is schematic, already a step more abstract than a concrete, "pictOlial" image. I have given examples in Presmeg (1992), where
I also argued that pattern imagery has elements in common with Johnson's
(1987) image schemata. This kind of imagery was used very successfully by
several of my visualizers in their mathematical problem solving: In fact it
was the predominant form used by the two highest achievers, each of
whom was in the class of a teacher who encouraged both visual methods
and mathematical generalization.
The obverse side of the difficulties experienced by some students in
using concrete images in mathematics, is that when these images are used
in metaphoric or metonymic ways, they may be prime facilitators of the
reification of mathematical objects (Sfard, 1991), as desClibed in chapter
9. An interplay between abstraction and concretization seems to characterize the chaining of repeated reification of mathematical processes as
objects, which may in turn be used in new processes on a more abstract
level. Pattern imagery and dynamic imagery are well adapted to processes
of abstraction and generalization; concrete imagery by its nature is suited
to the construction of mathematical objects in reification.
As far as vividness of imagery is concerned, it would seem advantageous
to have vivid concrete imagery if it is used in the services of generalization
and abstraction in mathematics, but not beneficial, in fact it could be an
outright hindrance, if a vivid prototypical image persists in an uncontrollable way. Pattern imagery need not be vi'vid to be useful.

USE OF IMAGERY IN TEACHING
AND LEARNING MATHEMATICS
Use of my preference for imagery test to select teachers for my (1985)
study, indicated as wide a range of preferences for use of imagery among
high school mathematics teachers as among their students. However, the
median mathematical visuality (MY) score for teachers (12 of a possible
36) in the standardization of the instrument, was significantly lower than
the median score of 18 for students (see Fig. 1l.1 for the frequency distributions for students in three countries).
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SCORES
MV Scores

0
2
4
6
8
'10
12
14
16
18
20
22

24
126
28
j30
,32
34
136
N

South Africa

2
4
1
8

6
11
21
30
35
45
54
45
351
19
11
11
3
1
0,
342!

Sweden

Total

U.S.A.

1
0
6
2
14
6'
14
17
16
11
12
4
2
1
0
0
0
0
0
106,

0
0
0
0
0
3
7
10
4
11
12'
7
9
4
41
2
0
0'
0,
73!

3
4
7
10
20
20
42
57
55
67
78
56
46
24
15
13
3
1
0
521

FIG. 11.1. Frequency distribution of mathematical visuality scores.

The 13 teachers who participated in the research had MY scores ranging
from 3 (very nonvisual) to 28 (visual). Their beliefs about the nature of
mathematics, and their attitudes towards the use of visual methods in high
school mathematics, varied just as widely. It is noteworthy that a few teachers who felt little need for "visual supports" (Krutetskii, 1976) when they
solved mathematical problems, nevertheless demonstrated and encouraged
visual methods in their mathematics classrooms, because they realized that
many of their students had such a need.
I have written about the classroom aspects which are facilitative of use
of imagery elsewhere (Presmeg, 1991). Suffice it to say here that the teachers who were most successful in the mathematical instruction of the visualizers in my study were those who not only used visual methods such as
diagrams, color, pattern identification, and visual gestures, but who also
emphasized-and encouraged students to construct-generalized principles in mathematics. Pattern imagery and the use of metaphoric imagery
were highly appropriate in this regard, as described in the previous section.
These teachers encouraged their students to overcome the "one-case concreteness" of a pictorial image in their mathematical reasoning. In summary, ways in which this can be accomplished by students include the
following:
• by consideration of a variety of different cases;
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• by the construction of pattern imagery, which includes structure without detail;
• by metaphoric links between mathematical concepts and other areas
of experience;
• by the use of dynamic imagery, which is greatly facilitated in computer
software that allows students to drag images on the screen (Zimmermann & Cunningham, 1991).
It has been suggested in mathematics education literature (Eisenberg,
1994; Eisenberg & Dreyfus, 1991) that students are reluctant to visualize in
mathematics. My qualitative and quantitative data suggest that far from being
reluctant to visualize, many students cannot help visualizing in their attempts
to construct meaning in their learning of mathematics. In different countries
(see Fig. 11.1), and indeed in different classrooms, the distributions may
vary, but there are always some students for whom visualization is the
preferred mode of mathematical cognition. I understand, however, that it is
the devaluation of this mode in many classrooms that causes the seeming
reluctance of which Eisenberg wrote (Presmeg & Bergsten, 1995).
Perhaps if more teachers were aware of both the power and the possible
pitfalls of visualization in mathematics, more students would be encouraged
to overcome the disadvantages and benefit from the considerable strengths
of using their imagery more fully in mathematics.

REFERENCES
Arieti. S. (1976). Creativity: The ma{.,rir. .synthesis. New York: Basic Books.
Arnheim, R. (1969). Visual thinking. Berkeley: University of California Press.
Aspinwall, L., Presmeg, N. C., & Shaw, K. L. (1995, January). Uncontrollable images: Gmf)hic
re/Jresentations between a function and iL, derivative. Paper presented at the joint meeting of
the Mathematical Association of America and the American Mathematical Society, San
Francisco.
Bartlett, F. C. (1977). Remembering: A study in ex/)erimental and social /).sychology. Cambridge,
England: Cambridge University Press. (Original published in 1932)
Bishop, AJ. (1980). Spatial abilities and mathematics education-a review. Eduwtional Studies
in Mathematics, 11, 257-269.
Brown, D. L., & Presmeg, N. C. (1993, July). Types of imagery used by elementary and
secondary school students in mathematical reasoning. Proceedings of the 17th Annual Meeting
of the International Grou/) for the Psychology of Mathematics Eduwtion (Vol. II, pp. 137-144),
Tsukuba, Japan.
Casey, C. S. (1976). Imagining: A /)henomenologiwl.,tudy. Bloomington: Indiana University Press.
Clements, M. A (1982). Visual imagery and school mathematics, Part II. For the Learning of
Mathematics, 2(3),33-38.
Clements, M. A (1983). The question of how spatial ability is defined, and its relevance to
mathematics education. Zentmlblattfilr Didaktik der Mathematik, 1(1),8-20.
Einstein, A. (1973). Ideas and oj)inions. London: Souvenir Press.

11. GENERALIZATION USING IMAGERY

311

Eisenberg, T. (1994). On understanding the reluctance to visualize. limtmlhlatt fur Didaktik
der Mathematik, 26(4), 109-113.
Eisenberg, T., & Dreyfus, T. (1991). On the reluctance to visualize in mathematics. In W.
Zimmermann & S. Cunningham (Eds.), Visualization in teaching and learning rruLthematics
(pp. 25-37). Washington, DC: Mathematical Association of America.
Eliot, j., & Hauptman, A (1981). Different dimensions of spatial ability. Studies in Science
Education, 8, 45-66.
Guay, R. B., McDaniel, E. D., & Angelo, S. (1978). Analytic factor confounding spatial ability
measurement. In R. B. Guay & E. D. McDaniel (Eds.), Correlates of /mjormance on .~patial
ability tesL~. Purdue University: U.S. Army Research Institute for the Behavioral and Social
Sciences.
Hadamard,j. (1945). The /).rychology of invention in the mathematical field. Princeton, Nj: Princeton
University Press.
Holton, G. (1973). Thematic origins of scientific thought: Kepler to Einstein. Cambridge, MA:
Harvard University Press.
Holton, G. (1978). The scientific imagination: C(L~e studies. New York: Cambridge University
Press.
johnson, M. (1987). The body in the mind: The bodily b(L~i.~ of meaning, imagination and refLSon.
Chicago: University of Chicago Press.
Kosslyn, S. M. (1980). Image and mind. Cambridge, MA: Harvard University Press.
Krutetskii, V. A (1976). The p.rychology of mathematical abilities in schoolchildren. Chicago:
University of Chicago Press.
Lindhard, N. (1983). Guidance in the CULssTOom. Cape Town: Longman.
Moses, B. E. (1977). The nature ofs/mtial (wility and its reuLtionshi/) to mathematiwl/JToblem .mlving.
Unpublished doctoral dissertation, Indiana University.
National Council of Teachers of Mathematics (1989). Cumculum and evaluation standarrL~for
.,,;hool mathematics. Reston, Virginia: Author.
Neisser, U. (1967). Cognitive jJ.,ychology. New York: Appleton-Century-Crofts.
Paivio, A (1971). Imagery and veriJaljJToce.nes. New York: Holt, Rinehart and Winston.
Piaget,j., & Inhelder, B. (1971a). The child\ roncef)tion ofsjmce. London: Routledge & Kegan
Paul.
Piaget, j., & Inhelder, B. (l971b). Mental imagery and the child. London: Routledge & Kegan
Paul.
Presmeg, N. C. (1980). Alhert Einstein:~ thought, creativity, and mathematics education. Unpublished
master's dissertation, University of Natal.
Presmeg, N. C. (1985). The role of visually mediated /JTocesse.~ in high school mathematics: A cUL~srr)()m
inve.~tigation. Unpublished doctoral dissertation, University of Cambridge.
Presmeg, N. C. (1986). Visualisation in high school mathematics. For the Learning ofMathematics,
6(3),42-46.
Presmeg, N. C. (1991,June). Classroom aspects which influence use of visual imagery in high
school mathematics. Proceedings of the 15th Annual Meeting of the International Grouj) for the
Psychou)gy 'if Mathematics Education, Assisi (Vol. 3, pp. 191-198).
Presmeg, N. C. (1992). Prototypes, metaphors, metonymies, and imaginative rationality in
high school mathematics. Educational Studies in Mathematics, 23(6), 595-610.
Presmeg, N. C. (1994). The role of visually mediated processes in classroom mathematics.
limtmlhlatt fur Didaktik der Mathematik: International Reviews on Mathematics Education, 26(4),
114-117.
Presmeg, N. C., & Bergsten, C. (1995,July). Preferencefor visual methods: An international study.
Paper presented at the 19th Annual Meeting of the International Group for the Psychology
of Mathematics Education, Recife, Brazil.
Pylyshyn, Z. W. (1973). What the mind's eye tells the mind's brain: A critique of mental
imagery. Psychological Bulletin, 80, 1-24.

312

PRESMEG

Richardson, A. (1969). Ment(Ll imagery. London: Routledge and Kegan Paul.
Schilpp, P. A. (Ed.). (1959). Albert Einstein: Philosopher-scientist. VOlUme.f I and II. London:
Harper and Row.
Seelig, C. (1956). Albert Einstein: A documentary bibliography. London: Staples Press.
Sfard, A. (1991). On the dual nature of mathematical conceptions: Reflections on processes
and objects as different sides of the same coin. Eduwtional Studies in Mathem(Ltirs, 22(1),
1-36.
Shankland, R. S. (1963). Conversations with Albert Einstein. American Journal of Physics, 31,
47-57.
Sheehan, P. W. (Ed.). (1972). Thefunction and nature of imagery. New York: Academic Press.
Shepard, R. N. (1978). Externalization of mental images and the act of creation. In B. S.
Randhawa & W. E. Coffman (Eds.), Visual learning, thinking and communication. New York:
Academic Press.
Singer, J. L. (1974). Imagery and daydream methods in psychotherapy and behavior modijiwtion.
New York: Academic Press.
Suwarsono, S. (1982). Visual imagery in the mathematiwl thinking of seventh gT(uie stUdentf.
Unpublished doctoral dissertation, Monash University, Melbourne.
Van der Westhuizen, J. (1979). Manual for the use of I).rychological and schouLftic tests (Lf aids to
school guidance. Pretoria: Human Sciences Research Council, Institute for Psychometric
Research.
Wheatley, G. H. (1990). Enhancing mathematics learning through imagery. Arithmetic Te(Lcher,
33(1), 34-36.
Wheatley, G. H. & Brown, D. L. (1994,July). The construction and re-presentation of images
in mathematical activity: Image as metaphor. Short oral communication. Proceedings of the
18th Annual Meeting of the International GroUI) for the PrychoUJgy of Mathematics Education,

Lisbon (Vol. 1, p. 80).
Zimmermann, W., & Cunningham, S. (Eds.). (1991). Visualization in te(u;hing and learning
m(Lthematics. Washington: Mathematical Association of America.

Chapter

12

Children's Mathematical
Reasoning With the
Turtle Programming Metaphor
Douglas H. Clements
State University of New York at Buffalo

Julie Sarama
Wayne State University

The original developers of Logo envisioned this programming language
to serve as a conceptual framework for learning mathematics (Feurzeig &
Lukas, 1971). The first versions of Logo were limited to text printed on
teletype machines. Soon thereafter, Seymour Papert created the idea of
directing a robot "turtle" with Logo commands such as "forward 50" and
"right 90" (rotate 90 to the right) to create shapes and pictures. Directing
the turtle in this way, students are learning mathematics by talking and
exploring "Mathland" as one might learn Spanish by living in Spain (Papert,
1980). This chapter addresses this basic metaphor: "Talking to the turtle"
(programming the Logo turtle) as "doing mathematics."
0

HOW LOGO RELATES TO MATHEMATICS
The applications of programming the turtle to learning geometry and
measurement are palpable; students can program the turtle to make line
segments, angles, and geometric figures. There are several additional ways
in which Logo relates to learning mathematics .
• There are similarities between mathematics and computer programming. For example, programming may provide a rich medium for
solving problems, using heuristics, and talking about problem solving
(Statz, 1974).
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• Logo may make the abstract concrete. Papert (1980) proposed that
the Logo environment can create conditions in which young children
master notions formerly thought too abstract for their developmental
level. For example, it may be an environment in which some students
perceive the use of formalizations such as variables as natural and
useful.
• Programming involves logical reasoning and sequencing of processes .
• In a related vein, programming involves creating and modifying algorithms, and "experience with computer programming leads children
more effectively than any other activity to 'believe in' debugging ....
children learn that the teacher too is a learner, and that everyone
learns from mistakes" (Papert, 1980, p. 114).
In summary, in different ways and to varying degrees, the activity of
programming the Logo turtle can be taken as a metaphor for doing
mathematics. Based on this rationale-sometimes explicit, sometimes implicit-researchers have postulated that experience with Logo will facilitate
students' learning of mathematics. In the succeeding sections, we briefly
review this research, suggest more elaborated theoretical foundations for
considering the role that the turtle programming metaphor can play in
mathematics education, and present recent research that both extends and
articulates this metaphor and evaluates its impact on students' learning of
mathematical concepts.
RESEARCH ON LOGO AND MATHEMATICS

Most of the studies on Logo have assumed that exposure to mathematical
concepts while programming in Logo, without in-depth exploration of the
concepts, will increase mathematics achievement. Research based on this
assumption has been inconclusive.
This is not to say that children do not use mathematical concepts within
the context of Logo programming. Children as young as first graders use
such mathematical notions as arithmetic, estimation, measure, patterning,
proportion, symmetry, and compensation (Kull, 1986). Intermediate graders have been observed meaningfully exploring mathematical concepts
earlier than previously believed possible (Carmichael, Burnett, Higginson,
Moore, & Pollard, 1985; Papert, Watt, diSessa, & Weir, 1979).
The "opposite" of mere exposure is not using Logo programming to
directly practice and teach mathematical ideas, but instead to consider
Logo programming to be a conceptual framework, in which children construct
and elaborate on schemes and thus form a structure upon which future
learning and problem solving can be based. While programming in Logo,
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children may manipulate concrete embodiments of abstract mathematical
concepts. It may therefore facilitate children's elaboration of the schemes
for those concepts by serving as a transitional device between concrete
experiences and abstract mathematics.
Studies of geometry learning, for example, have shown that both elementary and middle-school students using Logo move to higher levels of
conceptualizing geometric figures and begin to integrate visual and symbolic
representations (Clements & Battista, 1988, 1989, 1992a; Hoyles, Healy, &
Sutherland, 1991; Hoyles & Noss, 1988; Kieran & Hillel, 1990). Algebra is
another area of mathematics in which Logo programming has been hypothesized to increase mathematical ability. Researchers have found that Logo can
help students from the primary grades to high school understand variables
(Carmichael et aI., 1985; Findlayson, 1984; Milner, 1973), although results
of other studies-based more on an exposure approach-have not been as
positive (Kurland, Pea, Clement, & Mawby, 1986).
In a similar vein, findings of problem-solving studies based on an exposure approach are mixed, with Logo programming increasing performance on some tasks such as permutation and classification problems, but
not on others, such as the Tower of Hanoi problem (Statz, 1974). Other
researchers based problem-solving studies on a conceptual framework approach. Several researchers reported gains, albeit on specific Piagetian
tasks (Brown & Rood, 1984; Hines, 1983; Rieber, 1987). Again, however,
others found no significant differences (Clements & Gullo, 1984; Howell,
Scott, & Diamond, 1987).
In summary, there are mixed results about the use of the turtle programming metaphor, though studies based on a conceptual framework
hypothesis tend to be more positive than those based on an exposure
approach. Reasons for these results, and additional knowledge about what
is required pedagogically, may be constructed from a closer examination
of the findings that were less positive.
For example, students often have difficulties with the variable concept
within the Logo programming context. First, the use of variables does not
arise spontaneously, and children resist their use even when the teacher
encourages them to use variables (Hillel & Samun;:ay, 1985; Sutherland,
1987). Furthermore, students sometimes declare a variable in a procedure
without using it within the body of the procedure, believe that a variable
might have different values within a procedure, and confuse what the
variable stands for (Hillel & Samurc,;ay, 1985). Students also may not
generalize the variable idea to other situations (Lehrer & Smith, 1986a).
After a year of exposure to programming, one group of high school students
had only rudimentary understanding of variables (Kurland et aI., 1986).
Several studies that have reported no effect of Logo work on students' ability
to solve nonroutine, mathematical word problems (Bruggeman, 1986) have
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been similarly based on an exposure approach. Such approaches frequently
fail because students may not construct mathematical ideas while "exposed"
to programming. Simply, the turtle may be "talking mathematics," but the
students manipulate the turtle without learning or sharing that language.
The conceptual framework ~pproach is more successful because it accepts
that working with Logo provides students only with an experience and an
introduction to a language that can later be elaborated and connected to
mathematical ideas.
However, conceptual framework approaches do not yield positive results
in all cases either. This implies that the elaborations and connections may
be the "weak link." Research supports this conjecture: The most positive
results have involved teacher mediation based on a well-developed theoretical foundation (Clements, 1986-1993; Lehrer, Harckham, Archer, & Pruzek,
1986; Littlefield, Delclos, Lever, Clayton, Bransford, & Franks, 1988).
As an example, students, given mediation, can use knowledge of Logo
as a catalyst in moving from a descriptive, specific-number statement to a
generalized algebraic equation (Noss, 1985). Similar results emerge in the
domain of problem solving. In a series of studies, fourth grade through
high-school students who used Logo as a conceptual framework to learn
problem-solving strategies outperformed students taught the same strategies with manipulatives (Swan & Black, 1989). Teachers mediated instruction in all cases. Logo provided malleable representations of the strategies
that students could inspect, manipulate, and test. With teacher mediation,
they used these experiences to bridge the gap between concrete and formal
understanding (Clements, 1987, 1990).
Thus, research supports the use of a mediated conceptual framework
approach. However, the conceptual framework has not been well articulated to take into account the specific nature of the metaphor relating
programming in Logo to particular domains of mathematics.
The next section represents our attempt to ameliorate these deficiencies
in the extant Logo research literature. First, we articulate theoretical foundations of mathematics learning and connect these to the turtle programming metaphor as the foundation for such learning. Second, we provide
examples of studies that build on such foundations to describe in detail
how the programming metaphor aids mathematics learning in specific
domains.
THE TURTLE PROGRAMMING METAPHOR
AND MATHEMATICS: BUILDING SOUND
THEORETICAL FOUNDATIONS

Four major theoretical perspectives are relevant. Those of Piaget and the
van Hieles justify the role of the turtle as an efficacious object-to-think-with:
Their theories and research draw a picture of learning geometry that
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begins with movement and progresses through levels of refinement and
abstraction. Vygotsky's (and, to some extent, Piaget's) theory helps account
for the role of language and reflection in such learning-and thus suggest
the role of Logo as a computer programming language. The fourth perspective is a common thread of epistemological constructivism.

Piaget and Spatial Thinking
Piaget and Inhelder (1967) posit that children construct representations of
space by reorganizing their motor and internalized actions, resulting in
operational systems. The first stages of the development of two-dimensional
space involve actions resulting in tactile perceptions. When children regulate
these actions by establishing relations among them, an accurate representation of the shape can be built. For example, when allowed to experience
a shape only by feeling it, children eventually develop the strategy of
systematically returning to each movement's starting point, which allows the
parts of the figure to be synthesized. It is when each mental action becomes
reversible that it can be distinct yet coordinated with every other action into
a coherent whole (Clements & Battista, 1992b). From this perspective, then,
abstraction of shape is not a perceptual abstraction of a physical property.
Rather, children's ideas about two dimensions are originally intuitions
grounded in action-building, drawing, and perceiving.
For this reason, Logo turtle activities may serve as a catalyst in helping
children abstract the notion of path (as a record of movement). Children's
actions in certain Logo environments are both perceptual-watching the
turtle's movements-and physical/symbolic-interpreting the turtle's
movement as physical motions like one's own and creating programming
code to direct the turtle to duplicate these movements.

Vygotsky, Development of Reasoning, and Language
There is much in common between Piaget's concept of development of
intelligence through the internalization of sensorimotor schemas and Vygotsky's theory of internalization as the process of transformation of ex--ternal actions to internal psychological functions. However, Vygotsky
posited two different paths in the development of two different form of
reasoning. Spontaneous concepts develop unsystematically, and upward
towards generalizations. In learning "scientific concepts," "the primary role
is played by initial verbal definition, which being applied systematically, gradually comes down to concrete phenomena" (Vygotsky, 1934/1986, p. 148).
For both developments, language is essential. Language allows us to
explicate and share, and thus elaborate, our intuitive, physically based
schemes. Language is the initial medium for scientific concepts. Likewise,
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mathematics needs a language for expression. When you program, you
can construct mathematical processes and objects. Using a programming
language offers generality and power. In sum, Logo as a computational
language can serve as a vehicle for the development and connection of
natural and scientific concepts in mathematics. That is, while programming
in Logo, children may manipulate concrete embodiments of abstract
mathematical concepts.

Van Hieles and Levels of Thinking

As mathematics educators in Montessori secondary schools in the Netherlands, Pierre and Dina van Hiele were disappointed by their students'
low-level knowledge of geometry and intrigued by the phenomenon of
teachers' and students' "failure to communicate." They developed a theory
oflevels of mathematical thinking. In this theory, students progress through
levels of thought in geometry (van Hiele, 1959, 1986; van Hiele-Geldof,
1984) that have the following characteristics (Clements & Battista, 1992b):
(a) learning is a discontinuous process; (b) the levels are sequential and
hierarchical; (c) concepts implicitly understood at one level become explicitly understood at the next level; and (d) each level has its own language. The levels, as extended and described by Clements and Battista,
follow:
Level 0 Prerecognition. At the prerecogmtlOn level, children perceive
geometric shapes, but perhaps because of a deficiency in perceptual activity,
may attend to only a subset of a shape's visual characteristics. They are
unable to identify many common shapes because they lack the ability to
form requisite visual images.
Levell Visual. Students identify and operate on shapes and other geometric configurations according to their appearance. In identifying figures,
they often use visual prototypes, saying that a given figure is a rectangle,
for instance, because "it looks like a door." They do not attend to geometric
properties.
Level 2 Descriptive/analytic. Students recognize and can characterize
shapes by their properties. For example, a student might think of a rhombus as a figure that has four equal sides; so the term rhombus refers to a
collection of "properties that he has learned to call 'rhombus' " (van Hiele,
1986, p. 109). Students see figures as wholes, but now as collections of
properties rather than as visual gestalts.
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Level 3 Abstract/relational. Students can form abstract definitions, distinguish between necessary and sufficient sets of conditions for a concept,
and they can understand and sometimes even provide logical arguments
in the geometric domain. They can classify figures hierarchically (by ordering their properties) and give informal arguments to justify their classifications (e.g., a square is identified as a rhombus because it can be
thought of as a "rhombus with some extra properties").
Beyond this level is level 4 formal deduction, in which students establish
theorems within an axiomatic system, and level 5 rigor/metamathematical, in
which students reason formally about mathematical systems.

Research on the Theory
Research tends to support the van Hiele theory (Clements & Battista,
1992b), although it indicates that the levels are continuous, rather than
discrete. The research also has implications for teaching. Discouragingly,
most kindergarten through Grade 9 geometry curricula do not require
students to reason beyond level 1. Imprecise language often plagues students' work. Students reasoning at lower levels should be given ample
opportunity to manipulate mathematical objects and should be encouraged
to create their own definitions and conjectures about relationships.

The Turtle Metaphor and the van Hiele Hierarchy
Turtle programming activities may encourage students to progress through
the van Hiele hierarchy (van Hiele, 1986). There is evidence that programming in Logo facilitates the children's cognizance of their mathematical
intuitions as well as the transition from only visual to descriptive/analytic
geometric thinking. While talking about their Logo programming experiences, students describe geometric objects in terms of the actions or
procedures used to construct them (Clements & Battista, 1989). When asked
to describe geometric shapes, children with Logo experience proffer more
statements that explicitly mention components and properties of shapes, an
indication of level 2 thinking (Clements & Battista, 1989, 1990; Lehrer &
Smith, 1986b). Middle-school students move to higher levels of conceptualizing plane figures and begin to integrate visual and symbolic representations (Clements & Battista, 1988, 1989, 1992a; Hoyles et aI., 1991;
Hoyles & Noss, 1988; Kieran & Hillel, 1990). Working with a Logo unit on
motion geometry, students' movement away from van Hiele level 0 was slow,
but there was definite evidence of a beginning awareness of the properties
of transformations (Olson, Kieren, & Ludwig, 1987). Middle-school students
achieved a working understanding of transformations and used visual
feedback to correct overgeneralizations when working in a Logo microworld
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(Edwards, 1991). Student teachers experiencing difficulty with mathematics
learned about the properties of particular angles and eventually shifted their
attention to more general properties of shapes (du Boulay, 1986). Thus,
there is support for the hypothesis that Logo experiences can help children
become cognizant of their mathematical intuitions and facilitate the transition from visual to descriptive/analytic geometric thinking (Clements &
Battista, 1989). Thus, it is no surprise that students' work in Logo relates
closely to their level of geometric thinking (Olson et aI., 1987).

THE TURTLE METAPHOR FOR LEARNING
MATHEMATICS
Computer programming is a general-purpose tool and process, and thus
one capable of producing rich, flexible, interrelated metaphors. The research and theoretical foundations previously described suggest four sul:r
metaphors that positively affect students' learning. We first introduce these
submetaphors and then describe several related studies that investigated
their role in the learning of mathematics.
Turtle's World as Mathematical/Geometric Environment
Turtle geometry constitutes an environment in which the components and
properties of geometric shapes are critical. Consider what happens once
children decide on a figure to draw with the turtle. They must devise a
set of instructions that are necessary to construct the path with the cybernetic turtle, thus making the critical components of path construction
salient. In particular, because turns and straight sections (line segments)
playa central role in forming shapes, such activity focuses the children's
attention on these components, thereby enhancing their understanding
of the Euclidean notions of rotations, angles, and line segments. Because,
as Piagetian theory holds, abstraction of shape and the corresponding
representation of geometric ideas is not based so much on perception as
on the organization of actions performed on objects, this Logo-based activity has the potential to positively affect students' conceptualization of
geometric ideas. Activities in Logo serve the role of bringing these physical
unconscious movements to an explicit level of awareness (Clements &
Battista, 1992b).
Turtle Programming as Language
Logo programming is a language, and a particularly precise, structured,
mathematical one. This structure may make it particularly efficacious in
scaffolding students' growth in the van Hiele hierarchy. For example, with
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the concept of rectangle, students initially are able only to identify visually
presented examples, a level 1 (visual) activity. In Logo, however, students
can be asked to construct a sequence of commands (a procedure) to draw
a rectangle. This "... allows, or obliges, the child to externalize intuitive
expectations (Papert, 1980, p. 145). That is, in constructing a rectangle
procedure, the students must analyze the visual aspects of the rectangle
and reflect on how its component parts are put together, an activity that
encourages level 2 thinking. In constructing and comparing the programming code (language) for several rectangle procedures, students can abstract the similarities and differences and construct a "generalized"
procedure (with variable inputs) that can draw any rectangle.
to rectangle :lengthl :length2
repeat 2 [fd :lengthl rt 90
fd :length2 rt 90]
end

This can serve as a first step toward a formal, mathematical definition.
Students begin to move toward level 3 as they figure out that any square
can be drawn with a rectangle procedure (e.g., rectangle 50 50), and
indeed that one can define a square as a special type of rectangle, as
follows.
to square :length
rectangle :length :length
end

Thus, talking to the turtle may provide a precise language for expression
of mathematical ideas. Fortunately, students are not surprised that the
computer does not understand natural language, so they have to formalize
their ideas to communicate them.
The need for complete and abstract explication in a computer programming language accounts in part for students' creation of richer geometric
ideas Oohnson-Gentile, Clements, & Battista, 1994). That is, in Logo students have to specify steps to a noninterpretive agent. In contrast, when
"intuition is translated into a program it becomes more obtrusive and more
accessible to reflection" (Papert, 1980, p. 145). In one study, we attempted
to help a group of students using noncomputer manipulatives become
aware of these motions. However, students described these physical motions
to other students who understood the task. In contrast, students using the
computer specified motions to the computer, which does not "already
understand." The specification had to be thorough and detailed. Students
observed the results of, reflected on, and corrected commands. This led
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to more discussion of the motions themselves, rather than just the shapes
Oohnson-Gentile et aI., 1994).

Turtle as Robot
Logo programming considers the turtle a robot that runs commands. In
this role, the computer programming language provides feedback that can
be used to reflect on one's thinking. That is, students can explore various
solution paths, making decisions and trying out their ideas, all the while
receiving feedback about their mathematical intuitions, ideas, and strategies
in a direct but natural form: The turtle does exactly what they instructed
it to do. The result is their ideas in action.

Turtle Programming as Play
Creating, running, and changing your own instructions to the turtle robot
is a motivating activity for most students. They often approach the task
playfully. The turtle environment appears conducive not only to posing
problems, but also to wondering and to playing with ideas. Research suggests that computer environments such as considered here can enable
"teaching children to be mathematicians vs. teaching about mathematics"
(Papert, 1980, p. 177), insofar as making and testing conjectures, posing
problems, and playful engagement with ideas is considered the role of the
mathematician. Finally, the production of one's own creation, a picture
and the program that drew it, is usually the source of considerable pride
(Clements & Meredith, 1993).

Turtle Programming as Link
The turtle metaphor can help students link different representations and
types of knowledge. First, students compose commands in a symbolic
programming language to direct the turtle to move as they would move. In
this way, the metaphor can promote students' connection of formal representations with dynamic visual representations, supporting the construction
of mathematical strategies and ideas out of initial intuitions and visual
approaches.
The second link is closely related to the first. The commands students use
are mathematical in nature, with extensive use of numbers, arithmetic, and
variables. This promotes the crucial integration of ideas from arithmetic/algebra (National Council of Teachers of Mathematics, 1989, p. 125).
Third, although much of mathematics, such as arithmetic, is procedural
in nature, geometry is almost exclusively conceptual. However, the turtle
draws geometric figures following sequences of commands in procedures.

12. TURTLE PROGRAMMING METAPHOR

323

In this way, the turtle programming metaphor helps link conceptual and
procedural types of knowlege.
Swnmary
The Logo turtle has the advantage of being what Davis (1984; chap. 3 this
vol.) refers to as an assimilation paradigm. Davis (1984) lists three properties of such paradigms: (a) involves ideas for which virtually all students
have powerful representations; (b) is a reliably accurate "isomorphic image"
of the mathematical domain; (c) tells a students how to deal with problems;
and (d) is simple.
. . . It has become clearer that learning is primarily metaphoric-we build representations for new ideas I7y taking representations of familiar ideas and rrwdifYing
them as necessary, and the ideas we start with often corne from the earliest years of
our lives (which is why Papert's "turtle geometry" is so valuable in the early study of
geometry). (pp. 313-314)

We agree, but extend Davis' argument. We believe that the flexibility
of the metaphor allows the turtle programming assimilation paradigm to
operate across several topics, not just in the domain of geometry. Therefore, it is potentially more powerful and flexible than other such paradigms.
The students have a consistent metaphor, a way of conceptualizing several
mathematical fields with the same concrete object. For example, students
who have worked on making paths with the Logo turtle using a metric of
1 step = 1 pixel can then work with fractions using a metric of 1 step =
250 pixels. The students are then addressing fractions using a dynamic
linear model not ordinarily encountered in their school mathematics curriculum, but not without the experience of commanding the turtle around
the screen (and indeed moving their own body) and developing their
conceptions of length, estimation, and measurement.
FOCUSING

We are engaged in a large-scale curriculum development project that emphasizes meaningful mathematical problems and depth rather than exposure. l One unit developed in this project, Turtle Paths, engages third-grade
'This work was supported by two National Science Foundation grants. The first, grant
number ESI-905021O, "Investigations in Number, Data, and Space: An Elementary Mathematics Curriculum" is a coop~rative project among the Uni\'ersity of Buffalo, Kent State
University, and TERC. The second, "An In\'estigation of the Development of Elementary
Children's Geometric Thinking in CA>mputer and Noncomputer Environments," is National
Science Foundation Research Grant :-.1SF MDR-8954664. Any opinions, findings, and
conclusions or recommendations expressed in this publication are those of the authors and
do not necessarily reflect the \'iews of the 1'\ational Science Foundation.
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students in a series of investigations exploring geometric paths and the
lengths of paths. This unit, as suggested by the title, is based on the turtle
programming metaphor. We conducted several studies related to student's
learning with this metaphor. We begin by describing the general methodology of this collection of studies, then the findings of each.

Method
A unit of instruction, Turtle Paths, was taught to several third-grade classrooms. Data collection included pre- and post interviews, pre- and post
paper-and-pencil tests, case studies, and whole-class observation.

Turtle Paths Curriculum Unit
The Turtle Paths (Clements, Battista, Akers, Woolley, Meredith, & McMillen,
1995) unit engages third-grade students in a series of combined geometric
and arithmetic investigations. The unit teaches about geometric figures
such as paths (including properties such as closed paths), rectangles,
squares, and triangles; geometric processes such as measuring, turning,
and visualizing; and arithmetic computation and estimation.

Investigation I-Paths and Lengths of Paths
1. Students walk, describe, discuss, and create paths. They give Logo
commands to student-robots to specify movements that create paths.
2. In an off-computer game, "Maze Steps," students count steps in a
maze (in which steps are in groups of 5) to find possible solutions to path
descriptions, such as a path that is 14 steps in length and has 2 corners,
and playa "Maze Paths" game in which they roll dice and move a marker.
3-4. Students give movement commands to the Logo turtle to create
paths in a "Get the Toys" game (see Fig. 12.1). Only 90° turns are used.
An on-screen battery'S limited energy decreased with each command used.
Investigation 2-Turns in Paths
5. Students turn their bodies, discuss ways to measure turns, and learn
about degrees. They are introduced to another computer game, "Feed the
Turtle," in which they must direct the turtle through channels of water
(turns in this game are multiples of 30°). The turtle continues to lose
energy with every command unless it eats a pair of berries, in which case
its energy is replenished. There are 7 such pairs of berries on the screen.
6. Students play the "Feed the Turtle" game and thus continue to estimate and measure turns. They discuss the nature of triangles and create
a list of triangle properties.
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FIG. 12.1. "Get-the-toys" game.

7. Students write Logo procedures to draw equilateral triangles.
8-9. Students find the missing measures (lengths and turns) to complete partially drawn paths (see Fig. 12.2 for examples). The students must
figure out that the turtle must move fd 10 (forward 10 turtle steps) to
finish this side, and so on.

Investigation 3-Paths With the Same Length:
Isometric Exercises
10-11. Students write as many procedures as possible to draw different
rectangles of a certain overall length or perimeter-200 steps. They begin
by planning off computer. They check their procedures on computer and
then continue to plan and check more procedures while on computer.
12-14. Students design and program the computer to draw a picture
of a face, for which each part (e.g., ear, mouth) has a predetennined
length or perimeter; the shape (rectangle, square, or equilateral triangle)
is the students' choice.
Geo-Logo/Turtle Math Environment
A modified Logo environment, Ceo-Logo (Clements & Meredith, 1994;
stand-alone version is named Turtle Math™) is an intrinsic component of
the instructional unit. Ceo-Logo's design is based on curricular considerations and a number of implications for the learning and teaching of geo-
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FIG. 12.2. Finding missing measures to complete partially drawn paths.

metric concepts with turtle graphics (Clements & Meredith, 1994). For
example, while research indicates that Logo experiences can help students
learn geometry, it also indicates that students often continue to use visually
based, nonanalytical approaches (here we explicitly do not mean approaches that include dynamic imagery, rather we mean approaches that
are limited to visually based guessing as implied by the van Hiele levels
(van Hiele, 1986). Ceo-Logo was designed on five principles abstracted from
research (Clements & Meredith, in press): (a) encourage construction of
the abstract from the visual, (b) maintain close ties between representations, (c) facilitate examination and modification of code and thus
explorations of mathematical ideas, (d) encourage procedural thinking,
and (e) provide freedom within constraints (e.g., turns were restricted to
multiples of 90° or 30° in various activities).
As an example of putting these principles into practice, a critical feature
of Ceo-Logo is that students enter commands in "immediate mode" in a
command window (though they can also enter procedures in the "Teach"
window; see Fig. 12.1). Any change to these commands is reflected automatically in the drawing. For example, if a student changes fd 20 to fd 30,
the change is immediately reflected in a corresponding change in the
geometric figure. The dynamic link between the commands and the ge-
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ometry of the figure is critical; the commands in the command window
always precisely reflect the geometry of the figure.
Other features include a variety of icon-based tools. Tools for writing
and editing code include a tool for easy defining of procedures (the icon
on the left of the tools bar in Fig. 12.1), editing (the next two tools erase
one command in the Command window and all commands, respectively,
again with dynamic links to the geometric figure), and inspecting and
changing commands (the "walking feet" is a Step icon, which allows students to "walk through" any sequence of commands; each command is
simultaneously highlighted and executed). Tools to enhance measurement
include measuring tools (the ruler measures lengths, the next two tools
measure turns and angles) and labeling tools (labeling lengths and turns).
The Turtle Metaphor and Construction
of Length Measurement
One study investigated students' learning within this unit, emphasizing
their developing ideas about the measurement of length (Clements,
Battista, Sarama, Swaminathan, & McMillen, 1997). Based on our theoretical foundation, we conjectured that having and then consciously connecting such experiences would help students build units of length by
segmenting continuous motion (Steffe, 1991). Thus, the turtle programming metaphor might playa pivotal role in helping students forge those
connections (Clements & Meredith, 1993). The emphasis on paths and
movement might help students focus on intervals or line segments as units
of length, instead of on points (d. Cannon, 1992). Further, connections
between programming code and graphics may catalyze in students a belief
in the necessity of equal-interval units, another significant conceptual
advance. In addition, these connections may help students build mental
links between numerical and geometric ideas.
Our findings supported these conjectures. We categorized students'
strategies for solving the various length problems into three levels:
1. Some students did not partition lengths and did not integrate the
number for the measure with the length of the line segment; rather, they
applied general strategies such as visual guessing of measures and naive
guessing of numbers or arithmetic operations;
2. Most students drew hash marks, dots, or line segments to partition
lengths; they needed to have perceptible units such as these to quantify
the length;
3. A few other students did not use physical partitioning; however, they
did use quantitative concepts in discussing the problems, drew proportional
figures, integrating the number for the measures with the lengths of the
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segments, and sighted along line segments to assign them a length measure.
These students created an abstract unit of length, a "conceptual ruler"
that they could project onto unsegmented objects.
Our findings support that notion that students developed increasingly
sophisticated strategies as a result of engaging in the curriculum unit's
tasks.
One type of task, combining computer commands, illustrates both these
strategy levels and the role of the turtle programming metaphor in their
development. From the beginning, and increasing throughout the unit, is
an instructional emphasis on combining and decomposing measures, especially lengths. The first computer activity, the "Get the Toys" game,
achieved its purpose of motivating combinations. The falling energy of the
battery motivated students to combine old commands to create new, more
efficient ones. For example, early in their play, Anne told her pilot test
partner, "You should go back 50. Because 30 + 10 + 10 is 50. It's less
commands to type one bk 50 than three backwards, 30, 10, and 10."
Students did not always combine commands when possible. For example, these same girls did not combine 80 and 10 when returning. Growth
was evident for most students; during their second round of the game,
these girls did begin to combine commands before the second command
was entered (e.g., "We need 20 more; 80 plus 20; change fd 80 to fd 100").
Another pair of students, Oscar and Peter, combined commands in a
different manner. They used successive approximation, with a series of
forward and back movements, to get the turtle located correctly. Then
they would edit the commands to produce a more efficient solution. For
example, after entering fd 50 fd 10 fd 10, they combined these three
commands to fd 70. They needed to see all the commands enacted before
they grasped what the situation required.
Yet another pair, Monica and Nina, became adept at combining commands fairly quickly. They combined fd 40 and bk 10, justifying that in
this case one "needed to minus because the turtle is coming back, it is
not going on." They were also competent at decomposition and reversals
in these situations. For example, in "Feed the Turtle," they had gone
forward 60, at which point the turtle had eaten berries. They saw they had
further to go. Monica suggested that they change the command to fd 70.
They tried it and found that the turtle went over the berries without eating
them. So, they erased the fd 70 and entered fd 60 and, afterwards, fd 10.
We infer that Monica and Nina were using a level of reasoning (the second
or third level, varying according to the specfic task) above Oscar and Peter
(first level). The girls could conceptualize the change as part of the new
command before they saw it. Further, Anne, Monica, and Nina give evidence
that they have generalized their number and arithmetic schemes to include
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situations oflength and connected line segments (Steffe, 1991). Monica and
Nina have also generalized their part-whole schemes, in that they maintained a 70-step length as a whole, while simultaneously maintaining 60- and
10-step lengths as parts of this whole. Oscar and Peter did not appear able
to dis embed part of the length from the whole length in this way. Rather,
their solutions were performed by trial-and-error, and their combinations
post hoc; indications were that these were combinations of numbers (inputs
to Ceo-Logo commands), rather than lengths (connected lengths, which we
define, following Steffe, as generalizations of a person's number and
arithmetic schemes to include linear quantity, yielding measured line
segments that can be subsumed to a part-whole scheme connected to both
imagistic and numerical mathematical objects).
In general, the turtle programming metaphor aided all students in
forming and further developing strategies at their level. We discuss this
aide in terms of the four submetaphors.

Turtle Programming as Environment. An important feature of this environment for students' learning of lengths was the change in problem
situation. The small steps and thus larger numbers on the computer, compared to the students' actual steps or the steps in the Maze Paths game,
leads to conceptualizing and counting superordinate units. It is difficult
or impossible to count individual turtle steps. So, work in this environment
may encourage the creation of a more elaborated measurement scheme.
Turtle as Robot. Anne and Barb drew a 200-step "rectangle" with sides
labeled 70,30,60,40. Anne used dashed lines to keep track of the "10-length
segments" of each side, however, noncongruency of these small measurement segments allowed the drawn figure to be rectangular. When she tried
this solution on the computer, however, the resulting open path immediately
led her to relate her side lengths to the properties of a rectangle:
Anne:
Barb:

It's not a rectangle!
Because it's like this [draws in the air]. Because one side was not as
long as the other one. So, we have to do that again.

Geo-Logo's feedback also was important to students' independent problem-solving efforts. On a different problem, Charles found and corrected
his error after entering fd 40, which he determined was the missing length
when it was actually only one component of that length.
Turtle Programming as Play. Oscar and Peter were, in the teacher's opinion,
the "lowest ability" students in mathematics. On paper-and-pencil, they
often solved the problems with visually based guessing, but on the com-
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puter, they were convinced that only the deliberate use of arithmetic was
adequate. They needed pencil and paper for almost all the calculations
(as an afterthought in the "Get the Toys" game, for example; they did not
use such strategies in missing measures problems). They were, however,
highly motivated by this computer activity, and their teacher had to stop
them from fighting between themselves as to who would get to do the
arithmetic for each figure (to her, a positive incident which she reported
to us eagerly).

Turtle Programming as Link. The dynamic connections between programming code and graphic produced by this code helped children make
mental links, or connections, between mathematical representations and
ideas. Anne and Barb never combined their commands on the "Get the
Toys" game when they wrote Logo commands by hand, but did combine
them when they typed the commands into the computer. Only later did
they begin to combine commands on paper as well. When students first
linked graphics and programming code, their statements were often not
about spatial extent, or length, but about dynamic movement. For example,
Nina and Monica used arithmetic to solve problems, but their language
was about the turtle: "It's going on 50, then 30 more, so that's .... " The
emphasis here is not on the geometric figure, as much as it is on the
turtle's movements. Thus, the emphasis on physical action and the dynamic
connections between the symbolic and graphic representations in Ceo-Logo
facilitated students' development of such connections for themselves (see
Presmeg, chap. 11, this vol., for further discussion on the importance of
dynamic imagery).
Turtle Metaphor and Construction of Turn
and Angle Measurement
A second, related study investigated the development of turn and turn
measurement concepts (Clements et aI., 1997). Turns (and angles) are
critical to the path perspective of geometric figures, and the intrinsic geometry of paths is closely related to real world experiences such as walking.
Therefore, we conjectured that activities based on the turtle metaphor
would facilitate students' development of the concepts of turn and turn
measurement.
Our observations confirmed that turns were less salient for children
than "forward" and "back" motions. For example, Luke took some time
to discriminate turns from forward or backward movements. He initially
gave commands in the following form: fd, stop, rt, stop. He had apparently
made sense of the notion of "turning on a point" and felt the need to
explicate the end of the forward motion before the turn took place. To
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confirm this hypothesis, when the teacher drew a rectangle on the board
and asked for Logo commands, Luke proferred, "fd 7 then right face then
go right then left." If the turtle was not facing straight up (Le., 0° heading),
Luke became less precise and used an indiscriminate combination of intrinsic and extrinsic schemes. For example, by "then right face," Luke was
mentally turning the turtle. However, "then go right" indicated use of an
absolute, extrinsic scheme (move to an absolute right). He omitted the
vertical side, and finished with an extrinsic move-to-the-Ieft scheme. These
actions were off the computer. The feedback Luke received from the
Ceo-Logo turtle led him to discriminate between movement (fd, bk) and
turns and their related commands. When he entered a turn command,
he was surprised the turtle did not move, then reflected on the discussion
and body movements previously made in class, to conclude that, "The rt
command doesn't turn and move to the right, it just turns the turtle."
As this example illustrates, students constructed imagery and concepts
related to turns slowly. Similarly, the limited salience of turns, combined
with less familiarity with turn measurement, may account for children's
slow and uneven development of concepts for turn measure. Students
often needed a figural object (i.e., something physical or graphical to
count) to produce a number for a turn measure (Clements et al., 1997;
Steffe & Cobb, 1988). For example, to estimate a turn, Barb laid her pencil,
which had nonequally spaced concentric lines (circling the pencil), across
an angle, counted the lines on the pencil, and said 20. She could not
re-present to herself an image of turns and turning through degrees (further discussion on constructing and re-presenting images can be found in
Presmeg, chap. 11, and in Wheatley, chap. 10, this vol.).
Overall, students began connecting numerical work to quantities of turn
using the turtle programming. For example, once Luke turned rt 30. He
remarked, "Ten more." Though this was inaccurate (it was 30° more, his
notion that the turn had to be greater showed more competence than he
had shown on previous activities. Similarly, a few moves later, he said,
"Right . . . [pause]" The teacher asked, "Is it more than 90 or less than
90?" "More ... 90 ... 120!"
As with lengths, meaningful combinations of turns would be a strong
indication of the construction of turn measure. Luke did not combine turn
commands as frequently as he combined length commands and gave more
of an indication that what he was combining was not rotations per se, but
numbers without quantitative grounding. In one instance, he examined the
last three commands he had entered, and, while the researcher was writing
notes (which was, again, slowing Luke's pace of work) asked if he could
change the two rt 90's to a rt 180. The researcher asked him ifhe can combine
all three (rt 90 rt 90 It 30) and he replied, "210," adding the three numbers
mentally. He tried it and noticed that the turtle was not at the same heading.
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"I'll have to leave it." The researcher prompted, "Stand up and try it." Luke
did so, acting out each turn in the correct direction. He then said, "Right
150 ... you have to subtract the 30." This shows that Luke used quantitative
concepts when using the turtle metaphor explicitly; in other cases, he
operated on numbers without quantitative meaning.
Other children in the class would combine turn commands, especially
after prompting by the teacher, but their hesitation to do so and their
insistence on checking the results may indicate that these combinations
were not operations on quantities for them. For example, the teacher
asked one pair to combine "rt 90 rt 30." They replaced the commands
with rt 120, but carefully checked that the turtle "was heading the correct
way." We conjecture that, because rt 30 did not have a strong quantitative
meaning for them, the combination of the two commands would also be
a vague conceptual object. In this domain the turtle programming metaphor again proved valuable. That is, when students did imbue turns with
quantitative meaning, it was always with strong use of the turtle metaphor.
Turtle Programming as Environment. First and foremost, turtle geometry
constituted a context in which turns and their measure were critical to
success. Students, simply, had to attend to these ideas. Further, students
talked to each other about the slow turning of Ceo-Logo's turtle, which may
have helped them construct turns as conceptual objects and build dynamic
imagery for rotations.
Turtle as Robot; Turtle Programming as Play. The feedback was instrumental in motivating children to reflect on their notions of turn measurement.
For example, Luke thought that entering fd 120 would close his equilateral
triangle (when rt 120 fd 100 was needed). Now, however, we can say more
about the nature of this feedback. The power of the medium was in offering
feedback that was different in kind from the feedback offered by computerassisted instruction. Ceo-Logo provided nonevaluative feedback consisting of
the enactment of his own ideas. Luke was quite surprised that his initial
command did not work and was motivated to find out why.
Ceo-Logo feedback consists largely of the graphic results of running Logo
code precisely, without human interpretation. This was important to the
pilot girls who, seeing the difference between their own interpretations of
their Logo code for an equilateral triangle and the Logo turtle's implementation of that code, immediately examined and altered the code. Giving commands to a noninterpretive agent, with thorough specification and
detail, has been identified as an important advantage of computer use in
facilitating the learning of mathematics Oohnson-Gentile et aI., 1994).
The Ceo-Logo environment allowed Luke and others to easily try different
turns. Compared to regular Logo, the commands that are the same stay the
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same and do not have to be reentered; more important, those that are
changed are not executed as an additional command affecting the graphics;
instead, the figure changes to reflect the change in the commands. This
helped students encode contrasts between different turn commands.

Turtle Programming as Link. Along similar lines, many students would
use Ceo-Logo to explore iterations of turns (rt 90 rt 90; or rt 30 rt 30 rt
30), and thus build a (superordinate) unit for measuring rotation. When
combining inputs to turn commands, students were less confident about
the results than when combining inputs to fd and bk commands (cf. Clements et aI., 1997). Most students initially gave no indication that they were
combining rotational units, per se (i.e., quantities). Rather they appeared
to operate on numbers (sans quantitative grounding), use the result of
that numerical operation as the input to a new turn command, and check
the turtle's resultant final heading. The benefit of the computer is that
they received this immediate feedback and thus began to give quantitative
meaning to this combining operation.

TURTLE METAPHOR AND CONSTRUCTION
OF SHAPE CONCEPTS
Development of Concepts of Geometric Figures
in a Specially Designed Logo Computer Environment

This final study investigated the development of concepts of geometric
figures. Both the researchers and teachers were reminded of the depth
and long-term development of many ostensibly simple ideas, such as shape
and triangle. Nevertheless, the turtle metaphor, particularly the ideas of
turtle motions (fd and bk) and turns, were significant organizing principles
for the students.

Turtle Programming as Environment. Working with the turtle, students
constructed more mathematical concepts of geometric figures; for example, equality oflengths of opposite sides for rectangles, turns for equilateral
triangles, and differentiating attributes such as orientation that are not
defining properties of geometric figures. The Ceo-Logo experiences were
less influential on students' concepts of other properties, such as straight
(vs. curved) line segments. The presence and measure of turns/angles,
the measures of sides, and so on, are properties that students abstract from
their Ceo-Logo work and apply in other situations. Implicit properties of
the turtle-generated shapes, such as straight (vs. curved) lines may not be
as readily internalized. That is, the turtle always drew straight lines; students
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did not have to explicitly decide which command to use to make it do so.
Thus, again, turtle programming constituted a context in which the components and properties of geometric shapes are critical. Students had to
enter specific commands that specified the type of component (line segment or angle) and its measure. In this way, Ceo-Logo allowed children to
distinguish between attributes that were and were not defining properties
of shapes, such as orientation.
Turtle as Robot. Recall that Anne and Barb drew a 200-step rectangle
with sides labeled 70 30 60 40. Only computer feedback led the two girls
to relate these side lengths to the properties of a rectangle. They demonstrated a need to check their solutions for other similar problems at the
computer to convince themselves of the adequacy of these solutions. Such
feedback was even more important in motivating children to reflect on
their notions of the measurement of turns that can be used to construct
geometric figures. For instance, Anne and Barb only altered their notion
that equilateral triangles had all 90 0 angles when working in Ceo-Logo; on
paper, they avoided any accommodation. It was only when their own ideas
were reflected accurately back to them that they thought seriously about
their ideas about turn measurement.
Turtle Programming as Play. Students were motivated to create shapes
(pictures and designs) and showed that they were proud and "connected"
to their creations. They were also motivated to apply arithmetic in such
activity.
Turtle Programming as Link. Ceo-Logo aided the construction of mental
connections between symbolic and graphic representations of geometric
figures, as when Monica combined the fd 50 fd 30 commands to argue
that a side length of a figure was 80, and that this implied that the figure
was a rectangle.

FINAL WORDS
The turtle programming metaphor can play an important role in students'
construction of various mathematical concepts. Our theoretical and empirical work indicates that four submetaphors-turtle programming as environment, turtle as robot, turtle programming as play, and turtle programming
as link-help describe and explain this role.
There are two additional implications. The first is the essentiality of finding the right features and tools for a Logo environment. There is evidence
that those in Ceo-Logo and Turtle Math provide direction in this regard.
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The second implication is that the best use of Logo may involve full
integration into the mathematics curriculum. Too much school mathematics involves exercises devoid of meaning. Logo is an environment in which
students use mathematics meaningfully to achieve their own purposes.
Teaching and learning in such environments can meet the challenge of
the National Council of Teachers of Mathematics: That students become
"active participants in creating knowledge" rather than "passive receivers
of rules and procedures" (National Council of Teachers of Mathematics,
1989, p. 19). "The thoughtful and creative use of technology can greatly
improve both the quality of the curriculum and the quality of children's
learning" (p. 15). The theoretical and empirical analyses in this chapter
provide support for the conjecture that the activity of programming the
Logo turtle can be taken as a metaphor-with rich submetaphors-for
doing mathematics.
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Commentary:
On Metaphorical Roots
of Conceptual Growth
Anna Sfard
University of Haifa

Before the readers delve into the text that follows, a word of explanation as
to the nature of this chapter would be in place. In the view of the wide
diversity in the foci and approaches of the five preceding chapters, I found
it practically impossible to write a well-organized commentary that neatly
synthesizes the many ideas presented by the other authors. The following
text should therefore be read as a provider of footnotes which, although
structured and fairly extensive, do not aspire to bring an exhaustive coverage
of all the issues raised in this part of the book. The most I could hope for
while writing this chapter was that the implicit footnotes will bring into fuller
relief those points that seem to me crucially important for understanding
the centrality of metaphor in our thinking in general, and in mathematical
thinking in particular. Besides, as Lee Shulman observed in his invited
AERA address in 1996, "footnotes of the substantive, elaborative kind
transform ... exposition into textual conversation and commentary."

WHY SHOULD WE CARE ABOUT METAPHOR?

When asked by an interviewer about the expression she uses most frequently in her writing, the young Israeli writer, Shah am Smith, replied:
It is the word like. This is not just a linguistic problem-this is how I perceive
the world. I hate myself for that. Indeed, why do I have to compare everything
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to everything? I set myself as a goal to write a story, one day, without using

like even once. Before I do that, in order to train myself, I will write a novel
without using the letter e.

Tongue in cheek, Smith brought a serious message: She just cannot live
without metaphor. Metaphor, she says, is the way she sees the world. Her
implicit claim for exclusivity notwithstanding, Smith is certainly not the only
one who suffers from the thinking-in-metaphors syndrome. Another writer,
Carol Shields, says exactly the same in her facetious essay Metaphor is
dead-Pass it on. Here, a literature professor gives a long speech against the
use of metaphors, tells about the effort to clean literature from any trace of
the latter, and then concludes: "But alas, ... these newly resurrected texts
... carry still the faulty chromosome ... of metaphor since language itself is
but a metaphorical expression of human experience. It is the punishing
silence around the world that must be now claimed for literature" (p. 104).
Once again, the message is clear: If the metaphor is dead, the literature itself
must die.
At this point the reader may wonder what the foregoing reflections
about literary writing are doing in a chapter dedicated to mathematical
thinking. Those, however, who have read carefully the four preceding
chapters should not be totally surprised. The single most important message of all these contributions, which I now wish to promote, is simple, if
perhaps not self-evident: Mathematics is not less dependent on metaphor
than literature is. As Pimm (1987) put it, "metaphor is as central to the
expression of mathematical meaning, as it is to the expression of meaning
in everyday language" (pp. 11-12). In fact, our whole intellectual existence
would be difficult to imagine without it. If, so far, this important, although
far from self-evident, claim is not thoroughly explicit, let me clarify it now
in this introductory section, before commenting on the more specific issues
raised in the five preceding chapters.
At first sight, the sweeping claim about the centrality of metaphor may
seem implausible. Mter all, metaphor has always been regarded as belonging almost exclusively to the domain of poetry and literary prose; and even
if detected in other kinds of text, it was considered as a marginal phenomenon, a curiosity rather than anything that should be taken seriously.
It is this belief that was so elegantly discarded by Lakoff and Johnson
(1980) in their seminal book The Metaphors We Live By:
Metaphor is for most people a device for poetic imagination and the rhetorical flourish-a matter of extraordinary rather than ordinary language.
Moreover, metaphor is typically viewed as a characteristic of language alone,
a matter of words rather than thought or action. For this reason, most people
think that they can get along perfectly well without metaphor. We have
found, on the contrary, that metaphor is pervasive in everyday life, not just
in language but in thought and action. Our ordinary conceptual system, in
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terms of which we both think and act, is fundamentally metaphorical in
nature. (p. 3)
The deep sense of what Lakoff and Johnson wish to say cannot be understood without some definitions. The natural thing to do now would be to
use a dictionary to find a description that makes the general importance
of metaphor readily visible. Those who do this, however, are bound to
find themselves disappointed. The simple "Metaphor [is] a figure of speech"
(Collins English Dictionary) does not tell the story all the authors in this
book, together with Lakoff and Johnson, try to tell. There are other sources
that may be of help. For example, in the moving novel Ardiente Paciencia
(turned into an unforgettable movie Il Postino-The Postman), the author,
Antonio Skarmata, tells the story of the Chilean poet Pablo Neruda who
explains the concept of metaphor to his young admirer Mario, the postman.
To Mario's question: "[Metaphor], what kind of thing is this?", the poet
replies: "In order for you to have some sense of it, let's say that this is
presenting something by help of something else." Quite a classic treatment,
so far. It is the uneducated postman rather than the sophisticated poet
who, after a little sampling and additional explanations, draws a conclusion
similar to the one this book tries to convey: "The entire world is like a
metaphor of something else." The ubiquity of metaphor and its power to
create for us the world we live in-including the most remote and esoteric
regions of abstract mathematics-is the central thesis of this commentary
chapter.
When it comes to a more scientific treatment of the topic, however, the
matters become teasingly intricate. The metaphor is as complex a phenomenon as it is ubiquitous and indispensable. "The 'most luminous and therefore
the most necessary and frequent' (Vico) of all tropes, the metaphor, defies
every encyclopedic entry," says Eco (1984, p. 87). No truly satisfactory
definition of the notion has been found in spite of the fact that "it has been
the object of philosophical, linguistic, aesthetic, and psychological reflection
since the beginning of time" (p. 87). This pervasive difficulty becomes
understandable when one considers the central role of metaphors in human
thinking. Indeed, if metaphorical projection is the basis for the creation of
all our conceptual systems, then while trying to define metaphor we cannot
escape a certain circularity. As Ricouer (1977) observed, "The paradox is that
we can't talk about metaphor except by using a conceptual framework which
itself is engendered out of metaphor" (p. 66).
Rather than trying to approach the modern conception of metaphor
directly, it would be useful to have a glimpse on the long history of the
notion. In spite ofEco's (1984) claim that "of the thousands and thousands
of pages written about the metaphor, few add anything of substance to
the first two or three concepts stated by Aristotle" (p. 88), the last four
decades have seen a substantial development with quite a few turnabouts.
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Until quite recently, metaphor has been conceived as not much more
than a linguistic device and, as such, has been an object of mainly linguistic
inquiry. As Norma Presmeg reminds us, it has been presented as a mapping
between two concepts, one of which-the tenor-is described (or explained) with the help of the other, the vehicle. The basis of the comparison
is the ground-the set of common features of the tenor and the vehicle.
Because the two components of the comparison, although similar, are not
the same thing, there is also a set of characteristics in which these two
differ one from another. This latter set is called tension.
For all its apparent straightforwardness-or perhaps because of it-this
simple description fails to explain how people come to understand metaphors, how they create them, or why they need them, in the first place. These
questions were brought to the fore in the 1950s and 1960s, when the advent
of computer science and technology spurred a wave of a renewed interest in
human cognition in general, and in the problem of meaning creation in
particular. In his groundbreaking paper Metaphor, Max Black (1962) set the
foundations for a new approach to the old problem by arguing that in no
way the simple comparison view of metaphor (as this traditional outlook has
come to be known) could account for our understanding of this particular
linguistic construction. His main claim was that it is highly unlikely that the
basis for our use of one concept as a metaphor for another is some simple
similarity between these two concepts. Similarity is created in the mind of the
conceivers of the metaphor rather than being given to them, he posited.
According to his interaction theory of metaphor, our understanding of the
metaphor's component concepts changes as the result of metaphorical
projection. According to this approach, our awareness of similarity between
the vehicle and the tenor is not a prerequisite for the creation of the
metaphor but rather the outcome of an interaction between its components.
This was the first step toward the claim that metaphor creates meanings
rather than merely registers them in a special way.
Another important move in the same direction was made in the late
1970s by Michael Reddy (1993), who used the now famous conduit metaphor
to highlight the untenability of the view of linguistic expressions-metaphors included-as mere containers or vehicles for preexisting meanings. As
an alternative, which some may prefer to regard as a complementary approach, he suggested a toolmakers paradigm, where human communication
is viewed as a dialectic process of meaning production and where understanding is attained successively in the course of an ongoing interaction
between interlocutors. It was a far-reaching change of perspective which,
if taken seriously, was bound to revolutionize human discursive behavior.
The "success without effort" conception of meaningful exchange was replaced with an outlook according to which a failure in creating mutual
understanding was the default option. Communication is subject to the
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law of entropy, declared Reddy: It will go astray unless both sides invest a
conscious effort in creating and sustaining coherence.
The papers by Black and by Reddy are two milestones on the long road
toward the constructivist, nonobjectivist paradigm within which today's
research on metaphor takes place. Many other important steps, such as
the work by Davidson, Searle, and Rorty (to name but a few) must be
omitted in this brief account. In the rest of this chapter I build on one
recent development which, at the moment, seems to me particularly well
adapted to the needs of research on mathematical thinking. Together with
the authors of the preceding chapters, I turn to the theory of conceptual
metaphar introduced in the 1980s by Lakoff and Johnson (1980; Lakoff,
1987; Johnson, 1987). The details of this theory, which renders the metaphor its prominent status as a part and parcel of all conceptualization, are
presented in the next section. Here, I confine myself to what may be
viewed as its bottom line: From the day we are born, we use metaphorical projections to construct intricate conceptual systems; in this process, our perceptual
experience is the primary building material, the traces of which are still visible even
in the most abstract of our concepts.
Let me end this introductory section with a couple of remarks meant
to bring into a fuller relief two special aspects of the approach to metaphor
assumed in this book in general, and in the present chapter in particular.
The first remark concerns the centrality of language in the type of
research in which some contributors to this part of the book, including
myself, are engaged. In spite of the great emphasis on the cognitive role
of metaphor, it should be understood that the attention to metaphor is
an attention to language. Considering the broad sense in which metaphor
is now being used in cognitive research, it is clear that this does not have
to be everybody's approach. Indeed, some people seem to be talking about
metaphors in much the same way as other researchers talk about mental
models. In this latter approach language does not have to playa prominent
role. Since, however, language is the medium through which metaphor
comes into being and influences our thinking, I view the discourse on
metaphor as inseparable from the discourse on language. It is the way we
speak, the way we transplant linguistic expressions from one context to
another, which shapes our way of .looking at the world. Clement and
Sarama admit the centrality of language, saying that it is essential in the
development of both spontaneous and scientific concepts. I would like to
put this claim in an even more extreme form: Being the only setting within
which conceptual thinking can take place, language is not just "essential"
to conceptualization-it is an inextricable, all-important component of this
process, and thus of its identity.
Language is as much a part of concept making as sounds are a part of
making music. Rather than being viewed as a mere instrument for captur-
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ing ready-made ideas, it is conceived in the present framework as the
medium within which the creation of new concepts takes place. It is a
bearer of conceptual stluctures we use to organize our experience. We
have no other means for making sense of the world than what Lakoff
(1987) and Johnson (1987) call image (or embodied) schemes-those language-dependent (although nonpropositional in character), structure-imposing constructs which we carry through language from one context to
another, whether we want it or not. Thanks to the transplants of conceptual
structures, language itself is in a process of constant development. Like a
living organism, it has the inevitability of change and growth inscribed in
its genes. To sum up, one of the most important messages of the contemporary research on metaphors is that "language, perception, and knowledge are inextricably intertwined" (Ortony, 1993, p. 2).
My second remark regards terminology. In the context of our defining
attempt, it is particularly important to pinpoint the difference between
what appears to be a pair of closely related types of tropes, metaphor and
analogy. The very organization of this book, with a separate part devoted
to each one of the two concepts, implies that the distinction between them
should be rather substantial. The essentiality of the difference, however,
does not come clearly enough through the typical dictionary descriptions
of the two terms, all of which mention "similarity between two things" as
the basis for both analogy and metaphor. As long as the metaphor is
presented as but a "particular case" of analogy, which can only be distinguished from other types of analogies (notably simile) in the terms of the
"distance between the objects classified as similar" (Knorr, 1980, p. 29),
its particular importance cannot be fully understood. It may remain not
entirely obvious even when we say, together with Norma Presmeg, that
unlike similes, which are explicit analogies ("a is like b"), metaphors are
implicit analogies (" a ~ b").
In the eyes of those interested in cognition and not just in language,
it is the role of metaphor as a tool of conceptualization that puts it quite
apart from all the other seemingly very similar types of linguistic (and
mental!) constructions. According to our present understanding of the
topic, which came a long way since metaphor was viewed as but a literary
gimmick, the main point to remember is that metaphor has a constitutive
power and thus functions a priori: It brings the target concept into being
rather than just sheds a new light on an already existing notion. This is
not necessarily the case with analogy, which is normally understood as a
result of a comparison between two already constructed concepts (of
course, the speaker would usually be better acquainted with one of these
concepts and would use its similarity to the other in order to get a better
sense of the less familiar). In view of the earlier discussion it seems useful
to make the following distinction between the terms analogy and metaphor:
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A nalogy enters the scene when we become aware of a similarity between two concepts
that have already been created; the act of creation itself is a matter of metaphor. To
be sure, this distinction between metaphor and analogy is somehow schematic. As shown next, I believe that the process of drawing analogies is
dialectic in nature, so it does not leave our understanding of either the
target or the source unchanged, neither is its appearance clearly restricted
to certain well-defined stage in the development of a new concept. All this
says that analogy has some constitutive power as well. Nevertheless, the
use of analogy does presuppose that we have already a rather good grasp
of the source and at least some initial understanding of the target-much
more so than in some basic cases of metaphors.
The act of creation of a new conceptual system is, indeed, metaphorical
in nature in that it involves a transplant of an existing mental scheme into
a new context. For example, the notion of a negative number may be
viewed as a result of a metaphorical projection of the scheme of number,
already established for what will later be called positive (or unsigned)
numbers, onto the set of symbols which, along with the generally accepted
numerical expressions contains "impossible" subtractions, such as 3-8 or
0-2. The latter count as meaningless just because they do not fit in with
the metaphor which gave life to the concept of number in the first placethat of a number as quantity. Here, analogy comes into play for the first
time when we notice that the "impossible" expressions may be manipulated
in ways similar to those in which the "regular" numerical expressions are
operated upon. The idea of the negative number itself, however, is not a
matter of analogy but of a metaphor: inspired by the fact that the new
situation displays certain familiar features, we start to think about 3-8 and
0-2 as if these represented independently existing entities; or, to put it
differently, we create something out of nothing just because we are able
to transplant some old cognitive structures into the new context. Only
now, after this act of "bringing the new objects into existence," analogical
thinking will make its further contributions. In the investigation of the
new type of entities we will be guided by the assumption that the behavior
of these new objects should, in many respects, remind the behavior of the
more familiar numbers. I summarize, therefore, by saying that while metaphor is concerned with the process of conceptualization, namely with the
creation of new conceptual structures, it would be useful to restrict the
term analogy to the context of reasoning, namely to thought processes that
are applied in investigating existing concepts.
The foregoing proposal puts metaphor and analogy apart as two different types of cognitive processes. It is, basically, a methodological suggestion.
Although this somewhat nonstandard use of the familiar notions may be
questioned by theoreticians, it appears to me quite helpful in the context
of our present educational deliberations.
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METAPHOR AS A BASIS OF CONCEPTUALIZATION
Many things have been said about metaphor in the previous section, but
I can now make the long story short by giving the following definition:
Metaphor is a conceptual transplant thanks to which we can "conceptualize
one mental domain in terms of another" (Lakoff, 1993, p. 206). As such,
it is also "a pervasive principle of human understanding that underlies our
vast network of interrelated literal meanings" (Johnson, 1987, p. 65). The
role of metaphor in the construction of mathematical knowledge and
meaning is the main theme of the remainder of this chapter. The topic
is rich and can hardly be exhausted in a paper or two. While commenting
on what has already been said by other authors, I will try to make the
picture a little bit fuller.
The Ubiquity of Metaphor
In their chapter, Clement and Sarama emphasize the centrality of the
mechanism of figurative projection in learning and to make their point
stronger they help themselves with the following quotation from Davis
(1984):
It has become clearer that learning is primarily metaphoric-we build representations for new ideas by taking representations of familiar ideas and
modify them as necessary, and the ideas we start with often come from the
earliest years of our lives. (pp. 313-314)

The fact that David Pimm (1987) "has been accused of seeing metaphor
everywhere" (p. 199, emphasis added) shows that the ubiquity of metaphor
may not be readily obvious to an unprepared person. On the contrary,
just because of its omnipresence, the metaphor would often be practically
transparent to its user. Let me, therefore, make an additional effort to
render the phenomenon more visible. The readers are urged to perform
a very simple experiment: Let them scrutinize for metaphors the first text
that happens to fall into their hands, be it a novel, a newspaper, a textbook,
or an e-mail letter. In fact, why shan't we start from this very book. Let us
look, for example, at the first few sentences in the chapter by Davis and
Maher: "The teacher is much less of a lecturer, and much more of a
coach," "the Sage on the Stage has been replaced by the Guide on the
Side," "The experiences that the teacher provides are grist for the mill,
but the student is the miller." My own text is not less infected, metaphorically speaking; for example, how about the sentence with which I opened
this section: "metaphor is a conceptual transplant"?
That much for the obvious. The nonliteral nature of the expressions I
have just outlined is indisputable. Mter all, nobody believes subject matter
is really a grist and the student is a miller. Along with the overt metaphors,
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however, there are covert metaphors-metaphors that have sunken into
our language so deeply that we are no longer aware of their metaphorical
nature. Rather than being used to describe ready-made concepts, these
metaphorical expressions have been the basis for the creation of the concepts. Thus, when one says, as Davis and Maher do, that the student "builds
up mathematical ideas in his or her mind," one does not really believe
that ideas are objects that can be put together from some "building materials" or that the mind is a container that can store these objects; and
when one asks "where ... do these mathematical ideas come from?", he
or she does not think about ideas as creatures which, like human beings,
have means for transferring themselves from one place to another. The
metaphor, however, is so deeply concealed here that we are hardly aware
of its presence. For that reason Norma Presmeg calls this kind of metaphor
invisible, while some authors call it a dead metaphor.
As the earlier examples make clear, one reason for metaphor to be
"dead" is that it is difficult for us to find an alternative, metaphor-free,
language that would express the meaning we wish to convey. The figurative
origins of "building meaning," "conveying information," or "crystallizing
ideas" are easily overlooked just because we can hardly think of a more
"literal" way of saying what we want to say. The fact that there are situations
where metaphorical language is the most natural-if not the only-choice
should not come as a surprise to those who endorse the theory of conceptual metaphor with its basic tenet about the constitutive role of metaphor. The phenomenon of abstracting, whether mathematical or scientific,
can hardly be explained without a reference to the process of metaphorical
projecting. In mathematics and in science metaphor is genuinely indispensable, and this is what makes it even more transparent. As Scheffler
(1991) put it, "The line, even in science, between serious theory and
metaphor is a thin one-if it can be drawn at all .... there is no obvious
point at which we may say, 'Here the metaphors stop and the theories
begin' " (p. 45). Indeed, there are no clear boundaries which would separate the metaphorical from the literal; there is no background of genuinely
nonfigurative expressions against which the metaphorical nature of such
terms as "cognitive strain" or "closed set" would stand in full relief. The
fact that concealing the metaphorical origins of ideas is a mandatory part
of the scientific and mathematical game makes the figurative roots of
mathematical and scientific concepts and theories particularly difficult to
reconstruct. Bruner (1986) makes this claim in a very clear (and inherently
metaphorical!) way. Mter stating that metaphors are "crutches to help us
get up the abstract mountain," he notes that we are eager to get rid of
them as soon as we make it to the top of this mountain:
Once up. we throw them away (even hide them) in favor ofa formal, logically
consistent theory that (with luck) can be stated in mathematical or near-
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mathematical terms. The formal models that emerge are shared, carefully
guarded against attack, and prescribe ways of life for their users. The metaphors that aided in this achievement are usually forgotten or, if the ascent
turns out to be important, are made not part of science but part of the
history of science. (p. 48)

As an aside, let us note how the basic distinction between "literal" and
"metaphorical" loses its ground when it comes to concepts that grew out
of metaphors.
Conceptual Metaphor
Norma Presmeg observes that "mathematicians and school students alike
use ... 'literary' forms in making connections with other domains which
help them to make sense of mathematical constructs, to remember them."
In a similar vein, Lyn English says that "the use of metaphor is particularly
helpful in developing and understanding of abstract mathematical concepts and procedures that are difficult to represent with concrete analogs."
Some readers may understand from here that metaphor is but an auxiliary
device which people are using from time to time in order to enhance their
understanding of mathematical concepts. As was already emphasized several times in this book, however, it is the constitutive role of metaphor
which, even if less obvious, is nevertheless not less important, and thus
deserves special attention. The theory of conceptual metaphor, which is
the basis of the chapter by George Lakoff and Raphael Nunes, and which
I sketch now in a few rough strokes in a somewhat different manner, deals
explicitly with this issue.
Quite often, when we choose a concept, say teaching, and then look
carefully at the language in which we use to talk about it, we are able to
notice a stliking phenomenon: While there may be a great variety of
common expressions concerned with this concept, a sizable subset of these
expressions takes us in a systematic way to a certain well-defined domain
which does not seem to be a "natural setting" of the concept at hand.
Thus, for example, whether we talk about "conveying ideas to the students,"
"delivering a lesson" or "giving the learner the sense of the concept," we
make it clear that our image of teaching is borrowed from the domain of
transferring material goods (some other systematic metaphors for teaching
are those found by Jakubowski (1990) and quoted by Presmeg: Teaching
as entertaining, teaching as gardening, etc.). Similarly, as Lakoff and Nunes
remind us in their chapter, the common ways of talking about numbers
reveal a geometric connection: At a closer scrutiny, our thinking about
numbers turns out to be firmly grounded in the metaphor of numbers as
points on a line.
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Mter Reddy's eyes-opening observation on our use of conduit metaphor
as a means of conceptualizing interpersonal communication, systematic
conceptual mappings came to be known as conceptual metaphors and became
the object of a vigorous inquiry. Rather than being just tools for a better
understanding and memorizing, conceptual metaphors are often the primary source of mathematical concepts. The constitutive role of metaphor
has been mentioned explicitly by the mathematicians whom I have interviewed in one of my studies (Sfard, 1994). In this way or another, all of
them made it clear that without a metaphor, a new concept is not a concept
at all. They also repeatedly emphasized the indispensability of the metaphor
in the subsequent problem-solving process. In this vein, one of my interviewees declared:
Only [when I have a metaphor] can I answer questions, solve problems. I
may even be able then to perform some manipulations on the concept. Only
when I have the metaphor. Without the metaphor I just can't do it.

Moreover, as many of my mathematic an-interviewees confessed, most
of their ideas and problem-solving breakthroughs, far from being a result
of a systematic deduction, used to come in sudden flashes of intuition.
When one looks for an explanation of the phenomenon of "direct grasp,"
the theory of conceptual metaphors comes handy. The ability to "foresee"
the properties of a new, hitherto uninvestigated, concept is easily understood as perhaps the most striking manifestation of a conceptual mapping:
While matching entities from two domains one to another, a person intuitively assumes that the target element will bear the characteristics of the
source entity. Such expectations would often turn out deceptive, but on
other occasions they would bring felicitous insights. Indeed, some of the
mathematicians I spoke to explicitly ascribed their ability to think about
new concepts to the strength and richness of their former knowledge. One
of them, Shimshon A. Amitsur, observed: "I think that intuition depends,
to a great extent, on experience. As years go by, experience helps to
develop intuition" (Sfard, in press). Presmeg's example of a student who
managed to solve a problem by imposing a structure of "dome" (or rainbow) on an arithmetical sequence points out to another use of metaphors
in mathematical thinking. Metaphor appears here as a means of the reconceptualizing which is a part and parcel of the quest after problem-solving strategies.
One other remark should be made before I close this section. The
strikingly systematic character of conceptual mappings such as the one
presented earlier (or as the many others, so lavishly provided by Lakoff
and Nunes), and the fact that such mappings can only arise and be dissipated through language, point out to the social, supraindividual character
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of conceptual metaphors. Being by-products of interpersonal communication rather than of a solitary effort of a lone thinker, they enjoy the status
of public possessions. No wonder, then, that deeply rooted metaphors such
as the one that ties numbers to points on a line are often thought of as
externally determined, natural, and mind-independent. As such, they also
tend to be "dead" metaphors, since their metaphorical nature is hardly
recognizable behind their apparent obviousness. Another noteworthy aspect is the cultural embeddedness of metaphors-their being a product
of associations that are specific to the culture within which they arise. One
may say, therefore, that metaphorical projection is a mechanism through
which the given culture perpetuates and reproduces itself in a steadily
growing system of concepts.
Perceptual Origins of Concepts

From this point on, I focus on the mechanism of metaphorical projection
and on the way in which comprehensive conceptual mappings are constructed.
The idea that new knowledge germinates in old knowledge has been
promoted by all the theoreticians of intellectual development, from Piaget
to Vygotski to contemporary cognitive scientists. The idea of metaphor as
a conceptual transplant clearly complements this view by providing means
for explaining the mechanism through which the old turns into new. The
theory of conceptual metaphor brings its own vision of the whole developmental process, from its perceptual beginnings to its most advanced
abstract manifestations.
One mathematician I spoke to pointed out the as-if perceptual nature
of the metaphors that guide his mathematical reasoning when he said that
"the way we think is always by means by something spatial" (Sfard, 1994).
The use of the generalizing "we" and "always" seems justified: The propensity for thinking about even most abstract concepts in spatial terms is,
indeed, a very frequent phenomenon. The earlier example of numbersas-points-on-the-line can count as additional evidence. To those who work
within the present theoretical framework the "spatiality" of our thinking
does not come as a surprise. Indeed, our bodily, perceptual experience is
the most basic, most primary of all, and it is therefore very likely to be the
point of departure for all our conceptual thinking. Our first image
schemes-these mental devices which, according to Johnson (1987), we
build in order to structure and organize our experience, start to develop
in a newborn baby in response to her primary perceptual sensations. These
schemes will reappear time and again throughout the person's life as
scaffoldings for her steadily growing conceptual system and for the resulting
vision of the world. Because the spatial experience seems to be the most
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basic of all, it is only natural that it is also the one that becomes the
foundation for all our thinking. A long chain of metaphorical projections
and transformations may be necessary to arrive from the primary bodily
experience at advanced mathematical concepts such as group, topological
space, or n-dimensional cube. In the lengthy transition, the image scheme
would be repeatedly adjusted to new contexts and would eventually be
transformed beyond recognition. As has been shown in the previous example, however, the "bodily" past of the abstract cannot be entirely forgotten as its traces are always present in the language we use.
Much evidence for the perceptual origins of mathematical concepts can
be found in the classroom. Let us have a glimpse at an excerpt of an
interview with a 12-year-old student, Yon (Fig. 13.1). The boy was asked
to provide some explanations about rational numbers.
This brief episode, if carefully scrutinized, may become a source of
numerous insights about the way we think on the idea of fractional (rational) numbers. Above all, it reinforces the previous claims about bodily
sources of mathematical concepts. In fact, it shows more than that: It
makes it clear that in our work with rational numbers we are guided by
more than one metaphor. Traces of at least two such metaphors can be
seen in Fig. 13.1. For Yon, the fraction ~ evokes first the operational metaphor according to which ~ symbolizes the process of dividing and collecting
("We divide each pie into seven and then take nine parts"), and then it
is supported with the structural metaphor which equates the number with
a certain concrete piece of the pie ("a pie plus two parts"). The term
structural is used here to denote a metaphor which renders the target
concept the characteristic of an object, as opposed to the operational metaphor which makes it into a process.
The source concepts of both these metaphors belong to the domain of
concrete objects or processes, accessible to us through perceptual experience. The target domain is the world of mathematical entities called numbers. This domain has been established prior to-and independently ofany thoughts about continuous quantities, namely, when people dealt with
only discrete sets and natural numbers. There is little doubt-and much
empirical evidence-that perceptual metaphors are crucial to the gener111 Inten'iewer: OK. if you had to explain to somebody who never heard about fractions \\'hat nine
sevenths means, how would you do that'?
121 Yon: Ipausellt's... Ipausel. Well. say we take a pic. divide it into seven. and then nine-sevenths
would be seven parts like these ...
131 Inten'icwcr: TI')' again ..
1"1 Yon: Yes. it's seven parts like these ... Oh, it's nine parts like these.
IS) Intcrvicwer: But we only have seven parts in the pie.
16) Yon: So we take ... two pies. We divide each pie into seven and then take nine parts. I mean a pie
plus two parts.
FIG. 13.1. An excerpt from an interview with Yon on fractions.
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alization of the concept of number, but the process of concept construction
is only completed when the metaphor "dies" and the student becomes
able to think about the new number as a self-sustained independent entity
belonging to the abstract domain of numbers. For Yon, this is obviously
the situation: imperceptibly, he made a transition from nine seventh parts
of a pie to a pie and two additional [seventh] parts. This could only be done
by first realizing the equality of the numbers 0/7 and 12;7, and then by
projecting this identity back into the source domain. Mter all, the set of
nine pieces of a pie is not the same as a set composed of the whole pie
and two sevenths pieces. These two sets, when arranged on a plate by an
imaginative cook, would not even look similar.
Thus, a good grasp of the fraction 0/7 involves the ability of going back
and forth between the three different domains: that of measuring processes
(dividing and collecting), that of continuous but divisible objects (e.g.,
pies), and that of numbers. As presented schematically by the arrows in
Fig. 13.2, the symbol (signifier) 0/7 mediates all these transitions, and thus
we can say that it is the symbol that unifies the different metaphorical
meanings into one concept. Let us keep this last statement in mind later,
when taking, together with Norma Presmeg, the semiotic approach to the
issue of metaphorical conceptualization.
The example of a 13-year-old student who proves unable to separate
numbers as self-sustained entities from the money he counts (Fig. 13.3)
adds clarity to what has been said earlier about the role of perceptual
PERCEPTUAL
SOURCES

operational
dividing into
seven equal parts

~~~a~ng

n'( /

structural
nine
seventh
parts of the
pie

SIGNIFIER
9/7

~

TARGET DOMAIN

numbers
(rational)
FIG. 13.2. Rational number and its metaphorical components.
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[I) Intcrvicwcr: I have to pay you seventy agoras [Israeli cents). This is what I can give you [a cuin
uf une shekel. equal J00 agoras). What do you do?
[2[ Sha: I give you a change.
[3[ Intcrvicwcr: How much?
(4) Sha: Thirty agoras.
(5) Intcrvicwcr: How do you know?
(6) Sha: It's shekel minus thirty agoras.
[7[ Intcrvicwcr: Yes, but what is shekel?
(8) Sha: One ....
(9) Intcrvicwcr: Wait, instead of "one shekel", can you give me the number of agoras?
lID) Sha: Ten.
(11) Intcrvicwcr: One shekel equals ten agoras?
(12) Sha: Each shekel... equals ten [coins)ofthose (points to a coin often agoras[.
IlJ[lntcn'icwcr: So. how many agoras are there in one shekel?
(14) Sha: Ten.
[15) Intcn'icwcr: Tell me now, how many agoras do we have here? [gil'es Sha a coin of one shekel.
three coins often agoras each. and one coin offil'e agoras)
(16) Sha: One shekel thirty five.
(17) Intcn'icwer: How many agoras do we have?
(18) Sha: Agoras? There are no agoras. that's the problem [the Israeli coin of the lowestl'aille is that
offil'e agoras).
FIG. 13.3. An excerpt from a conversation with Sha-on money and
numbers.

metaphor in the construction of the concept of number. The conversation
with Sha ' gives us a snapshot of what probab[y happens to almost any
learner but more often than not passes too quickly to be noticed: the
moment when a number is completely identified with what was only supposed to be its metaphorical representation. Moreover, it shows that metaphorical conceptualization should not be taken for granted, and that it
may be stymied already at the very early stage. As an aside, let me remark
that Sha, his problem with translating shekels into agoras notwithstanding,
was extremely skillful in performing money transactions. Therefore, this
example puts a question mark over the recently popular claim that the
kind of ability displayed by Sha, known in the professional literature as
the knowledge of "street" or "marketplace" mathematics, can be treated
as an evidence for the child's general mathematical ability. It is clear that
Sha is dealing with money and not with numbers, and that for him, the
shekels and agoras are what they are and do not stand for anything else
(Yon's thinking was apparently quite diff.~rent in that the boy did not have
to have a former experience with actual seven parts of a pie in order to
be able to imagine them or to perform the operation of turning 0/7 into
P/7). Our lengthy conversation with Sha, of which the present example is
but a brief excerpt, revealed the possibility of a truly amazing gap between
IThe interview was a part of a study on the conception of number in dyslexic children.
It was conducted in collaboration with Liora Linchevsky.
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a person's proficiency in money manipulations and his or her ability to
deal with disembodied numbers.

THE MECHANISM OF METAPHORICAL PROJECTION

As was stated many times before, metaphorical projection occurs when,
for some reason, we decide to make use of a familiar idea in a new,
relatively unfamiliar domain. Because the meaning of concepts is determined by their contextual relationships, the transplant of a concept into
a new context must result in the construction of a new meaning. It is worth
mentioning that the transplant metaphor used here to define the notion
of metaphor (please note the circularity Ricouer talked about!) is very
much in line with the conception of meaning as arising from contextual
ties. Therefore, like in biological crossbreeding, grafting a concept onto
a new environment must result in the development of a new concept. In
this section I look at the details of this conceptual genetics.
The Quandary of Metaphor
On the face of it, the requirements that must be met if metaphorical
projection is to happen are quite simple. As English put it while commenting on block model as an aid in teaching decimal numerals,
For children to reason meaningfully with mathematical analogs, they need
to understand the structure of the source and must be able to recognize
the correspondence between source and target. (p. 5)

In fact, however, if we view metaphorical projection as a process of
construction rather than of mere comparison, we immediately strike upon
a difficulty which belongs to the same family of epistemological quandaries
as hermeneutic circle (Bauman, 1978), learning (Meno) paradox (Berieter, 1985;
Petrie & Oshlag, 1993), and the circle ofreification (Sfard, 1991). It seems that
the idea of creating new knowledge (and thus new complexity) out of old
knowledge (and lesser complexity) is inherently paradoxical. While referring to the very same example English was pointing to, namely to the use of
block model when teaching decimal numbers, Cobb, Yackel, and Wood
(1992) observed that children cannot be expected to understand new
mathematical concepts with the help of instructional models because in
order to be able to draw the useful analogies they must already have a good
grasp of the structure of the mathematical concept itself. Indeed, how can
one say that something is similar to something else when this "something
else" has not yet been born? Paradoxically, therefore, it seems that if the
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metaphorical conceptualization is to work at all, the students need to be
acquainted with the structure of the target in advance (see Cobb et aI., 1992).
Petrie and Oshlag (1993) are among the writers who explicitly acknowledge the role of metaphor in the human ability to learn:
The very possibility to learn something radically new can only be understood
by presupposing the operation of something very much like metaphor ...
metaphor is one of the central ways of leaping the epistemological chasm
between old knowledge and radically new knowledge. (pp. 582-583)

The authors are well aware of the "Meno (learning) paradox" and seem
to assume that the very introduction of the concept of metaphor solves
the problem. They evidently fail to notice that ascribing creation of "radically new knowledge" to metaphor does not, per se, unravel the knot. In
the light of what has been said earlier, this "solution" shifts the difficulty
from one place to another rather than removes it. The idea of metaphor
becomes now the bearer of the paradox.
One promising way out of the entanglement is to view metaphorical
projection as a dialectic process-a process of ceaseless two-way interaction
between the old and the new. Accordingly, creation of new concepts should
be viewed as a zig-zag movement between relatively familiar source and the
emergent target. More often than not, this is a process of mutual adaptation
which, with its every swing, does not only strengthen the target but also alters
and adds new dimensions to the source. In this process of coemergence,
construction of decimal number is accompanied by a gradually deepening
awareness of the structure of the block model. One may summarize the
earlier description by saying that our conceptual schemes constitute an
autopoietic system, namely a "system which is continually self-producing"
(Maturana & Varela, 1987). This is one possible route toward the explanation of the fact that metaphorical projections do work, after all. It is time now
to ask about the more "technical" aspects of the mechanism of "self-production." I focus on this issue in the reminder of this section.
Before we try to gain a deeper insight into the workings of metaphorical
conceptualization, however, let us give some thought to the tools that assist
us in making figurative projections and to the triggers that put the whole
procedure in motion. I touch upon these issues by briefly discussing the
role of two components of the concept-making activity mentioned in the
former chapters: language (Presmeg) and imagery (Presmeg and Wheatney).
The Role of Language
In the first of her two chapters, Norma Presmeg reminds us that, like any
human activity, the metaphorical conceptualization is symbolically mediated.
This was already stated earlier, when the linguistic character of the whole
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process was stressed. Here, I elaborate on the issue again, building on Presmeg's
call to view concept constructing as a semiotic activity (building signifiersignified relations) and trying to fathom certain details of this process.
Taking as a point of departure the works of Peirce, Saussure, and Lacan,
Presmeg stresses the use of metaphor and metonymy in the construction
of signs. According to her analysis, one of the central semiotic processes,
called chaining of signif1RrS (Walkerdine, 1988), is inherently metaphorical
and metonymical in nature. To this, I now add a few remarks about how
semiotics can contribute to our understanding of the ways metaphorical
projection works.
It is important to notice the central role of symbols and names in the
process of metaphorical conceptualizing. Contrary to the common belief,
I claim here that the act of introduction of a new name or a new symbol
cannot be viewed as but a "finishing touch" in the creation of a new
mathematical concept. On the contrary, this event is often closer to the
beginning rather than to the end of the process. For instance, it was already
observed that when the symbol of fraction, say %, is presented to children
for the first time, one can hardly expect the young students to be able to
think about it as a self-sustained disembodied object for which the symbol
itself is but a "representation." At the early stage, ~I.; is interpreted just as
a shorthand for the action of cutting a whole into five equal pieces and
taking two of them (partitioning), or as a piece of pie that results from
this process, or both (for evidence-see the next section).
In this situation, operating on fractions as numbers is not a straightforward task. By this I mean that the students have not yet become active
participants of the mathematical discourse within which fractions are regular components of formal statements such as formulas or equations, and
can be manipulated upon independently of, although congruently with,
operations on material quantities. In spite of this, the learners do not
remain idle until the more abstract meaning of the symbol is constructed.
They do use the new symbol as if it signified a number, even though the
meaning-rendering links to the perceptual interpretations are still vague
or practically nonexistent. These links, when constructed, will express themselves in students' ability to make flexible transitions from formal manipulations on fractions to the more mundane talks about partitioning-and
vice versa. In the absence of this ability, their use of fractions as numbers,
although at the first sight often indistinguishable from that of "mature"
users, is in fact quite different. The major claim here is that when symbols
are introduced for the first time, their use within mathematical discourse
is to a great extent templates-driven. By this last term I mean the kind of
use which is inherently metaphorical, in that it consists in transplanting
linguistic structures, with their well-established semantic implications, into
a new context. Let me explain this idea in some detail.
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By saying that a symbol or name is used in templates-driven way I mean
the use based on mere substitution of these new symbols or names into
established linguistic templates. Thus, for example, one can say that fractions begin their life as proper numbers by slipping into expressions which
are reserved for numbers. At the beginning of this transition, the symbol
% is not more than a term that comes to complete the "unfinished" mathematical propositions "2:5 = .... " New kinds of numbers, or rather new
symbols supposed to represent new numbers, usher this hitherto illegitimate proposition into mathematical discourse. Insertion of a new symbol
into a well-known phrase is an act of metaphorical projection: We transfer
the structures we have constructed for numbers into a new domain in
which there was no talk of numbers, so far. From now on, it will be easier
to think of % as number just because of the linguistic associations that will
come together with this substitution. Through the additional linguistic
uses that will now impose themselves upon the learner, the new symbol
will gradually inherit much of the meaning of the symbols whose linguistic
footsteps it is following.
Indeed, linguistic templates come in clusters. Certain uses of words go
along with some other uses, while clearly disagreeing with still others. The
very first use of a symbol or a name directs us to a particular kind of
discourse-to a cluster of templates which seem to come together with the
original preposition. Thus, after we write 2:5 = %, it is only natural to
expect that % will now appear also in propositions including operation
symbols (+, -, etc.), inequivalence marks «, >, etc.), and other numbersin short, by inserting % into a linguistic slot reserved for a number, we
frame the discourse as a discourse on numbers. Co-occurrence of templates
is a matter of former experience and habit. The bond between them is
not necessarily that oflogical dependence. The templates in a given cluster
have been brought together in former uses, where their slots were filled
with well-established signs (in this case, with signs of whole numbers, for
example). Templates cumulated around each such sign, and as the time
went by the clusters thus formed acquired a cohesion which still keeps
them together when a new signifier is substituted for the old.
Let me end this semiotic discussion with a remark on reification, mentioned by Presmeg on several occasions. As can be understood from the
foregoing analysis, symbolizing plays a most crucial role in the act of reconceptualizing a process (say the procedure of partitioning) into an object
(a fractional number). Introduction of nouns into those places where till
now people have only been talking about processes re-focuses the discourse:
Ifup to this point, there was nothing but a certain action, now the attention
may split between the action and its hitherto nonexistent product. This
ontological shift from an operational to structural focus is well felt, for
example, in the transition from the expression" These things cost five dollars"
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to the expression "The cost of these things is five dollars"; and it is echoed
in the more abstract example-the transition from "The class numbers
twenty students" to "The number of students in the class is twenty." Since nouns
fit those template slots that are reserved for objects (as opposed to verbs
or adjectives that refer speakers and listeners to different ontological categories), it is expected that the new signified will have properties of an
object: existence, permanence, manipulability. The anticipation of these
features is reinforced time and again by the way the new name is used
within language. The templates activated by nouns are direct descendants
of templates coming from the everyday, perceptually mediated discourse,
where more often than not nouns are names of perceptually accessible
material objects. Since transferring templates from discourse to discourse
is a case of metaphor, we may say, once again, that what we call "mathematical
objects" are metaphors resulting from certain linguistic transplants. As may
be learned from the previous example, introduction of a new mathematical
symbol is often enough to spur such ontological shift in the discourse-and
to bring about reification. To sum up, templates we use bring with them
ontological messages. If we write a new name or a new symbol in the slot
reserved for objects-the new signifier will eventually bring about an emergence of a new mathematical object.
In the view of this semiotic analysis, it may be useful to reformulate the
issue of the construction of new knowledge as the question of the creation
of a new discourse. The problem we are now dealing with is that of the
mechanism through which one discourse (say, the one concerned with
transferring material goods) gives rise to a new one (e.g., on human communication), which is different but at the same time isomorphic, in some
way. Once again, metaphor plays a central role in this creative reshaping
of discourses. I provide a fuller picture of this process after a few remarks
on the issue of imagery.
The Role of Imagery
"An image often accompanies metaphor, although the image alone is not
a metaphor" says Norma Presmeg in her chapter on imagery. Indeed, an
image of a piece of a round pie often arises in our mind when we think
about a fractional number, say, %; similarly, a vision of a straight line with
a few points evenly distributed around one "principal" point appears when
a negative number is mentioned. The images, as such, are certainly not
metaphors, but there is a close and intimate relationship between imagery
and metaphorical projection. The imagery is the experiential side of the
story, which in the last section was told mainly in formal linguistic terms.
Imagery, however, is a rich and complex concept, and as Greyson Wheatley
has shown in his chapter, it is not used in the same way by different authors.
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Thus, in order to understand the subtle relationship between the issues
of metaphors and imagery one has to clarify the latter term.
One aspect of the relationship between metaphors and imagery seems
quite obvious: Mental images, brought to the sphere of mathematical constructs from the domain of perceptually accessible objects, are crucial for
our sense of understanding mathematical ideas and thus are part and
parcel of the metaphorical mappings that bring new mathematical concepts
into existence. The example of fractional numbers discussed earlier is an
apt illustration of this claim. Imagery, however, is more than the ability to
visualize things that are not actually present. Presmeg makes it a point that
the term imagery encompasses all kinds of as-if perceptual experiences:
visual, auditory, kinesthetic, tactile, and so on. All these modalities should
be considered even if not all of them are equally important for mathematical thinking.
While dealing with metaphors, on the one hand, and imagery on the
other hand, it is also important to stress the difference between mental
image and image (or embodied) schema (Lakoff, 1987; Johnson, 1987). It is
the latter term that is more tightly connected to the theory of metaphor,
although this subtle difference may be easily overlooked. Whereas image,
also called a rich image (Johnson, 1987), is a visualization of a specific
object, image schema is more of a template for obtaining such image. One
may conjecture that image schemas grow out of rich images when the
latter gradually lose some of their specific properties. Whereas rich images
often constrain our thinking by acting as prototypes, image schema allow
for much flexibility and generality. As Johnson (1987) put it, image (embodied) schemas are "structure of an activity by which we organize our
experience in ways we can comprehend. They are primary means by which
we construct or constitute order, and not mere passive receptacles into which
experience is poured . . ." (pp. 29-30). These structures underlie our
ability to abstract and generalize-they are "the bare bones" of our experience, constructed in a specific domain but then stripped from the flesh
of the concrete instantiations and thus ready for the use in a new context
(of course, the process of "stripping the flesh" does not necessarily precede
the transplant to a new context; rather, like any other process we are
dealing with in this book, this is a subtle two-way procedure which grows
out from an interaction of a number of contexts). Metaphorical projection,
therefore, involves both a transfer of linguistic templates and the transmission of such image schemas. These two processes are complementary
and tightly intertwined. They are two different facets of the same story-the
story of construction of a new meaning. In a new domain, the schema will
serve as an order imposing structure, crucial to the way in which the new
signifiers turn into fully fledged meaningful signs. Thus, as far as metaphorical projection is concerned, image scheme is the nonpropositional,
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experiential counterpart of linguistic templates. It is therefore imagery
which often helps to supplement the signifiers with signified and to turn
their use, eventually, from templates-driven into semantically mediated (Sfard,
1996).
In the view of this last claim, it is hardly surprising that imagery may
be a key to high-level mathematical performance. According to Wheatley,
not only conceptual thinking, but also "logical reasoning is often dependent on prior imaging" (p. 284, this volume). This point may be reinforced
by mathematicians' own descriptions of the ways they work. As my investigations have shown (Sfard, 1994), for mathematicians images are "something to work with"-a substitute for a perceptually accessible object which
helps in bringing the mathematical discourse into focus. Weatley repeatedly
states that those who tend to have recourse to imagery while solving problems are also more likely to arrive at a superior performance. Presmeg
seconds with her remarks on "different types of minds" and with the claim
that outstanding mathematical talents are usually displayed by people with
a strong preference for visualization.

How Metaphorical Projection Works
The mechanism of metaphorical projection is the theme of the present
part. Several aspects of the issue have been dealt with in the preceding
sections. It is my intention now to collect all the bits and pieces scattered
around and combine them into a comprehensive, if only hypothetical,
picture of the metaphor in action. I shall do it by sketching a scenario
according to which the metaphorical conceptualization may occur. To
make things clearer, I use the concrete example of the construction of
rational numbers.
Throughout I have been arguing, together with a number of linguists,
philosophers, and cognitive psychologists, that metaphor is a basis of conceptualization. This has brought us to the conclusion that it is an interaction between two seemingly unrelated domains which brings new knowledge into existence. A closer look at the example of rational numbers
discussed earlier forces us now to make a slight revision: A new concept is
a product of a crossbreeding between several metaphors rather then of a single
metaphor. Or, to put it differently, having multiple metaphors for a single
mathematical concept may be the condition for its being meaningful in
the eyes of the learner. At this point it is important to make another
terminological clarification. The theoreticians of metaphors speak freely
about old and new domains and contexts. The emphasis on the constitutive
role of metaphor compels us to revise the notion of "new context." I have
already noted before that in the view of our present conception of metaphor, what is being so-called a "target concept" is often created by metaphor
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rather than being only used by it. Similarly, I argue now that the so called
"target domain (context)" can often be identified only after the metaphor
did its job. The new context, in itself, may result from an attempt to
combine together several well established but hitherto unrelated contexts
(see following example of integrating the context of [natural] numbers
and continuous quantities).2
It was noted earlier that the notion of rational number results from an
interaction between several "concrete" metaphors, for example, fraction as
partitioning and fraction as piece, as well as from an interaction between
these and the purely mathematical metaphor fraction as number. 3 The last
one may seem somewhat strange just because for most of us it has been
a dead metaphor for a long time now. Nevertheless, at the initial stage,
when the integers had still been the only known numbers, the fraction-a
unified pair of integers-appeared as but a shortcut for a partitioning (or
measuring) procedure. At the same time, the idea that this "partitioning"
symbol might be used as ifit signified a number was rather vague; still, it
was clear enough to usher them into mathematical discourse. Incorporation of fractions into the discourse on numbers, in its turn, helped to
determine the way they were subsequently used and operated. We only
acquired a well-developed sense of understanding these numbers later,
when we managed to integrate the different metaphors. At that time the
metaphor fraction as a number died: expressions like "% is a number" lost
their metaphorical flavor and turned into statements of facts.
Traces of the different metaphors which underlie our conception of
rational number are easily detectable in the language we use. In one of
my experiments I asked students to produce questions the answer to which
can be "2/<;." A sample of the responses is shown in Fig. 13.4. Utterances 1
and 2 use the fraction as a label for a concrete procedure or object. It is
noteworthy that the respondent's question "If we divide a pie into five
equal parts, but only two people come to the party, how many parts are
left?" (emphasis added) shows that not only does the child interpret % as
an action of partitioning, but evidently he is not yet able to think about
the symbol as representing an object (do notice that the answer to his
question is not "%," but rather "2"). Responses 4, 5, and 6 are taken directly
from mathematical discourse and as such show that the student treats %
as a number. Question 3, which begins with the words "How much," relates
2As an aside let me note that one viable way to deal with the difficulty inherent in the
concept of context is to recast the present analysis in purely discursive terms, where the
notion of context either does not appear or is appropriately redefined.
~at I just called "concrete" metaphor would be regarded by Lakoff and Nunes (this
volume) as a grounding metaphor, while Pimm (1987) would say it is an extra-mathematiCfLl
metaphor. The metaphor jrflCtion (Lf number is a linking metaphor for the former and
intm-mathematiCfLl metaphor for the latter.
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The respondents were asked to write down a question the answer to which might be 2.'5' Below are
examples of the questions obtained. categorized according~v to the source of metaphor /'e,/lected in
the question.

SOURCE
Extramathematical
only

NUMBER AS

RESPONDENT'S QUESTION

Label

2/5 as process:

("/5 is identified
with a concrete
procedure or object)

J. If we divide a pie into five equal parts. but
two people come to the party. how many parts
are left?
2/5 as object:
2. What part of a cake do you get if you cut it
into five pieces and take three of them')

Quantity
answers the
question "How
much?")

Intramathematical

3. How much cream do I have to add to the
cake? (an~1I'er: 2/50fa cup)

4. What is the answer to this: 2:5 = '!
5. What is the solution of 5x=2'1
6. How much is 3/, ,lip

FIG. 13.4. The metaphors underlying the concept of rational number, as
displayed in students' utterances.

to quantity and may thus be viewed as a bridge between the concrete
metaphors and the metaphor fraction as number.
My earlier claim that the constmction of rational numbers began with
"the idea that the new symbols [pairs of integers] might be used as if they
signified numbers" certainly requires explanation. The question cries out
to be asked, whose idea it was and where it came from. Here, however,
we are touching upon one of the central problems of the theory of metaphors, the one which Bmner once called "a vexing mystery": What is it
that sets the mechanism of metaphorical projection in motion? What ignites the spark of recognition that two completely different, hitherto unrelated domains may be brought together, after all?
The problem is widely recognized as most puzzling and difficult. It
belongs to the same family of time-honored quandaries as the classic question of the mechanism that makes us see a rabbit in a picture in which,
so far, we could only see a duck. More often than not, the idea to bring
two unrelated domains together requires a radical change in perception,
in our way of looking at things. When we go back to the example of
rational numbers, however, the difficulty of the problem may not be all
that obvious. The idea to view fractions as if they were numbers may seem
natural and self-imposing because, on the face of it, the operations on
2/.,\
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continuous quantities bring an immediate association with operations on
numbers. After all, we may combine the continuous quantities and we can
order them in a manner that bears distinct similarity to the ways in which
we deal with discrete quantities, and with the numbers representing these
quantities. In fact, however, the obviousness of the similarity may be a post
factum phenomenon. There is much evidence showing that what at hindsight seems to us immediate and natural, may be far from natural for a
beginner. One of them is the response 1 in Fig. 13.4, which displays child's
inability to incorporate 2/., into her language in the role of a number.
As has been shown by Johnson-Laird (1989), no satisfactory account of
the mechanism which initiates analogical thinking and metaphorical projection has been given as yet. Moreover, no such account can ever be
offered in deterministic, computational terms, he argues. Being an act of
construction rather than of a systematic discovery, it is one of the most
salient expressions of human creativity and as such is unlikely to be ever
simulated by the computer. Much additional research is necessary before
the genesis of metaphorical projection (and analogical thinking) can be
well understood.
Together with Vygotsky I argue now, that for the learner the problem
is much less acute than it was for the first inventors of the concept of
rational number. Like all other "acts of meaning," the metaphorical projections we perform are socially mediated. In large, the whole process of
conceptualization is essentially social-the fact that found its expression
in my discursive approach to the issue. Once an idea exists "on a social
plane," its reconstruction on the "individual plane" may be initiated and
then facilitated by others. In most cases, the act of introduction will be
performed by a teacher. No special effort has to be made by the latter in
order to evoke the metaphor fraction as number. This metaphor is inherent
in the language she uses. The way in which % is incorporated into mathematical discourse puts it in a most natural way into one category with the
numbers the student already used before. The realization of this fact may
well be the beginning of the dialectic process of conceptualization which
is going to be carried out from now on. This process will be fueled and
shaped by social interactions all along the way. Aside, perhaps, from the
extremely rare cases of exceptional creativity (and the radical interactionists
are likely to argue against the very possibility of this exception), the coordination of metaphors which underlies student's conceptual development
is only made possible by his or her ongoing exchange with others. The
"others" may be teachers, peers, parents, or the authors of the texts the
student is reading.
The fact that the difficulty is "less acute" for those who recreate than for
those who create from scratch does not mean, of course, that in the former
case it is altogether nonexistent. The beginnings, although facilitated by the
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teacher, are often far from easy (again, see the earlier linguistic evidence),
and so is the rest of the intricate process, by the end of which the student is
supposed to be able to move smoothly and effortlessly between the discourse
on quantities and discourse on fractions. The question now is how he or she
is supposed to arrive at such coordination of metaphors. According to the
conception presented earlier, we are talking here about a complex dialectic
process, in which several contexts and a number of discourses interact with
each other in an extremely intricate way. We have been talking about two
parallel subprocesses of this procedure: first, there is a linguistic crossbreeding of different discourses, and second, there is a "recycling" of image
schemas coming from some former experience. These two intertwining
processes are spurred by introduction of a new signifier.
Telling a detailed story of the interaction between metaphors is not
possible before the issue has been empirically investigated. All I can do
now to make the picture somewhat more complete is to look at the process
at a macrolevel and try to show its possible unfolding schematically, in a
few rough strokes. I do this by commenting on Fig. 13.5 which displays
the many projections and transitions that have to be made if the different
metaphors are to be coordinated into a single concept of rational number.
When the process begins, the student is already familiar with the concept
of integer, such as 5, which arose in the context of discrete quantities.
This means, among others, that she is able to make flexible transitions
between the different underlying metaphors 5 as counting (see arrow 1 in
Fig. 13.5), 5 as a set of concrete objects (arrow 2) and 5 as an abstract object
(arrow 3; my former example of Sha shows that acquiring such flexibility
may be not a trivial matter). Now the context of quantities is broadened
so that it contains continuous quantities as well. Measuring activities and
the introduction of the new signifier called fraction initiates several metaphorical processes. The students begins with only a vague idea how the
signifier is related to numbers, although this signifier does appear in the
mathematical discourse. At this early stage, a more viable way to interpret
the new symbol is to relate it to the concrete processes and objects involved
in the situation. First, the operational metaphor is likely to arise. It is the
one which equates fraction, say %, with the procedure of cutting into five
equal pieces and then collecting two of those. This metaphor is represented
by arrow 4 in Fig. 13.5. Somewhat later, a new metaphorical projection
takes place (arrow 5) and the learner now starts thinking about fractions
as parts of the whole. The reason I said that the structural metaphor arises
later is that much experience with the results of cutting and collecting is
required before students can construct for themselves a reasonably stable
image of the results of partitioning to be associated with different fractions.
The reification is spurred by the ontology of the language we use: In
mathematical discourse % functions as a singular noun.
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CONTINUOUS
QUANTITIES

DISCRETE
QUANTITIES
NON-MATIlEMATICAL
DISCOURSE

NON-MATIlEMATICAL
DISCOURSE

operat.
counting

operat.
measuring
(dividing,
collecting)

structur.
discrete

sturctur.
continuous
objects

4~
SIGNIFIER
numeral,

127
38,902

e.g..

3!

MATIIEMATICAL
DISCOURSE
natural
numbers

7

----11>

~5

SIGNIFIER
fraction

alb
(ratio: a:h)

MATHEMATICAL
DISCOURSE
rational
numbers

FIG. 13.5. The dialectic process of metaphorical conceptualization-the
concept of rational number.

All that time, the numerical metaphor (arrow 6) evolves too, in parallel,
while the student may be using the fractions mostly in a template-driven
way. The common symbol which links the different metaphors is a constant
remainder that what may still seem unrelated can, in fact, be viewed as
different manifestations of one and the same thing. It is extremely important to note that without the intimation of such possibility, the construction
of the concept of rational number would probably never take off.
The process of developing the different metaphors and bringing them
together is now in full swing. It consists in going back and forth between
the discourses and the meanings, constantly probing for similarities and
thus successively increasing the area of the evident overlap of discourses.
The key to integration is an isomorphism between discourses: Any operation on numbers mentioned within the mathematical discourse must have
a counterpart in the discourse on quantities, and vice versa. Thus, for
example, the student has to recognize a correspondence between combin-

366

SFARD

ing together two pieces of pie and the numerical operation of addition.
Later, she must equate "taking half of three thirds of pie" with the abstract
operation of multiplying numbers. The latter kind of association is much
more difficult to make, because there is no perfect fit between the old
and the new kind of multiplication. While the "old" multiplication could
be understood as an iteration of addition which always increases the quantity, the new multiplication lacks these characteristics. Not surprisingly,
research shows that many young people dangerously falter at this developmental junction. A student of mine, R., when asked to recall a most
serious difficulty she had while learning mathematics at school, said: "I
knew how to find two thirds of five pies; I could perform the mathematical
operation % . 5, but I had a hard time trying to figure out why these two
were the same-why finding the size of a piece of cake involved the multiplication. "
If everything goes well and all the difficulties are overcome, the idea of
"fractional number," which began its life as a part of a metaphorical expression, will eventually get a life of its own. The need to think about the
new numbers in terms of material quantities will gradually fade away and
become easy to suppress. The student will end up with an idea of rational
numbers as independent disembodied objects for which concrete quantities are but "representations" or "models." Most of the time she will remain
oblivious to the fact that our thinking about fractions is guided by the
metaphor of fraction as piece. Eventually, the pendulum of metaphorical
projection swings so that what until now was a "source" would become a
"target": The old idea of number must now be reconceptualized in the
terms of new symbols and metaphors.
The foregoing scenario, which is but a hypothetical and highly simplified
picture of the dialectic process of metaphorical conceptualization, gets
some support from the existing research. In their recent study, Pirie and
Kieren (1994) were able to "catch" 8-year-old children in the process of
gradual abandonment of the explicit concrete metaphor. First, they observed the students grappling with the just introduced concept of fractions,
when the new mathematical entities were "considered by the child to be
certain 'pieces.' " This was the stage when mathematical concept was identified with what later would become just a "model of." The separation
between the source and the target of the metaphorical connection occurred some time later, when it became obvious that fractions have certain
properties which cannot be found in the pieces of concrete materials (e.g.,
% and °/18 are regarded as the same, whereas the corresponding sets of
pieces are two visibly different things).
As the earlier analysis shows, the process of metaphorical conceptualization is so intricate and complex, the different links so delicate and
difficult to build, the various stages so inextricably intertwined and interdependent, that it is really difficult to understand how it can ever be
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successfully completed. There are just too many points at which the learner
may take a wrong route and get stymied. Paraphrasing Reddy and his
obseIVations on human communication, we can say that in this complex
interactive process, failure seems to be the default option while success
should count as a miracle. I briefly deal with "the dark side of the metaphor"
in the final part of this chapter.

CONCLUSIONS:
METAPHOR AS A DOUBLE-EDGED SWORD
The pedagogical implications of the earlier analysis of the process of metaphorical conceptualization are diverse and many, and they should be carefully considered. Since metaphor is viewed here as the essence of conceptualization, learning would clearly be inconceivable without it. Thus, there
is not much point in arguing against or in favor of metaphor. This is
certainly true as long as we are talking about the implicit constitutive
metaphors that fuel our mathematical thinking. When it comes to explicit
metaphors, however, which do not try to disguise as a "real thing," the
question about their pedagogical value should certainly be asked. Other
authors talked about the pedagogical advantages of such metaphors at
some length. Norma Presmeg underlined the value of the idiosyncratic
metaphors spontaneously evoked by the students in the process of problem
solving, while Clement and Sarama devoted their chapter to showing the
workings of metaphors that are designed by teachers and instructors as a
means for grounding mathematical concepts in ideas closer to students'
former experience and knowledge. So much for the "bright side" of the
metaphor. Inasmuch as the other, less luminous, side has been mentioned
by the other authors only in passing, I end this chapter with a few remarks
on the potential pitfalls of the process of metaphorical conceptualization
(see also van Dormolen, 1991).

Difficulties With Integrating Metaphors
According to the claims made in the preceding section, if our mathematical
conceptions are to be sound and stable, they must stand on more than
one metaphorical leg. This, however, may sometimes be difficult to attain,
and for several different reasons.
First, the student may experience a difficulty with seeing interdiscursive
isomorphisms and integrating the corresponding metaphors. The dilemma
reported by my student R. is a good example of exactly this kind of difficulty. R. was fortunate enough to find the way to deal with the problem
so that eventually she was able to overcome it completely. The example
of Sha shows, however, that the story does not always have such a happy
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ending. It also makes clear that a concrete metaphor that refuses to die
cannot be fully integrated with other metaphors.
We all know of cases less acute than that of Sha, where the student can
function well in both the discourse on concrete quantities and in the
mathematical discourse on rational numbers (namely can perform formal
operations on fractions), but errs and falters while trying to coordinate
the two. This difficulty finds one of its expressions in the student's inability
to translate a word problem into the appropriate numerical operation.
Last but not least, a difficulty often arises with the transition between the
ontological metaphors of number as object and number as process (see Sfard,
1991, 1992).
Another kind of obstacle is witnessed in the absence of one of the
"metaphorical legs." The history of negative and complex numbers shows
how serious this difficulty may be. Indeed, when the signifiers -a and "';-1
were first introduced, it was done solely by extending the mathematical
discourse, namely by introducing the new symbol into propositional templates which turn into propositions when filled with number names (such
as a - b = c or x 2 = a). At that time, there was no grounding (concrete)
metaphor which could participate in the process of conceptualization. The
mathematicians' minds would not rest until they forged metaphorical prostheses. Only after -a was placed on a number-line and "';-1 found its expression as a point on a complex plane that both these symbols were recognized
as signifying numbers.
Metaphorical Overprojection
It is quite clear that if a metaphorically transplanted idea is to take root
in a new context, it has to undergo some modifications. More often than
not, only some properties of the source idea would be carried over to the
new domain, while others are dropped. It is a matter of consistency: Without abandonment of certain characteristics there may be a danger of a
logical incompatibility with the new context or with other metaphors contributing to the construction of the new concept. Appropriate modifications, however, are sometimes difficult to perform. Certain characteristics,
being a vital component of the source notion, would refuse to go. In such
cases, we may be witnessing a metaphorical overprojection.
This phenomenon would express itself in wrong inferences. The common
error, for example, of trying to solve such equation as (x - 2)2(X + 3) =
2(x - 2) by dividing both sides by the common factor x - 2 (which leads
to the loss of the root x = 2) is the result of uncontrolled use of the balance
metaphor, according to which an operation performed on both sides, like
an identical change of mass on both sides of scales, always preserves the
equality.
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Another kind of overprojection is observed when there is an attempt
to integrate incompatible metaphors. For example, in the process of construction of complex numbers, the metaphor number as quantity, which has
been fundamental to the notion of number so far, must be abandoned.
However, since the quantitative aspect seems most essential to the notion
of number, and since no alternative grounding metaphor may be easily
found, the metaphor number as quantity would not go away. Such an overprojection of metaphor is what hindered the construction of complex
numbers for a long time. It led mathematicians to deductive inferences
that seemed paradoxical. Euler, for example, managed to prove that "The
square roots of negative numbers are neither zero, nor less than zero, nor
greater than zero" (cited in Kline, 1980, p. 121). By that time, the metaphor
of quantity, on which his argument rested, was so deeply rooted in mathematicians' minds that the idea of abandoning it was never considered. In
this situation, the paradox could only be solved by discrediting the new
numbers: "... it is clear that the square roots of negative numbers cannot
be included among possible numbers. Consequently we must say that these
are impossible numbers" (p. 121).
Metaphorical Conlmement
The last example sheds light on perhaps the most serious "drawback" of
metaphor: while being the very cognitive device which makes our conceptual thinking possible, it also constrains our imagination. On the one hand,
this explains why our conceptual inventions would rarely go "wild" in spite
of the fact that they are ostensibly free from any limitations except those
imposed by the rules of logic. On the other hand, it accounts for the fact
that the mathematical development may sometimes be seriously stymied,
often for no apparent reason. Mathematics and science which, as time
goes by, become more and more counterintuitive and less comprehensible
for laymen can only continue growing if, from time to time, they succeed
in breaking the confinements of deeply rooted metaphors, especially of
those going back to our perceptual experience. It is because of his inability
to get free from too narrow a metaphor that the Italian mathematician
Girolamo Sacceri (1667-1733) entered the history as a loser rather than
winner. After he made all the inferences necessary to prove the independence of the Euclid's Parallel Postulate, he worked himself into believing that he proved something else. From the independence proof it would
follow that there may be more than one parallel to a given line through
a point outside this line, and this conclusion could not be reconciled with
the perceptual metaphors in which geometry was grounded at that time.
Much evidence can be found showing that metaphorical constrains of
similar nature may obstruct mathematical development of today's students.

370

SFARD

To conclude the reflections on metaphors in human thinking, let me
make a remark on what has been achieved. Neither the topic of the present
discussion, nor the classroom events and historical stories that have been
told here are completely new. This, however, is by no means particular to
the chapters in this volume. Mter all, as the theory of metaphors explains,
all the new ideas are but old ideas taken apart and then combined in a
different way. This last claim is not new either. In fact, it may already be
found in the Bible: "The thing that been, it is that which shall be; and
that which is done is that shall be done: and there is no new thing under
sun." Lest us conclude, however, that there is no point in trying to learn
or say anything new. Although the building materials of which people
construct their houses have been basically the same since the beginning
of the civilization, the constructions themselves have been steadily becoming more and more sophisticated and better adjusted to human needs.
Similarly, although the materials we use to build a new theory may always
be proven to have their roots somewhere else, such "recycling," if creative
and thoughtful, would often make us feel more knowledgeable and insightful. This is because of this added value of the conceptual recycling
that metaphors are important and that turning the old into new is a worthy
human activity.
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